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| ntroduction

J isageneral-purpose programming language available on a wide variety of
computers. Although it has a simple structure and is readily learned by anyone
familiar with mathematical notions and notation, its distinctive features may make
it difficult for anyone familiar with more conventional programming languages.

Thisintroduction is designed to present J in amanner that makesit easily
accessible to programmers, by emphasizing those aspects that distinguish it from
other languages. These include:

1.

2.

3.

A mnemonic one- or two-character spelling for primitives.
No order-of-execution hierarchy among functions.

The systematic use of ambivalent functions that, like the minus sign in
arithmetic, can denote one function when used with two arguments
(subtractionin the case of -), and another when used with one argument
(negation in the case of -).

The adoption of terms from English grammar that better fit the grammar of J
than do the terms commonly used in mathematics and in programming
languages. Thus, afunction such as addition is also called a verb (because it
performs an action), and an entity that modifies a verb (not available in most
programming languages) is accordingly called an adverb.

The systematic use of adverbs and conjunctions to modify verbs, so asto
provide arich set of operations based upon arather small set of verbs. For
example, +/ a denotesthesum over alist a, */a denotesthe product over
a, a */ b isthemultiplicationtableof a and b .

The treatment of vectors, matrices, and other arrays as single entities,



7. Theuse of functional or tacit programming that requires no explicit mention
of the arguments of afunction (program) being defined, and the use of

assignment to assign namesto functions (asin sum=: +/ and mean=: sum %
#).

The following sections are records of actual J sessions, accompanied by
commentary that should be read only after studying the corresponding session (and
perhaps experimenting with variations on the computer). The sections should be
studied with the J system and dictionary at hand, and the exercises should be
attempted. The reckless reader may go directly to the sample topics.



1. Mhemonics

The left side of the page shows an actual computer session with the result of each
sentence shown at the left margin. First cover the comments at the right, and then
attempt to state in English the meaning of each primitive so as to make clear the
relations between related symbols. For example, "< islessthan" and "<. islesser
of (that is, minimum)". Then uncover the comments and compare with your own.

7<5 Lessthan

0 A zeroisinterpreted as false.
7<.5 L esser of
5
7>5 Greater than
1 A oneistrue (ala George Boole)
7>.5 Greater of
7
1073 Power (ala Augustus De Morgan)
1000
107. 1000 Logarithm
3
7=5 Equals
0
= 5 Is (assignment or copula)
7<.b
5
Mn=: <. Minis <.
power=: ~ power is "
gt=: > gtis >

10 power (5 Mn 3)
1000



Exercises

1.1 Enter the following sentences on the computer, observe the results, give
suitable names to any new primitives (suchas * and +. and *.), and
comment on their behaviour.

a"b

a. b

a<b

a>b

(a<b) +(a>b)
(a<b) +. (a>b)

Compare your comments with the following:

a) Negative 3 isdenoted by 3. Theunderbar _ ispart of the
representation of a negative number in the same sense that the decimal
point is part of the representation of one-half when written in the form
0.5, and the negativesign _ must not be confused with the symbol
used to denote subtraction (i.e., -).

b) Division (%9 by zero yieldsinfinity, denoted by the underbar alone.

c) Logof 2 tothebase 1 isinfinite, andlogof 0 tothebase 3 is
negative infinity (_).

d) Sincetherelation 5<7 istrue, and theresult of 5<7 is 1, it may be
said that true and fal se are represented by the ordinary integers 1 and 0.
George Boole used this same convention, together with the symbol + to
represent the boolean function or. We use the distinct representation +.
to avoid conflict with the analogous (but different) addition (denoted by

+).

1.2 Followingtheexample M n=: <. , invent, assign, and use names for each
of the primitives encountered thus far.
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2. Ambivalence

Cover the comments on the right and provide your own.

7-5 The function in the sentence 7-5 appliesto two
2 arguments to perform subtraction, but in the
-5 sentence - 5 it appliesto asingle argument to
5 perform negation.

Adopting from chemistry the term valence, we
say that the symbol - isambivalent, its effective

7% binding power being determined by context.
1.4
o7 The ambivalence of - isfamiliar in arithmetic;
0.2 it is here extended to other functions.
3n2
9
N2 Exponential (that is, 2. 71828"2)
7. 38906
a=: i. 5 The function integer or integer list
a
012314 List or vector
ai. 31 The function index or index of
31
b=: ' Canada' Enclosing quotes denote literal characters
bi. 'da
4 1
$ a Shape function
5
34%a Reshape function

O
O

Table or matrix

=N
N W



3401

34%0Db
Cana
daCa
nada
%a Functions apply to lists
1 0.5 0.333333 0.25 Thesymbol _ aone denotes infinity

Exercises

2.1 Enter the following sentences (and perhaps related sentences using different
arguments), observe the results, and state what the two cases (monadic and
dyadic) of each function do:

a=: 31
=: ' Canada'

oo
ol
oo
ol
w w
SIS

oo

~ O~~~
o9 T

lcanlltl

OOCTCTQJQJ??HH

o
(@]

~

(@]



2.2 Make asummary table of the functions used thus far. Then compare it with
the following table (in which a bullet separates the monadic case from the
dyadic, asin Negate  Subtract):

+ « Add *Or

Negate « Subtract
* » Times * And
% Reciprocal ¢ Divide
A Exponential « Power *Log
< e Less Than * Lessor Of
>  Greater Than * Greater Of
= » Equals Is (Copula)
i Integers « Index

Of

$ Shape « Reshape
/ Grade ¢ Sort
" Number Of Items e«

Replicate

2.3 Try tofill some of the gapsin the table of Exercise 2.2 by experimenting on
the computer with appropriate expressions. For example, enter ~. 10 and
A, 2.71828 to determine the missing (monadic) caseof ~. and enter %
4 and % -4 and +% -4 todeterminethe case of % followed by acolon.

