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Chapter

1

Exploration

Something lost behind the ranges
Lost and waiting for you. Go!
Kipling

A. Introduction

Exploring a city or wild park on foot is more fun, and often more instructive, than
studying it in books, lectures, or pictures. A map or other guide may be helpful,
but it is important to be able to experiment, choosing your own path, approaching
points of interest from various directions. This can give you a sense of the lay of
the land that is more useful, and more lasting, than any fixed tour of “important
points” laid out by someone else.

Matters other than landscapes may also be explored, effectively and enjoyably.
For example, to learn about clockwork, begin not with diagrams and discussions
of balance wheels, springs, and escapements, but rather with an actual old-style,
wind-up alarm clock. Explore it by first finding what can be done with it. Can
you: reset the time? make it run faster? stop it? or reset the hour hand
independently of the minute hand?

Having learned what it can do, explore the matter of how it does it, by removing
its cover, studying the works, and finally taking it apart and re-assembling it. You
may, of course, not be skillful enough to get it working again.

Exploration can also be applied to other devices that may be more interesting or
more easily available to you: toasters, typewriters, electrical toggle switches, or
door locks. But do not forget your own safety—danger lurks in electrical devices
as well as in wilderness parks. Finally, in choosing a device for exploration,
favour the older models: modern typewriters and digital clocks may be totally
inscrutable. At least one author (Ivan Illich) has claimed to see a sinister motive
in this, claiming that modern design is deliberately inscrutable in order to keep
ordinary people like us in ignorance.

But can exploration be applied to abstract, non-physical notions such as math?
Yes it can. With an ordinary hand-calculator you can explore the relation between
multiplication and addition by using it to multiply two by three, then to add two
plus two plus two, and then comparing the results. If the calculator has a button
for power, you can even explore that less-familiar notion by doing two to the
power three, and comparing the result with two times two times two.
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But the abilities of a calculator are limited, and for a general exploration of math
we will use a computer equipped with suitable software called J. It is available
from Website http://www.jsoftware.com . We will assume that you have J at hand
on a computer, and will simply show examples of exploring math with it:

3+2
5

3*2
6

3-2
1

These examples are in a uniformly-spaced font (Courier) that differs from the
Roman font used elsewhere. We will use this difference to append comments to
some of the examples. In typing the examples on your computer, enter only the
part in Courier (followed by pressing the Enter key), but do not enter anything
that appears in Roman. Thus:

3+2 Addition
5

three=:3 Assign the name three to 3

three+2 Use the assigned name in a sentence
5

b=:2

b*b
4

In experiments on a sequence of numbers, it will be easier to make the entries and
to compare the results if we treat them as a list. This may be illustrated as follows:

2%0
0
2%1
2
2%2
4
2%0,1,2,3,4,5

0246 810
a=:0,1,2,3,4,5
2*a

0246 810

ata
0246810

Comparisons can be shown more clearly by using the equals function as follows:

(2*a)=(a+a)
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111111

a*2 The list a to the power 2 (that is, the square)
014916 25

a*a
0149 16 25

(a*3)=(a*a*a) The cube equals a product of three factors
111111

Lists of integers (whole numbers) are so useful that a special function is provided
for making them. Enter the following expressions, and comment on the results:

i.6 The first six non-negative integers (whole numbers)
012345

a=:i.6 Read aloud as a is (the list) i.6

b=:?.~6 The integers in (repeatable) random order

b
512430

a+b
524775

a*b

01412120

2%a The even numbers (divisible by 2)
02 46 810

142*a The odd numbers
1357911

a=b
011000

As shown by the last result, the lists a and b are not equal, but they are similar in
the sense that one can be obtained from the other by shuffling or permuting the
items. It is rather easy to see that a and b are similar, but for longer lists similarity
is not so easy to spot. For example, are the following lists similar?

p=:2 15 910 4 0 13 13 18 7 10 16 0 1 10 13 0 7 1 8
g=:7 47 13 01011 2 13 13 15 0 10 9 18 10 8 0 16

A good general method for determining similarity is to first sort each list to
ascending order, and then compare the results:

sort=: /:~
sort p
0001124778910 10 10 13 13 13 15 16 18

sort g
0001124778910 10 10 13 13 13 15 16 18
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(sort p)=(sort q)
11111111111111111111

(sort p)-:(sort q)
1

The last sentence above uses -: to match the two lists, giving 1 if they agree in
every item, and 0 otherwise. This makes a comparison possible without reading
all the items that result from an equals comparison.

Exercises are commonly used by a student or teacher to test a student’s
understanding, in order to decide what best to do next. We will also use them to
suggest further exploration. A few tips on carrying out such explorations:
Before pressing the enter key, think through what the result should be;
experiments will teach much more if this rule is always followed.

On the other hand, do not hesitate to try anything you choose; the result may be
unintelligible or it may be an error message, but no serious harm can occur.
Use lists in experiments. Their results often show interesting patterns.

Do not hesitate to try things totally unknown. For example:

$:a
0 1 1.41421 1.73205 2 2.23607

This result will probably convince you that you have discovered the symbol for

the square root, and you might experiment further as follows:
roots=:%:a
roots*roots
012345

e However, do not spend too much time on results that may be, at the moment,
beyond your powers. It may be better to defer further exploration until you
have learned some further math (such as complex numbers). For example:

%$:-a
0 0j1 03j1.41421 03j1.73205 0j2 0j2.23607

o Explore a complex sentence by experimenting with its parts. For example:

i:4 Function for symmetric lists
4 3 2 101234

+:3
6
>: +:3
7
>:@+:3 The function f@g is f atop (applied to the result
of) g
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i.@>:@+:3
0123456

13 Identity function

Exercises

1. What are the commonly-used names for the functions (or verbs) denoted here
by + * -
[plus times minus or addition multiplication (or product) subtraction]

2. Enter plus=:+ to assign the name plus to the addition function, and then
experiment with the following expressions:

3 plus 4 * 2
11
zero=:0
one=:1
two=:2
three=:3
four=:4
times=:*
three plus four times two

3. As illustrated by the preceding exercise, much math could be expressed in
English words without forcing students to learn the “difficult” special notation
of math. Would you prefer to stick to English words?

4. Experiment with the following editing facilities for correcting errors:

e Correct a line being entered by using the cursor keys (marked with
arrows) to move the cursor to any point, and then type or erase (using the
delete or backspace keys). The cursor need not be returned to the end of
the line before entering the line.

e Revise any line by moving the cursor up to it and pressing enter to bring it
down to the input area for editing.

Not only is it important to think through the expected result of an experiment
before executing it on the computer, but it is also a good practice to look for
patterns in any lists or tables you may see. Then verify your observations by
doing calculations by hand for short lists, and then test them more thoroughly on

the computer. For example, the list of odd numbers:
1+2*a
1357091

may be added by hand to give 36. Now add only the first five of the list, the first
four, and so on down to the first one.

Do you see a pattern in these results? If not, compare them with the following list
of squares:

(1+a) * (1+a)
149 16 25 36



6  Exploring Math

It appears that for any value of n, the sum of the first n odd numbers is simply the
square of n. This may be tested further as follows:

n=:20

a=:i.n

odds=:1+2%*a

odds
1357 911 13 15 17 19 21 23 25 27 29 31 33 35 37 39

sum=:+/
sum odds
400
n*n
400

The sum function +/ gives the sum of its arguments, but calculation of the
subtotals (the sum of the first one, the first two, etc.) would provide a more
thorough test. Thus:

sum\ odds

149 16 25 36 49 64 81 100 121 144 169 196 225 256 289 324 361
400

(1+a) * (1+a)
149 16 25 36 49 64 81 100 121 144 169 196 225 256 289 324 361
400

Hereafter we will suggest many experiments without showing the results,
expecting students to use the computer to produce them.

B. Ramble or Research

The main point of this book is to introduce a new tool for exploring math, and to
foster its use by applying it to a variety of topics. In other words, it provides a
ramble through a variety of topics rather than a systematic study of any one of
them.

Rambles through any subject can be much more rewarding, and more self-
directed, if one has a systematic knowledge of at least some aspect of it. For
example, amateur shell-collecting is more interesting to one with some knowledge
of molluscs and their classification; walks through parks are more rewarding to
one with some systematic knowledge of plant, animal, or insect life; and walks
through hills and mountains are made more interesting by a knowledge of
elementary geology.

However, any book on rambling would surely fail if stuffed with serious
digressions on the systematic study of each interesting point as it is discovered. It
is better to provide the reader with effective but unobtrusive pointers to other
sources.

Books 2 and 3 provide deeper studies of two branches of math: arithmetic and
calculus. Being that branch of math that deals with whole numbers, arithmetic is
the most elementary and accessible of subjects in math but, as treated in Book 2,
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it also provides simple introductions to many more advanced topics, including
proofs, permutations, polynomials, logic, and sets.

These books are easy to consult because they use the same J notation. Moreover,
they incorporate more systematic introductions and discussions of the notation
itself. Further texts of this character include Reiter’s Fractals, Visualization and J
[1], and Concrete Math Companion [2].

On the other hand, treatments in conventional notation of a wide variety of topics
are more readily available in libraries. Use of them in conjunction with the
present text will require sometimes difficult translations between J and
conventional notation. However, the effort of translation is often richly repaid (as
it is in translating from one natural language to another) by deeper understanding
of the matters under discussion.