However, do not waste time on matters (such as, perhaps, complex numbers
or the boxed results produced by the monad <) that are still beyond your
grasp; it may be better to return to them after working through later sections.
Note that the effects of certain functions become evident only when applied
to arguments other than positiveintegers: try <.1 2 3 4 and <.3.4 5.2
3. 6 to determine the effect of the monad <. .



24

25

2.6

If b= 3.4 5.2 3.6 , then <. b yieldstheargument b rounded down to
the nearest integer. Write and test a sentence that rounds the argument b to
the nearest integer.

Answer: <. (b+0.5) oOr <.b+0.5 Or <.b+1r2

Enter 2 4 3 $i. 5 toseeanexampleof arank 3 array or report (for
two years of four quarters of three months each).

Enter ?9 repeatedly and state what the function ? does. Then enter t=: 23
5 $ 9 tomakeatablefor usein further experiments.

Answer: ? isa(pseudo-) random number generator; ?n produces an
element from the population i . n



3. Verbsand Adverbs

In the sentence % of Section 2, the % "actsupon" a to produce aresult, and %a
Is therefore anal ogous to the notion in English of averb acting upon a noun or
pronoun. We will hereafter adopt the term verb instead of (or in addition to) the
mathematical term function used thus far.

Thesentence +/ 1 2 3 4 isequivaentto 1+2+3+4; theadverb / appliestoits
verb argument + to produce a new verb whose argumentis 1 2 3 4, and which
is defined by inserting the verb + between the items of its argument. Other
arguments of the insert adverb are treated similarly:

*Ib=:27 18 28
1792

<./b

> /Db
8

The verb resulting from the application of an adverb may (like a primitive verb)
have both monadic and dyadic cases; due to itstwo uses, the adverb / iscalled
either insert or table. In the present instance of / the dyadic case produces atable.
For example:

235+ 0123

g wN
o b~ W
~N o b~
o O U1

Theverbs over=:({.;}.)@: @ and by=' '& @.@,.] canbeenteredas
utilities (for use rather than for immediate study), and can clarify the interpretation
of function tables such as the addition table produced above. For example:

a=: 2 35
2

b=: 01 3

a by b over a +/ b



Fotoo oo +

| 10

12 3|

Fotoo oo +

| 2] 2
| 3] 3
|55

3 4 5]
4 5 6
6 7 8

Fotoo oo +

b

by b over b </ b

Fotoo oo +

| 10

12 3|

Fotoo oo +

| 0] 0
| 1] 0
| 2] 0
|30

coor
cCOor L
=

Fotoo oo +

3.1

3.2

3.3
3.4

3.5

Exercises

Enter d=: i.5 andthesentences st=: d-/d and pt=: d~/d to produce
function tables for subtraction and power.

Make tables for further functions from previous sections, including the
relations < and = and > and lesser-of and greater-of.

Apply theverbs |. and |: tovarioustables, and try to state what they do.

The transpose function | : changes the subtraction table, but appears to
have no effect on the multiplication table. State the property of those
functions whose tables remain unchanged when transposed.

Answer: They are commutative
Enter d by d over d!/d and state the definition of the dyad !

Answer: ! isthebinomia coefficient or outof function; 3! 5 isthe number
of ways that three things can be chosen from five.



p5

4. Punctuation

English employs various symbols to punctuate a sentence, to indicate the order in
which its phrases are to be interpreted. Thus:

The teacher said he was stupid.
The teacher, said he, was stupid.

Math also employs various devices (primarily parentheses) to specify order of
interpretation or, asit is usually called, order of execution. It also employs a set of
rules for an unparenthesized phrase, including a hierarchy amongst functions. For
example, power is executed before times, which is executed before addition.

J uses parentheses for punctuation, together with the following rules for
unparenthesized phrases:

The right argument of averb is the value of the entire phrase to its right.
Adverbs are applied first. Thus, the phrase a */ b isequivalentto a (*/) b,
not to a(*/b).

For example:
a=:5
b=:3
(a*a) +( b*b)
34

a*a+b*b
70

a*(a+(b*b))
70

(a+b) *(a-b)
16

a (+-) b
16



The last sentence above includes the isolated phrase +*- which has thus far not
been assigned a meaning. It is called atrident or fork, and is equivalent to the
sentence that precedesit.

A fork also has a monadic meaning, asillustrated for the mean below:

c=:23456

(+ %#) c Theverb # yieldsthe number of itemsin its
argument
4

(+/ c) % #c)
4

Exercises

4.1 In math, the expression 3x4+4x3+5x2 is called a polynomial. Enter:

Xx=: 2
(3*x"4) +(4*x"3) +(5*x"2)

to evaluate the polynomial for the case where x is 2.

4.2 Note that the hierarchy among functions used in math is such that no
parentheses are necessary in writing a polynomial. Write an equivalent
sentence using no parentheses.