In fact, a deep appreciation of the method of exploration proposed here may best
be found in an attempt to write a companion volume to some chosen conventional
text. Some guidance in such an endeavour is provided by Concrete Math
Companion [2], published as a companion to Concrete Mathematics [3].
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2

What Is Math

math is the short form of mathematics, for
which the British use maths, preserving
the ugly plural form for a singular noun.

A. Relations

It is commonly thought that math is about numbers. So it is, but numbers are not
the only, nor even the most important, concern of math. It would be more accurate
to say that math is concerned with relations, and with proofs of relations.

Although the first chapter dealt only with numbers, it should be clear that the
interesting aspects were the relations between results. For example:

a=:i.6 The first six non-negative integers
b=:?.~6 The integers in random order
b
512430
3*a

0369 12 15

ata+t+a
036912 15

(3*a)=(at+a+a) The relation between multiplication and
addition
111111

a=b The lists a and b are not equal
011000

sort=:/:~
sort b
012345

sort a
012345

(sort a)=(sort b) But are similar; one is a permutation of the other
111111
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We will further illustrate this matter of relations by examples that do not concern
numbers. For example, the word 'pPosT' is said to be an anagram of the word
'SPOT' because the letters of 'SPOT' can be permuted to give the word 'pPoOST'.
Thus 'spoT' and 'POST' are similar in the sense already defined for lists. The
similarity of these words may be tested as follows:

w=:"'SPOT'

x=:"POST'

sort w
OPST

sort x
OPST

(sort w)=(sort x)
1111

Sorting w produces opsT. Is it an anagram? We will say that it is, although it is not
an English word.

You could (and should) attempt to write down all distinct anagrams of 'SPOT',
finding a surprising number of English words among them. However, this might
be rather difficult to do; in a long list of words it is easy to overlook repetitions,
and you may not even know how many anagrams to expect all together.

We will now use the anagram function A. for this purpose. Its left argument
chooses one of many permutations to apply to the list right argument. Thus:

w
SPOT

8 A. w
POST

12 A. 8A. w The permutation 12 A. is the inverse of 8 A.
SPOT

012345678A.w
SPOT
SPTO
SOPT
SOTP
STPO
STOP
PSOT
PSTO
POST
30 A. w
| index error
| 30 A.w

The last result shows that there is a limit to the valid left argument; properly so,
since there is a limit to the number of different permutations of a list. But how
many are there? In the case of a two-item list 'AB" there are clearly only two
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possibilities, the identity permutation that leaves the list unchanged, and the one
that gives 'BA'. Thus:

01A. 'AB'
AB
BA

Write down all permutations of the list 'aBc' to convince yourself that there are
six possible permutations. Thus:

(i.6)A.'ABC'

ACB
BAC
BCA

CBA
Exercises

1. Produce all anagrams of various three-letter English words to find those
words that have the largest number of proper English words among their
anagrams.

2. Did you find any word more prolific than 'apT'?
3. Find all English words among the anagrams of 'spoT'.

In solving the last exercise above, it was necessary to find the largest left
argument of A. permitted. This could be done by experiment. Thus:

22 A. 'SPOT'
TOSP

23 A. 'SPOT'
TOPS

24 A. 'SPOT'

|index error
| 24 A.'SPOT'

(i.24)A. 'SPOT'
SPOT
SPTO
SOPT
SOTP
STOP
STOP
PSOT
PSTO
POST
POTS
PTSO
PTOS
OSPT
OSTP
OPST
OPTS
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OTSP
OTPS
TSPO
TSOP
TPSO
TPOS
TOSP
TOPS

But what is the general relation between the number of permutations and the
number of items in the list to be permuted? Although we are dealing with English
words and anagrams rather than with numbers, this is a proper mathematical
question because it concerns relations. The question can be answered in the
following steps:

In a four-letter word, the first position in an anagram can be filled in any one of
four ways.

Having filled the first position, the next can be filled from the remaining three
letters in three different ways.

The next position can be filled in two ways.
The last position can be filled in one way.

The total number of ways is the product of these, that is, four times three times
two times one.

This product over all integers up to a certain limit (4 in the present example) is so
useful that it is given its own name (factorial) and symbol (). Thus:

'4
24

4*3%2%]
24

'01 234567
1126 24 120 720 5040

The number of items in a list is a function that is also provided with a symbol:

w3=:"'APT'
#w3
3
i.'#w3
012345
(i.'#w3)A.w3
APT
ATP
PAT
PTA
TAP
TPA

Exercises
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4. Comment on the following experiments:

sort=:/:~

w=:"'SPOT'

sort w

table=: (i.'#w)A. w

# table sort table
5. A table with more rows than columns may be displayed more compactly by

transposing it. Try the following:

transpose=: | :

transpose table
The function A. applies to lists of numbers as well as to lists of letters (words),
and when applied to lists such as i.3 and i. 4 produces tables that show its
behaviour more clearly. The following experiment uses the /ink function (;) to
box tables and link them together for more convenient comparison:

i=:i.24
(i A. 'SPOT');(i A. 'ABCD'); (i A. 0 1 2 3)

<+
]
1
I
|
<+
1
I
]
|
<+
1
I
1
1
I
]
|
<+

| SPOT | ABCD | 0
| SPTO|ABDC| 0
| SOPT | ACBD | 0
| SOTP | ACDB| 0
| STPO | ADBC | 0
| STOP |ADCB| 0
| PSOT | BACD | 1
| PSTO | BADC | 1
| POST | BCAD | 1
| POTS |BCDA |1
| PTSO|BDAC |1
| PTOS |BDCA | 1
| OSPT | CABD | 2
| OSTP | CADB | 2
| OPST |CBAD | 2
| OPTS | CBDA | 2
|OTSP | CDAB| 2
|OTPS |CDBA| 2
| TSPO | DABC | 3
| TSOP | DACB | 3
| TPSO | DBAC | 3

NNRFPFFPOOWWRRFROOWWMNMMNOOWWMNNRR
HFOMNOMNMRFFFRFROWOWRMNMNOWOWMNMNMNRWERERWN
o

| TPOS | DBCA | 3 0|
| TOSP | DCAB | 3 1]
| TOPS | DCBA | 3 0|
oo —m—mm +

B. Proofs

Although proofs are an important (and many would say the essential) part of
mathematics, we will spend little time on them in this book.

In introducing his book Proofs and Refutations: The Logic of Mathematical
Discovery [4], Imre Lakatos makes the following point:

Its modest aim is to elaborate the point that informal, quasi-
empirical, mathematics does not grow through a monotonous
increase of the number of indubitably established theorems but
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through the incessant improvement of guesses [Italics added] by
speculation and criticism, by the logic of proofs and refutations.

The main point of the present book is to exploit a new tool for the exploration of
relations and patterns that can be used by both mathematicians and laymen to find
those guesses that are amenable to, and worthy of, proof. We will defer further
discussion of proofs to Chapter 9, partly to allow the reader to garner guesses that
can be used to illuminate the discussion.

We will, however, recommend the reading of Lakatos at any point. The book is
highly entertaining, instructive, and readable by any layman with the patience to
look up the meanings of a small number of words such as polyhedron, polygon,
and convex.

The following quotes from Lakatos reflect his view of the importance of
guessing:

Just send me the thereoms, then I shall find the proofs.
Chrysippus

I have had my results for a long time, but I do not yet know how I am to
arrive at them.
Gauss

If only I had the theorems! Then I should find the proofs easily enough.
Riemann
I hope that now all of you see that proofs, even though they may not
prove, certainly do help to improve our conjecture.
Lakatos
On the other hand those who, because of the usual deductive
presentation of mathematics, come to believe that the path of discovery
is from axioms and/or definitions to proofs and theorems, may
completely forget about the possibility and importance of naive
guessing.
Lakatos

Exercises
6. Read the three pages of Section C, Chapter 5, of Book 2.

C. Summary

In brief, we will interpret math in the following sense: it concerns relations, and
provides languages for expressing them, as well as for expressing transformations
on tangible representations.

For example, the first four counting numbers can be represented by the list of
symbols

12 3 4:

11234 A transformation (or function)
12 6 24
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*/\' 1234 A second transformation
12 6 24

(' 123 4)=(*/\12 3 4) Equivalent to the first
1111
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Chapter

3

Function Tables

The pleasures of the table and make it plain upon tables
belong to all ages that he may run that readeth it
Jean Anthelme Brillat-Savarin Habakkuk

The effect of multiplication can be shown rather neatly in a succession of
products of a list as follows:

a=: i.6
O*a
000O0O0O0O
1*a
012345
2*a
0246 810

However, a more perspicuous table of products with each item of a can be
prepared as follows:

a*/a
00 O 0 O O
01 2 3 4 5
02 4 6 810
03 6 9 12 15
04 8 12 16 20
0 5 10 15 20 25

Similar tables can be prepared for other known functions. For example:

(a*/a) ; (a+/a) ; (a-/a)

o mm - o - o—mmm - +
00 0 0 0 0(01234 5/0 1 2 3 4 5]
01 2 3 4 5/12345 61 0 _1 _2 _3 4|
02 4 6 810(23456 7|2 1 0 _1 _2 3|
103 6 912 15(3 4567 8|3 2 1 0 _1 2|
|04 81216 20(45678 9/4 3 2 1 0 1|
|0 510 15 20 255 6 7 8 9 10|15 4 3 2 1 0]
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Much can be learned from such tables. For example, the multiplication table is
symmetric, that is, each row is the same as the corresponding column, and its
transpose (| :a*/a) is the same as the table a*/a itself. This implies that the
arguments of multiplication may be exchanged without changing the product, or,
as we say, multiplication is commutative. The same may be said of addition, but
not of subtraction, which is non-commutative, as is obvious from its table. Tables
for both negative and positive arguments are even more interesting. For example,
try each of the three tables with the following symmetric argument:

6 5 4 3 2 10123456

Note how the multiplication table is broken into quadrants of exclusively positive
or exclusively negative numbers by the row and column of zeros, and try to
explain why this occurs.