Answer: +/3 4 5 * x " 4 3 2

or (first assigning names to the coefficients 3 4 5 and the exponents 4 3
2), as. +/ c*x"e
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5. Forks

Asillustrated above, an isolated sequence of three verbsis called afork; its
monadic and dyadic cases are defined by:

I\ I\ (f g h)y - (fy)g(hy)

f h f h
I I AN x (fghy o (xfy)gi(xhy)
y y X yx. 'y
The diagrams above provide visual images of the fork.

Before reading the notes at the right (and by using the factsthat % denotesthe
root function and ] denotes the identity function), try to state in English the
significance of each of the following sentences:

a=: 876543
b=: 4567 89
2% b Squareroot of b

2 2.23607 2.44949 2.64575 2.82843 3

3%W b Cuberoot of b
1.5874 1.70998 1.81712 1.91293 2 2.08008

(+ %#) b Arithmetic mean or average
6.5

(# % */) b Geometric mean
6. 26521

(] - (+ %#)) b Centre on mean (two forks)

2.5 1.5 0.50.51.5 2.5

(] - v %#) b Two forks (fewer parentheses)
2.5 1.5 0.50.51.5 2.5

a(+*-)0b Dyadic case of fork



48 24 0 24 48 72

(a*2) - (br2)
48 24 0 24 48 72

a(<+ =0b Less than or equal
001111

a<b
000111

a=b
001000

a(<tc =<+ =) b A tautology (<: islessthan or equal)
111111

2 ([: ~-) 012 Cap yields monadic case
7.38906 2.71828 1

evens=: [: +: 1. +: isdouble
evens 7

0246 8 10 12
odds=: [: >: evens > isincrement

odds 7
1357 9 11 13

Exercises

5.1 Enter 5#3 and similar expressions to determine the definition of the dyad #
and then state the meaning of the following sentence:

(# #>/) b= 27182

Answer: #b repetitions of the maximum over b



5.2 Cover the comments on the right, write your own interpretation of each
sentence, and then compare your statements with those on the right:

(+ %4#) b Mean of b

(# # +H %#) b (n=: #b) repetitions of mean

+/ (##+1 %) b Sumof n means

(+/ b) =+/ (##+/ %) b Tautology

(*/'b)y= */ (###% */) b The product over b isthe product over n

repetitions of the geometric mean of b



6. Programs

A program handed out at a musical evening describes the sequence of musical
pieces to be performed. As suggested by its roots gramand pro, aprogramis
something written in advance of the eventsit prescribes.

Similarly, thefork +/ % # of the preceding section is a program that prescribes
the computation of the mean of its argument when it is applied, as in the sentence
(+/ %) b. However, we would not normally call the procedure a program until we
assign anameto it, asillustrated below:

mean=: +/ % #
mean 2 3 45 6

(geonmean=: # % */) 2 3 456
3.72792

Since the program nmean isanew verb, we also refer to a sentence such as
mean=: +/ % # asverb definition (or definition), and to the resulting verb as a
defined verb or function.

Defined verbs can be used in the definition of further verbs in a manner sometimes
referred to as structured programming. For example:

MEAN=: sum % #

sunmeE:  +/

MEAN 2 3 45 6
4

Entry of averb alone (without an argument) displays its definition, and the foreign
conjunction (! : ) can be used to specify the form of the display: boxed, tree, linear,
or parens. (The session can aso be configured to specify the form of verb display,
under the menu item Edit|Configure...|View.) Thus:

mean
+ % #

91:3 (2 4 5)



6.1

6.2

6.3

6.4

6.5

+- +- +

| % #|

|1

|1

+- +- +

/| --- +

%

#

Exercises
Enter AT=: i. +/ i. anduseexpressionssuchas AT 5 to determinethe

behaviour of the program AT .
Define and use similar function tables for other dyadic functions.

Define the programs:
tab=: +/
ft=: i. tab i.
testl=: ft = AT

Then apply test1 tovariousinteger arguments to test the proposition that
ft isequivalentto AT of Exercise 6.1, and enter ft and AT aoneto
display their definitions.

Define aft=: ft f. anduse test2=: aft = ft totestther
equivalence. Then display their definitions and state the effect of the adverb
f..

Answer: Theadverb f. fixesthe verb to which it applies, replacing each
name used by its definition.

Redefine tab of Exercise 6.3 by entering t ab=: */ and observethe
effectson ft anditsfixed dternative aft .



6.6 Define nean=: +/ % # and state its behaviour when applied to atable, as
in mean t=: (i. !/ i.) 5.

Answer: Theresult isthe average of, not over, the rows of atable argument.

6.7 Write an expression for the mean of the columnsof t .

Answer: nmean |[: t Or nean"1 t
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/. Bond Conjunction

A dyad such as ~ can be used to provide afamily of monadic functions:

]b=: i.7
0123456

b"2 Squares
0149 16 25 36

b”3 Cubes
018 27 64 125 216

b"0. 5 Square roots
0 1 1.41421 1.73205 2 2.23607 2.44949

The bond conjunction & can be used to bind an argument to adyad in order to
produce a corresponding defined verb. For example:

square=: "&2 Square (power and 2)
square b
0149 16 25 36

(sqgrt=: ~&0.5) b Square root function
0 1 1.41421 1.73205 2 2.23607 2.44949

A left argument can be similarly bound:

Log=: 10&". Base-10 logarithm
Log 2 4 6 8 10 100 1000
0. 30103 0.60206 0.778151 0.90309 1 2 3

Such defined verbs can of course be used in forks. For example:

i Nn29=: 2&< *. <&9 Interval test
in29 01258 13 21
0001100

| N29=: in29 # ] Interval selection
IN29 0 1 2 5 8 13 21
58



LOE=: <+.=
5LCE34567
00111

integertest=: <. =] Themonad <. isfloor
integertest 0 0.511.52 2.5 3
1010101

int=: integertest

int (i.13)98
1001001001001

Exercises

7.1 Theverb # isused dyadically inthe program | N29 . Enter expressions
suchas(j=: 30 4 0 1) # i.5 todeterminethebehaviour of #, and
statetheresult of #j #i .5. (Alsotry 1j 1#i .5 .)