The symbol / in the sentence a*/a denotes an adverb, because it applies to the
verb * to produce a related verb (that is in turn used to produce a table).

It is much easier to interpret a table if it is bordered by its arguments. We will use
a second adverb called table for this purpose. For example:

b=:2 35711

a *table b Bordered multiplication table
o +
| 12 3 5 7 11|
-t ——— +
|10 0 0 O O O]
11 2 3 5 7 11|
2] 4 6 10 14 22|
|13] 6 9 15 21 33|
|14] 8 12 20 28 44|
15110 15 25 35 55|
o mmm - +

+table~ a Bordered addition table
et e +
| 101234 5]
e e +
|00 1 2 34 5]
1111 2 3 45 6]
212 3456 17|
1313 456 7 8]
1414 5 6 7 8 9]
|1515 6 7 8 9 10|
o mmm - +

*table~ i: 6
s et +
| | 6 5 4 3 2 10 1 2 3 4 5 6|
s S e E L L LR P P PP P +
| 6] 36 30 24 18 12 60 6 12 18 24 30 36|
I ’5] 30 25 20 15 10 50 5 10 _15 20 _25 _30]|
|41 24 20 16 12 8 40 4 8 12 16 20 24|
|31 18 15 12 9 6 30 3 6 9 12 15 18|
| 2112 10 8 6 4 20 2 4 6 8 10 12|
I"1] 6 5 4 3 2 10 _1 2 3 _4 5 _6|
| 0| O 0 0 0 0O 00 O 0 0 0 0 0]
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|1 6 5 4 3 2 10 1 2 3 4 5 6|
| 2112 10 8 6 4 20 2 4 6 8 10 12|
| 3]_18 15 12 _9 6 30 3 6 9 12 15 18]
| 4 24 20 16 12 8 40 4 8 12 16 20 24|
| 5/_30 25 20 15 10 50 5 10 15 20 25 30|
| 6| 36 30 24 18 12 60 6 12 18 24 30 36|
e Tt e e T +

Tables also provide an interesting and effective way to explore unfamiliar functions.
Often, the display of a bordered function table provides a precise and easily-remembered
definition of the function. For example

<table~ i:5 Relation
T i i S +
| 1.5 4 3 2 101234S5]|
o +
| 5/0 1 1 1 1111111|
|_4| 0 0 1 1 1111111
|_3| 0 0 0 1 1111111
210 0 0 0 1111111}
110 0 0 0 0111111]
] 0 0 0 0 0 0011111
] 1] 0 0 0 0 0O0OO0O1 111
|2/ 0 0 0 0 0000111
] 3l 0 0 0 0 000001 T1]
| 4 0 0 0 0O 0O0OO0OO0OOT1]
] 51 0 0 0 O O00O0OO0O0OODO]
o +

(<table~ a),.(=table~ a),.(>table~ a) Relations

b m oo ot m o ot m oo +
] 101 23 45] |012345] |0123425]
- - - +
]0OJ01 1111|0121 000O0O0]0|00O0O0O0O0]
]11]/0 01 111|1]01 00O0O0J1|1 0000 O0]
12|10 0 01 1 1]12]10 01 00 0]2|121 1000 0]
|13]10 0001 1|3]1000100]3121100 0]
1410 0 0 0 0 11410000 1 0J]4|2 1110 0]
|50 0 0 000|510 00001I51111110]
- - - +
(~table~ a),.('table~ a) Power and “outof”

ot e ot +

] 101 2 3 4 5] 101 2 3 4 5]

o m e o T —— +

[0]L0 0 O O 010111111 1]

11111 1 1 1 111101 2 34 5]

1211 2 4 8 16 321210 01 3 6 10|

1311 3 9 27 81 243|3|0 00 1 4 10|

1411 4 16 64 256 1024|14|0 0 0 01 5]

|51 5 25 125 625 3125|5/|0 0 0 0 O 1]
oo T T +

%: table~ a Roots
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1010 1 _ _ _ _
(110 1 2 3 4 5]
[2]10 1 1.41421 1.73205 2 2.23607|
310 1 1.25992 1.44225 1.5874 1.70998|
410 1 1.18921 1.31607 1.41421 1.49535|
510 1 1.1487 1.24573 1.31951 1.37973|
R it +

Exercises

Produce and examine bordered tables for the following functions:

<. >.
<: >:
%

Produce and examine bordered tables for the following “commuted”
functions:

<.~ >.~
<:i~ DI~
[

Produce and examine bordered tables for the following Greatest Common
Divisor and Least Common Multiple functions:

+. *.