Answer: +/ |

7.2 Cover the answers on the right and apply the following programsto lists to
determine (and state in English) the purpose of each:

testl=: >&10 *. <&100 Testif in 10 to 100

int= ] = <. Test if integer

test2=: int *. testl Test if integer and in 10 to 100
test3=: int +. testl Test if integer or in 10 to 100
sel =: test2 # ] Select integersin 10 to 100

7.3 Cover the program definitions on the left of the preceding exercise, and
make new programs for the stated effects.

7.4 Review the use of the fix adverb in Exercises 6.4-5, and experiment with its
use on the programs of Exercise 7.2.
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8. Atop Conjunction

The conjunction @ appliesto two verbs to produce a verb that is equivaent to
applying the first atop the second. For example:

Tri pl ePower sOF 2=: (3&) @ 2&")
TriplePowersOX2 01 2 3 4
3 6 12 24 48

CubeOFDi ff=: ("&3)@
3456 CubeOFDiff 6 5 4 3
27 11 27

f== "@ The rightmost function isfirst applied dyadically
if possible; the second is applied monadically.
5f 3
7. 38906

f 3
0. 0497871

g=: -@
593
125

g 3
_20. 0855

A conjunction, like an adverb, is executed before verbs; the left argument of either
isthe entire verb phrase that precedes it. Consequently, some (but not all) of the
parentheses in the foregoing definitions can be omitted. For example:

COD=: "&3@

3456006543
27 11 27

TPOR2=: 3&* @ 2&")

TPO2 01 2 3 4
3 6 12 24 48



t po2=: 3& @&" An error because the conjunction @ is defined
| domai n error only for averb right argument
| t po2=: 3&F @&

Exercises

8.1 Cover the comments on the right, and state the effects of the programs. Then
cover the programs and rewrite them from the English statements:

nc=: (+/ %) @: Means of columns of table
f= + @"&2) Sum of squares of list

g=: % @ Geometric length of list
h={& *" @</) Map of comparison (dyad)
k= i. hi. Map (monad)

map=: {& +-* %#$' 7-character map

MAP=: map@ 6&<.) Extended domain of map

add=: MAP@ (i.+/i.) Addition table map
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9. Vocabulary

Memorizing lists of words is a tedious and ineffectual way to learn alanguage, and
better techniques should be employed:

A) Conversation with a native speaker who alows you to do most of the talking.
B) Reading material of interest initsown right.

C) Learning how to use dictionaries and grammars so as to become independent
of teachers.

D) Attempting to write on any topic of interest in itself.

E) Paying attention to the structure of words so that known words will provide
clues to the unknown. For example, program (already analyzed) isrelated to
tele (far off) gram, which isin turn related to telephone. Even tiny words
may possess informative structure: atom means not cuttable, from a (not) and
tom (as in tome and microtome).

In the case of J:

A) The computer provides for precise and general conversation.

B) Textssuch as Fractals, Visualization and J p212[ 7], Exploring Math
p212[ 8], and Concrete Math Companion p212 [ 14] use the languagein a
variety of topics.

C) The appended dictionary of J provides a complete and concise dictionary and
grammar.

D) JPhrasesp212 [9] provides guidance in writing programs, and almost any
topic provides problems of awide range of difficulty.

E) Words possess considerable structure, asin +: and -: and *: and % for
double, halve, square, and square root. Moreover, a beginner can assign and
use mnemonic names appropriate to any native language, asin sqrt=: %
and entier=:<. (Frenchname) and sin=:1&. and
SI N=: 1&0. @ %&180@.) (for sinein degrees).

We will hereafter introduce and use new primitives with little or no discussion,
assuming that the reader will experiment with them on the computer, consult the




dictionary to determine their meanings, or perhaps infer their meanings from their
structure. For example, the appearance of theword o. suggestsacircle; it was
used dyadically above to define the sine (one of the circular functions), and
monadically for the function pi times, that is, the circumference of acircle when
applied to its diameter.

For precise oral communication it may be best to use the names (or abbreviations)
of the symbols themselves, asin:

< Lefta(angle) / Slash & Amp(ersand) % Per (cent)

[ Left b (racket) \ Back(dash) @ At ; Semi (colon)

{ Leftc(urly bracket) | Stile A Caret ~ Tilde

( Leftp(arenthesis) _  (Under) Bar ~ Grave *  Star
Exercises

9.1 Experiment with arevised version of the program MAP of Exercise 7.1,
using the remainder or residue dyad (| ) instead of the minimum (<. ), asin
Me: map@ 6&| ) and compare its results with those of MAP.

9.2 Experiment with the programs si n and SI N defined in this section.

9.3 Write programs using various new primitives found in the vocabulary at the
end of the book.

9.4 Update the table of notation prepared in Exercise 2.2.



pll

10. Housekeeping

In an extended session it may be difficult to remember the names assigned to verbs
and nouns; the foreign conjunction ! : (detailed in Appendix A p214) provides

facilities for displaying and erasing them. For example:

b=: 3* a=: i. 6
sune: +/
tri= sum a

nanes=: 4!:1

nanes 0O
+o - - - -+
| al b]tri|
+o - - - -+

| nanmes| sunj
+om e - +-- -+

erase=: 4!:55
erase <'tri'

1
names 0 3
el T
| a] b|] er ase| nanes| sunij
el T
erase nanes 0O
11
names 0 3
+----- +----- +-- -+
| er ase| nanes| suni
+----- +----- +-- -+

The Windows drop-down menus can be used to save, retrieve, and print sessions.
They can also be used to open script windows, in which any number of sentences



may be entered and edited, and from which they can be executed so asto appear in
the normal execution window.

The script and execution windows can aso be displayed side-by-side, so that the
effect of executing scripts can be directly observed.

These matters are treated in detail in the help files, as are the housekeeping
facilities provided by the script file profile.ijs. The menus may be used to execute
thisfile explicitly so asto make its facilities available. If, however, itsnameis
included in the command line (as described in the user manual) it is executed
automatically at the beginning of a session.

Exercises

10.1 Enter and experiment with the programs defined in this section.

10.2 Typeinthesentence +/ 2 3 5 * i. 3 and pressthe Enter key to
executeit.

The following exercises describe facilities available only under Windows and
Macintosh.

10.3 Usethe Up-arrow cursor key to move the cursor back up the line entered in
Exercise 10.2, and then:

Press Enter to bring the line down to the input area.

Use the Left-arrow key to move the cursor back to the * symbol, and the
backspace key to eraseit.

Enter - to replace the multiplication by subtraction, and press the Enter
key to execute the revised sentence.

10.4 Use cursor keysto move the cursor to the immediate left of the i inthe
sentence executed in Exercise 10.3. Then hold down the Control key and
press the F1 key to display Dictionary definition of the primitive i .

10.5 Pressthe Escape key to close the display invoked in Exercise 10.4. Then
move the cursor to the left so that it is separated from the line by one or
more spaces, and again perform Ctrl F1 to display the individually boxed
words in the sentence.
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11. Power and Inverse

The power conjunction (»:) isanalogous to the power function (). For example:

Ja=: 10" b=: i.5
1 10 100 1000 10000
b
01234
% a

1 3.16228 10 31.6228 100

% % a
1. 77828 3.16228 5.62341 10

[ —

% ~: 2 a
1.77828 3.16228 5.62341 10

[ —

% N 3 a
1 1.33352 1.77828 2.37137 3.16228

% ": b a

10 100 1000 10000
3.16228 10 31.6228 100
1.77828 3.16228 5.62341 10

1.33352 1.77828 2.37137 3. 16228
1.15478 1.33352 1.53993 1.77828

N Y

(cos=: 2&0.) ": b d=:1
1 0.540302 0.857553 0.65429 0.79348

] y=: cos . _ d
0. 739085

y=cos Yy
1

Successive applications of cos appear to be converging to alimiting value; the
infinite power (cos ~: _) yiedsthislimit.



A right argument of _1 produces the inverse function. Thus:

% ~: 1b
0149 16

*> b
0149 16

% ": (-b) b
01 2 3 4
01 4 9 16
01 16 81 256
01 256 6561 65536
0 1 65536 4.30467e7 4.29497e9

Exercises

11.1 Thesguare function *: istheinverse of the square root function % and
% ~: 1 isthereforeequivalentto *: . Look for, and experiment with,
other inverse pairs among the primitive functions in the Vocabulary.
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12. Reading and Writing

Tranglating to and from a known language provides useful beginning exercisesin
learning a new one. The following provides examples.

Cover theright side of the page and make a serious attempt to translate the
sentences on the left to English; that is, state succinctly in English what the verb
defined by each sentence does. Use any available aids, including the dictionary and

experimentation on the computer:

f1=:
f2=:
f 3=:
f4=:
f 5=:

gl=:
g2=:
g3=:
g4-=:
g5=:
g6=:

hl=:
h2=:

h3=:
h4=:
h5=:

<

f 1&9

f2 *. > &2

f3 *. < =
<

]
f3 +. ]

%&1. 8
gl™: 1
- &32
g3 _1
gl@3
go™: 1
>,/
hl-<./

hi@-i. @*h2@ %: @

h3 </ ]
(& *' @h4

Decrement (monad); Less or equal
Lessor equal 9

Interval test 2 to 9 (inclusive)

In 2 to 9 and integer

In 2to 9 or integer

Divideby 1.8

Multiply by 1.8
Subtract 32

Add 32

Celsius from Fahrenheit
Fahrenheit from Celsius

Maximum over list (monad)

Spread. Try h2 b with the parabola:
b=:(-& * -&3) -:i.12

Grid. Try 10 h3 b

Barchart. Try 10 h4 b

Barchart. Try 10 h5 b

After entering the foregoing definitions, enter each verb name alone to display its



definition, and learn to interpret the resulting displays. To see several forms of
display, firstenter 9!:3 (2 4 5)

Cover theleft side of the page, and trand ate the English definitions on the right
back into J.