In particular, apply them to the argument 0 1 (as in +.table 0 1) and note
that with the interpretation of “true” for 1 and “false” for 0 (as was done by
Boole), they then represent the logical functions “or” and “and”

Explain the equality denoted by the following sentence:
(e>:/e)=(e>/e)+. (e=/e=:s 6)

First enter:

at=:+/~ e
mt=:*/~ e
st=:-/~ e
dt=:%/~ e
trans=:|:

Then comment on the results of the following:

at-:trans at
mt-trans mt
st+trans st

dt*trans dt

The following exercises suggest a sequence of experiments that should be tried
only after reviewing the tips on explorations given in Chapter 1:

6.

Exercises
a=:i.6
+:a
-:a
(+:a)-(-:a) Double minus half

(+:--:)a
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Dmh=:+:--:
Dmh a

Contrast the result of the following sentence with those of Exercise 6:
+:--:a

+/%#)a
Average=:+/%#
Average a
Average 31 41 6

Re-enter the sentence (a*/a) ; (a+/a) ; (a-/a) from the beginning of this
chapter, and compare the result with the following:

a(*/:+/:-/)a
f=:%/;+/;-/
af a

f~ a
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Chapter

4

Grammar And Spelling

The level is low I can spell all the words that I use
but it has not fallen and my grammar’s as good as my neighbour’s
Jacques Barzun W.S. Gilbert

A. Introduction

We have already made significant use of J, why trouble us now with its grammar?
On the other hand, if grammar is important, why was it not treated first?

In learning our native language we spend years at it and become quite proficient
before we even hear of grammar. However, grammar becomes important for more
advanced use of the language in clear writing and speaking. Moreover, the
teaching of grammar relies on many examples of the use of the language that
would not be familiar to a beginner.

Similarly, more advanced and independent writing in J will require knowledge of
its grammar. Moreover, we will find it helpful to refer to sentences from earlier
chapters to illustrate and motivate discussions of the grammar.

In learning a second language a student has the advantage of already appreciating
the purposes and value of language, as well as some knowledge of grammar from
her native tongue. On the other hand, one may be seriously misled by such
knowledge, and the student is sometimes best advised to forget her native
language as much as possible: one may know too many things that are not true.

The beginner in J will already know much of two relevant languages: English,
and Mathematical Notation (to be referred to as MN). The knowledge of English
grammar is very helpful, especially when we recognize certain analogies between:

e English verbs (action words) and functions such as + and - and *

e Nouns on which verbs act, and the arguments (such as 3 and 4 and 'sTop"') to
which functions apply

e Pronouns such as a and b and mt used in the preceding chapter, and pronouns
such as “it” and ““she” used in English

e Adverbs (such as table in the preceding chapter) that apply to verbs
(functions) to produce different, but related, verbs
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Knowledge of MN can be very helpful, particularly in providing familiarity with
numbers and symbols for common functions, and with some of the purposes of
math. On the other hand, MN can be very misleading because it shows little
concern for simple and consistent grammar. For example:

e The simple forms a+b and a*b used for some functions of two arguments is
abandoned in others, as in x* for the x~n used in J, and in (")) for m!n (the
number of ways of choosing m things from n)

e The rule that a function of one argument precedes its argument (as in -b and
sqgrt b) is abandoned in the case of the factorial (n?). In J this is written as

'n.

e The ambivalent use of the minus sign to denote two different functions as
determined by the number of arguments provided (subtraction in a-b, and
negation in -b) is not extended to all functions as it is in J. For example, a%b
and b denote divided by and reciprocal; a*b and ~b denote power and
exponential; and a+/b and +/b denote the addition table and sum over.

e The imposition of hierarchical rules of execution for certain functions: power
is performed before multiplication and division, which are performed before
addition and subtraction. The reasons for the development of such rules in
MN lie in the expressions used for polynomials, and will be discussed further
in the corresponding chapter.

B. The Use of Grammar

The rules of grammar determine how a sentence is to be parsed, that is, the order
in which its parts are to be interpreted or executed. In particular, these rules cover
the use of punctuation, which can make an enormous difference, as illustrated by
the following sentences:

The teacher said George was stupid
The teacher, said George, was stupid

The punctuation in J is provided by parentheses, as illustrated by the following
sentences from Chapter 2:

a=:i.6
b=:?.~6
(3*a)=(a+a+a)
111111

3*a=ata+ta Removal of the punctuation yields a quite different result
300000

The parsing of a sentence does not depend on the particular word used, but only
on the class to which it belongs. Thus the English examples used above would be
parsed without change if the nouns farmer and Mary were substituted for the
nouns teacher and George. Similarly, the sentence (3*b)=(b+b+b) would parse
the same as (3*a)=(a+a+a).

The classes concerned are called the parts of speech. J has only six parts of
speech (including the punctuation provided by parentheses), all of which have
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been used in earlier chapters. For example, the nouns 3 and 2, and the verbs + and
* and - occur in the first three sentences in Chapter 1, and the copula =:
(analogous to the copulas is and are in English) occurs in the next.

As in English, an adverb applies to a verb to produce a related verb. Examples
occurring in Chapter 1 are:

The adverb / which inserts its argument function between items of the noun to
which it applies. For example, +/1 2 3 4 is equivalent to 1+2+3+4, and the
function +/ may therefore be called the sum function.

The adverb \ which uses its argument function to scan all prefixes of its noun
argument: +/\1 2 3is equivalentto (+/1), (+/1 2),(+/1 2 3).

In English, the phrase “run and hide” uses the copulative conjunction “and” to
produce a new verb that is a composition of the actions described by the verbs
“run” and “hide”. In J, @: is a conjunction that applies its first argument verb to
the result of its second argument verb. For example:

a
012345

b
512430

a-b
500 _115

+/a-b
0

a +/@:- b
0

sumdif=:+/Q@:-

12345 sumdif 2 35 7 11
13

Exercises
1. Search earlier chapters for further examples of the various parts of speech.

2. State the effect of the adverb ~ in the sentences a-~b and a*~b.

C. Punctuation and Other Rules

In J, a sentence can be completely punctuated so that the only grammatical rule
needed to parse it concerns the use of parentheses. For example, the area of a
rectangular field can be computed as follows:

Length=:8

Width=:6
Area=:Length*Width
Area

48



26 Exploring Math

If instead the width and the length of the roll of wire available to enclose the field
are given, the area may be computed as follows:

Roll=:32

Sides=:Roll- (Width+Width) Extent available for other two sides
Length=:Sides%2

Length*Width Area for given roll and width
60

The whole may be re-expressed as a single sentence punctuated as follows:
Area=: ( (Roll- (Width+Width) ) $2) *Width

Although long names such as width and Rol1l can be helpful in understanding the
point of a sentence, they can also obscure its structure. Briefer (but still
mnemonic) names may be substituted:

W=:Width

P
field

A

:Roll An abbreviation for the perimeter of the

: ((P- (W+W) ) $2) *W

Other grammatical rules make it possible to omit some parentheses. The next rule
(after the rule for parentheses) is:

e A sentence is executed from right to left

Consequently, the phrase (P- (w+W)) may be re-written as (P-w+wW). Hence:
A=: ( (P-W+W) $2) *W
This can be further simplified by using the fact that multiplication is
commutative:
A=:W* ( (P-W+W) %2)
A=:W* (P-W+W) $2
Since division is not commutative, this trick cannot be repeated, but because
division by two is equal to multiplication by one-half, we have:

A=:W* (P-W+W) *0.5
A=:W*0.5*% (P-W+W)
A=:W*0.5*P-W+W

Although an unparenthesized sentence or phrase is executed from right to left, it is
easily read from left to right. To illustrate this we will use the right-to-left
execution rules to fully parenthesize the last sentence above:

A=: (W* (0.5% (P- (W+W))))

This can now be read from left to right as follows: a is w times the value of the
entire phrase that follows it, which in turn is 0.5 times the phrase that follows iz,
and so on.

The foregoing example made no use of adverbs and conjunctions, and for a
sentence that does include them we need a further rule:

e Adverbs and conjunctions are applied before verbs.

For example:
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+/a*b is equivalent to (+/)a*b
~&3 a+b  isequivalent to (~&3)a+b

A complete formal statement of the grammar of J may be found in J Dictionary
[5], which is also available on the computer by using the Help menu. This
statement of the grammar should perhaps be studied at some point, but it is
probably better to begin by reviewing familiar sentences and trying to apply the
grammatical rules to them. You might review the sentences of earlier chapters as
follows:

Modify and simplify them, using the methods suggested in the foregoing
examples (as well as any others that occur to you).

Try to read the resulting sentences from left to right, using English to
paraphrase them.

Assign values to any names used in the sentences so that they may be entered
for execution. If you modify a sentence in any way that changes its meaning,
you will probably be alerted to the fact by seeing a different result upon
entering it.

The following Exercises highlight points that you might well miss in your review.

3.

Exercises

Comment on the sentence a=:0,1,2,3,4,5 used in Chapter 1 to introduce the
first example of a list.

[The comma denotes a catenate verb that appends one list (or a single item) to
another. Also experiment with other forms of catenate as in:

b=:i.-6

a,b

a,.b Called stitch
a,:b Called laminate
a;b Called link ]

Why is it possible to enter a list of numbers asina=:0 1 2 3 4 5as well as
by using the catenate function as in Exercise 3?