Exercises

12.1 These exercises are grouped by topic and organized like the section, with
programs that are first to be read and then to be rewritten. However, a
reader already familiar with a given topic might begin by writing.

A. Properties of numbers

pn= > @. Positive numbers (e.g. pn 9)

rt=: pn |/ pn Remainder table

dt= 0&=@t Divisibility table

nd=: +/ @it Number of divisors

prt=: 2&=@d Prime test

prsel = prt # pn Prime select

N=: > @n Numbers greater than 1

rtt=: ,@N */ N) Ravelled times table

aprt=: -.@Ne. rtt) Alternative test and selection (primes

do not occur in thetimestablefor N)
apsel =: aprt # N
pfac=: q: Prime factors
first= p:@. First primes

B. Coordinate Geometry

Do experiments on the vector (or point) p=: 3 4 andthetriangle
represented by thetable tri=: 3 2$ 3 4 6 5 7 2



L= W @(+)@*:"1

LR=:L"1
disp=: ] - 1¢&].
LS=: LR@li sp

sp=: -:@+/) @S

H=: % @*/) @sp, sp-LS)
det=: -/ . *

SA=. det@, . &0.5)
sa=:det @], . Y@ @: @)

tet=:?4 3%9

Length of vector (Seerank in the
dictionary or in Section 20 p21 of the

Introduction)

Length of rowsin table
Displacement between rows
Lengths of sides of figure
Semiperimeter (try sp tri)
Heron's formulafor area
Determinant (See dictionary)
Signed area. Try SA@ .

General signed volume; try on the
tetrahedron

aswell asonthetriangle tri .




13. Format

A numeric table such as:

Jt=(i.4 5) 93

0 0.333333 0. 666667
1. 66667

1 1.33333

2 2.33333 2.66667 3
3.33333 3. 66667

4 4.33333 4. 66667
5 5.33333 5.66667

6 6.33333

pl4

can be rendered more readable by formatting it to appear with a specified width for
each column, and with a specified number of digits following the decimal point.
For example:

]1f=:

0. 00
1. 67
3.33
5. 00

The real part of the left argument of the format function specifies the column

6j2 "

0.33
2.00
3. 67
5.33

t

0. 67
2.33
4. 00
5.67

1.00
2.67
4. 33
6. 00

1.33
3. 00
4.67
6. 33

width, and the imaginary part specifies the number of digits to follow the decimal

point.

Although the formatted table looks much like the original table t , itisatable of
characters, not of numbers. For example:

$t
4 5

$f
4 30

+t

10 11.3333 12. 6667 14 15. 3333

+ f

| dormai n error

+ f



However, the verb do or execute (. ) applied to such a character table yieldsa
corresponding numeric table:

"o f

0 0.33 0.67 1 1.33
1.67 2 2.33 2.67 3
3.33 3.67 4 4.33 4.67

5 5.33 5.67 6 6.33

+H " f
10 11.33 12.67 14 15. 33

Exercises

13.1 Using the programs defined in Section 12, experiment with the following

expressions:

512 ": d=: % i.12

52 ":,.d

fc=: 52&": @.

fc d

20 (fc@3 ,. h5) d

20 (fc@3 ,. '"|'"& .@5) d
plot= fc@3,."|'& .@>5

20 plot d
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14. Partitions

Thefunction sum=: +/ appliesto an entire list argument; to compute partial
sums or subtotals, it is necessary to apply it to each prefix of the argument. For
example:

sum=: +/

a=: 123456

(suma) ; (sum a)
T +

|21|1 3 6 10 15 21|
e o +

The symbol \ denotes the prefix adverb, which appliesits argument (in this case
sum to each prefix of the eventual argument. The adverb \. appliessimilarly to
suffixes:

suml. a
21 20 18 15 11 6

Themonad < simply boxesits arguments, and theverbs <\ and <\. therefore
show the effects of partitions with great clarity. For example:

(<1),(<1 2),(<1 2 3)

T +
[1]1 2]1 2 3|
T +
<\ a
S N Fomm e Fom e e oo +
[1]1 2]1 2 3|1 2341234512345 6|
S N Fomm e Fom e e oo +
<\. a



|123456/23456/3456|45 6|5 6|6]
oo Fomm e Fomm o R oo -+

The oblique adverb /. partitions atable along diagonal lines. Thus:

<. t=121* 1331
T

|1/3 2|3 6 1|1 6 3|2 3| 1]
T S R

t ; (sum. t) ; (10 #. sum . t) ; (121*1331)

Exercises

14.1 Define programs analogousto sunw: +/\ for progressive products,
progressive maxima, and progressive minima.

14.1 Treat the following programs and comments like those of Section 12, that
IS, as exercises in reading and writing. Experiment with expressions such as
c pol x andc pp d and (c pp d) pol x with ¢c=:1 3 3 1 and
d=:1 2 1 and x=:i.5. Seethedictionary or Section 20 p21 for the use

of rank:

pol = + @[*]"i.@@)"1 0 Polynomial

pp=: +/.@*/) Polynomial product

ppll=: 1 1&pp Polynomial product by 1 1
ppll d

pplir:5 (1)

ps=: + @: Polynomial sum
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15. Defined Adverbs

Names may be assigned to adverbs, asthey are to nouns and verbs:

a=:12 345
\

prefix=:

< prefix '"abcdefg'
B I LI gy S R S R +
| a] ab| abc| abcd| abcde| abcdef | abcdef g|
B I LI gy S R S R +

+/ prefix a
1 36 10 15

Moreover, new adverbs result from a string of adverbs (suchas /\) and from a
conjunction together with one of its arguments, as well as from other trains listed
in the dictionary (Section |1 F p68). Such adverbs can be defined by assigning

names. Thus:

| P=: /\ Insert Prefix
+ |P a
136 10 15

wth3=: &3
% wth3 a
0. 333333 0.666667 1 1.33333 1.66667

N wth3 a
1 8 27 64 125

=2~ 1 Inverse adverb
* 1 a
1 1.41421 1.73205 2 2.23607

+1P1 136 10 15
12345

ten=: 10&
A, ten 5 10 20 100
0.69897 1 1.30103 2



#. ten 3 6 5

365
froms: -~
into=: %
10 into 17 18 19
1.7 1.8 1.9
10 from 17 18 19
7 89
i= " 1 Apply toitems
{. i 1. 34
0 4 8
Exercises

15.1 Experiment with, and explain the behaviour of, the adverbs pow=: ~& and
| og=: &".

15.2 State the significance of the following expressions, and test your
conclusions by entering them:

+H~i=i. 6 Addition table
ft= /~ Function table adverb
+ ft i Addition table
Poft i Binomial coefficients
inv=: "1 Inverse adverb

sub3=: 3&+ inv  Subtract-three function
sub3 i
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16. Word Formation

The interpretation of awritten English sentence begins with word formation. The
process is based on spaces to separate the sentence into units, but is complicated by
matters such as apostrophes and punctuation marks: was and Brown and Ross are
each single units, but however, is not (since the comma.is a separate unit).

The following lists of characters represent sentencesin J, and can be executed by
applying the do or execute function "

m=: '3 % vy.'
d=: "x.% vy.'
X.= 4
y.=: 27 4096
t.oom

3 16
do=:
do d

2.27951 8

The word formation rules of J are prescribed in Part | p61 of the dictionary.

Moreover, the word-formation function ; : can be applied to the string
representing a sentence to produce a boxed list of its words:

m
S
| 3] % |y. |
S

wor ds=:
wor ds d
+- - - - -+
[ x.[%]y.|
+- - - - -+

The rhematic rules of J apply reasonably well to English phrases:

words p=: 'Nobly, nobly, Cape St. Vincent'



Fomm - R S P +

| Nobl'y|, | nobly|,| Cape| St.| Vi ncent |
+----- +-4--- - - S T +

>words p
Nobl y

nobl y

Cape
St.
Vi ncent

Exercises

16.1 Choose sentencessuch as pp=: +//. @*/) from earlier exercises, enclose
them in quotes, and observe the effects of word-formation (; : ) on them.

16.2 Thefollowing facility is available under Windows and Macintosh: Move
the cursor to the left of aline so that it is separated from the line by one or
more spaces, and press Ctrl F1 to display the individually boxed wordsin
the sentence.
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17. Names and Displays

In addition to the normal names used thus far, there are three further classes:

1) $: isusedfor self-reference, allowing averb to be defined recursively
without necessarily assigning anameto it, asillustrated in Section 22 p23.

2) Thenames x. and y. areusedinexplicit definition, discussed in Section
18 p19. They denote the arguments used in explicit definition.

3) A name(suchas ab_cd_) that hastwo underbars of which oneisthefinal
character, isalocative. Names used in alocale F can bereferred toin
another locale G by using the suffix F in alocative name of the form
pgr _F_, thusavoiding conflict with otherwise identical namesin the locale
G. See Section | p71 of Part Il for further details.

The form of the display invoked by entering a name alone is established by 9!: 3,
as described in Appendix A p223. For example:

mean=: +/ % #

91:3 (4)
nmean
+- / --- +
--+- 0p
+ #
9!:3 (5)
nmean
+H % #
Multiple displays are also possible:
91:3 (5 4 2)

nmean

Treeform

Linear form



|+ +-+] % #
IEUINN

|44 ]|
Fomm - +- +- +

Exercises

17.1 Experiment with the use of locatives.



18. Explicit Definition

The sentences in the example:

m: '3 % vy.'
d=: "X.% vy.'

that were executed in the discussion of word formation, can be used with the
explicit definition conjunction : to produce averb:

script=: 0: O
3 % vy.

X. % vy.
roots=: 3 : script
roots 27 4096

3 16

4 roots 27 4096
2.27951 8

Adverbs and conjunctions may also be defined explicitly. For example:

table=: 1 : O
[ by ] over x./ Verbs by and over from Section 3 p4
)

2 35 ~"Mtable 012 3

12112 4 8§
1313 9 27
|5/1 5 25 125

Control structures may also be used. For example:

p19



f=3:0 factorial=: 3 : O
if. y.<0 a=. 1

do. *:y. while. y.>1

el se. %vy. do. a=. a*y.
end. y.=. vy.-1 end. a
) )

f"0 (_4 4) factorial"0 i. 6
16 2 1126 24 120

Exercises

18.1 Experiment with and display the functions roots=: 3 : script and 13

18.2

18.3

18.4

scri pt (which are equivalent).

See the discussion of control structuresin the dictionary, and use them in
defining further verbs,

Experiment with expressionssuchas ! d b=: i.7, after defining the
adverb d :

d=: 1: 0

+: @&.