[Certain results that can be produced by functions can also be entered more
simply as constants. For example:

This sentence is equivalent to  this constant
3-5 2
3+8%10 3.8
3%5 3r5
3+3.4 334
2,3,5,7 2357 ]

Read the first five pages of Part II (Grammar) of J Dictionary [5] (also
available in Help, as described in Chapter 10).

D. Spelling

The many words in English are each represented by one or more letters from a
rather small alphabet. The words (nouns, verbs, etc.) of J are each represented by
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one or more characters from an alphabet of letters and other symbols. For
example:
++. +: & i. A.
Every word of more than one character ends with a dot or a colon.
Any other sequence beginning with a letter and continuing with letters or digits

(but not ending with a dot or colon) is a name that may be used with a copula, as
in the following examples:

a=:i.6 Pronoun

plus=:+ Proverb

g=:/\ Pro-adverb
p3=:7§&2 Proverb

The representation of numbers is illustrated by:
2 and 2.4 and 0.4

2 and 2.4 and 0.4

A decimal point must be preceded by a negative sign or at least one digit. As
shown in Exercise 4, an r may be used in a number to denote a rational fraction
(as in 23 for two-thirds), and a list may be represented by a list of numbers (as in
2.3 2r3 4).

The spelling rules of J determine how words are formed from the string of
characters that comprise a sentence. They can be clarified by applying the word-
formation verb to a (quoted) sentence. For example:

;i '+/4 3 2 1*x/i. 6"’
oo mmm -t
[+1/14 3 2 1|*|/]i.|6]
e e aat S S LR S
It should also be noted that redundant spaces may be inserted in a sentence to
improve readability, asina=: i. 6 instead of a=:i.6.
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A. Introduction

Chapter

S

Reports

Cornelius the centurion,
a man of good report
Acts

If a is a list of twelve monthly receipts for a year, then a quarter-by-month report

of the same receipts can be obtained as follows:

w o U
O o b4
0w ©OW O B»

The sum over the quarters is given by:

A two-year report for constant receipts of 10 can be obtained by:

10
10
10
10

10
10
10
10

lJgm=:4 3% a=:1 7 45206 6 9358

+/gm
15 20 21

ten=:2 4 3510

ten
10
10
10
10

10
10
10
10

10
10
10
10

10
10
10
10

A more realistic report can be obtained by applying the repeatable random

generator to this array:
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yam=:7?.ten
ygm

wo 0k
(6,0« )3 \C BEN|
0 ©O O »

U1 o o O
O h OO

0 o WL

The sums over the years of this report are:

+/yam

1 7 9

11 2 3
6 10 15

8 14 16

Because yqm has three categories or axes, we call it a rank-3 report or array. Its
rank-2 cells are the two quarter-by-month tables seen in its display, and its rank-1
cells are the eight rows (arranged, in effect, in a 2 by 4 array).

The sums over the quarters in each year are the sums over the two rank-2 cells,
yielding a 2 by 3 array (for the two years and three months in each quarter). Thus:

+/"2 yqm
15 20 21
11 13 22

Similarly, the sums over the three months in each quarter are a 2 by 4 array given
by:

+/"1 qun
12 7 21 16
59 10 22

Exercises

1. Enter the foregoing expressions, and verify that they reproduce the foregoing
results.

2. The function 2. reproduced the same result because it is a repeatable random
number generator. Try the expression ?ten several times to show that the
results do not repeat.

3. Predict and verify the results of +/"3 ygmand +/"0 yqm.

4. Experiment with the box function, as in <3 4 5 and <ygm and <"2 yqm and
<"1l yqgm.

5. The sentence $yqm gives the shape of the array yam. Apply $ to other results
such as +/ygmand +/"2 ygmand +/"1 yqm.
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6. The function # gives the number of items or major cells in its argument.
Apply it to various arguments.

The expression £"k can be used to apply any function £ to the rank-k cells of its

argument. For example, the mean or average function can be used as follows:

mean=:+/%#
mean 3 4 5 6

4.5
(mean;mean"2;mean"1l) yqm
dmmmm e e T ettt +
|0.5 3.5 4.5] | |
|15.5 11.5(|3.75 5 5.25] 4 2.33333 7 5.33333|
| 3 5 7.5]12.75 3.25 5.5]|1.66667 3 3.33333 7.33333]
I 4 7 8] I I
Fomm - e o +
Exercises

7. Experiment with rank cases of the following functions, and state in English
the meanings of the various results:

. Reverse

2&] . Rotate

# Number of items
$ Shape

B. Transposition

Given a year-by-quarter-by-month report ygm we may want to see the receipts
displayed as a quarter-by-month-by-year report qmy. If we refer to the successive
axes (or categories) by the indices 0 1 2, we may say that gmy is to be obtained
by the transposition 1 2 0 (choosing axis 1, then axis 2, then axis 0). Thus:
gqny=:1 2 0 |: ygm
qmy ; yam;