Using the program pol from Exercise 14.2, perform the following
experiments and comment on their results:

= 11 75 3 2 & pol
e=: 11 050 2 & pol
o=: 07030 & pol
(g =e +0) b= i.6
(e =e@) b
(0 =-@@) b

Answer: The function g isthe sum of the functions e and o . Moreover,
e isan even function (whose graph isreflected in the vertical axis), and o
isan odd function (reflected in the origin).



18.5

18.6

18.7

18.8

Review Section H p70 of Part |1 and use scripts to make further explicit
definitions.

Enter the following explicit definition of the adverb even and perform the
suggested experiments with it, using the functions defined in the preceding
exercise:

even=: 2 : O

- @x.f. + x.f.@)
)

ge=: g even

(e =ge) b

(e e even) b

Define an adverb odd and useit in the following experiments:

exp=: "

si nh=: 5&o.

cosh=: 6&o.

(sinh = exp odd) b

(sinh = exp .: -) b The primitive odd adverb . : -
(cosh = exp even) b

(exp = exp even + exp odd) b

The following experiments involve complex numbers, and should perhaps
be ignored by anyone unfamiliar with them:

sin=: 1&o.
cos=: 2&o.
(cos = "@. even) b

(j.@in = ~@. odd) b
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19. Tacit Equivalents

Verbs may be defined either explicitly or tacitly. In the case of a one-sentence
explicit definition, of either amonadic or dyadic case, the corresponding tacit
definition may be obtained by using the adverb 13 : asillustrated below. First
enter 9!1:3 ] 2 5 soasto obtain both the boxed and linear displays of verbs:

s=: 0: 0
§+/y.) % (#y.)

nean=: 3 : S
MEAN=: 13 : s

mean VEAN
T I + B
|31 (+y.) %(#y.)] | +- +- +| % #|
L R + [T+ 7] | |
3 "(Hy.) %(#Hy.)’ | +- +- +| I
B

+ % #

The explicit form of definition islikely to be more familiar to computer
programmers than the tacit form. Translations provided by the adverb 13 : may
therefore be helpful in learning tacit programming.

Exercises

19.1 Usethedisplay of the tacit definition of MEAN to define an equivalent
function called M.

Answer: Me: +/ % #
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20. Rank

The shape (%), tally (#), andrank (#@), of anoun areillustrated by the noun
report , which may be construed as a report covering two years of four quarters
of three months each:

ort=: i. 2 4 3

o o wo

12 13 14
15 16 17
18 19 20
21 22 23

($ ; # ; #@) report Shape, Number of items, Rank
B ok
|2 4 3| 2] 3|
B ok

Thelast k axes determine a k-cell of anoun; the O-cellsof report arethe atoms
(suchas 4 and 14), the 1-cells are the three-element quarterly reports, and the
two-cells (or major cells or items) are the two four-by-three yearly reports.

Therank conjunction " isusedinthe phrase f"k to apply afunction f toeach
of the k- cellsof its argument. For example:

, report
0123456789 1011 12 13 14 15 16 17 18 19 20 21 22 23

, "2 report
0O 1 2 3 4 5 6 7 8 910 11
12 13 14 15 16 17 18 19 20 21 22 23



<@."0 s
R +
[0 1]0 1 2 3 4|
R +

Both the left and right ranks of a dyad may be specified. Thus:

10 11 12 (,"0 1 ; ,"1 1 ; ,"1) 01 2
O oo oo +
|10 01 2/10 11 12 0 1 2|10 11 12 0 1 2]
|11 0 1 2] | |
|12 0 1 2] | |
O oo oo +

The basic characteristics adverb b. isvery useful in analyzing functions (or
expressions that define them) with respect to their ranks. For example:

0) : (+\ b. 0) : (+\ %#) b. 0

Exercises

20.1 Observe the results of the following uses of the monads produced by the
rank conjunction, and comment on them:

a=: i. 345
<"0 a

<"1l a

<"2 a

<"3 a

<a

<" 1 a

<" 2 a
nmean=: +/ % #
nean a
nean"1 a

mean"2 a



20.2

20.3

Answer: <"k applies < toeachcell of rank k, with <" (#$a) a being
equivalent to <a . Moreover, anegative value of k specifiesa
complementary rank that is effectively | k lessthan the rank of the
argument a .

Use the results of the following experiments to state the relation between
the conjunctions @ (Atop) and @ (At), and compare your conclusions
with the dictionary definition:

(g=: <"2) a=: i. 345

|. @ g a

|. @g a

|: @ (<"1) a

| @(<"1) a

Answer: Therank of thefunction |. @ g isitselfinfiniteand | .
therefore appliesto the entire list result of g a, consequently reversing it.
On the other hand, the function f @ g inheritstherank of g, and | .
therefore applies individually to the atoms produced by g, producing no
effect.

Use the results of the following experiments to comment on the use of the
rank conjunction in dyads:

. "ABC
: 3 5 $ 'abcdef ghijkl mo’

O O

b
c
c
b, c
b
b
b

R RO
O R P
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21. Gerund and Agenda

In English, agerund is anoun that carries the force of averb, as does the noun
cooking in the phrase the art of cooking; and agenda isalist of items for action.
Thetie conjunction * appliesto two verbsto form a gerund, from which elements
can be chosen for execution. Thus, if the agenda conjunction @ isappliedto a
gerund, its verb right argument provides the results that choose the elements. For
example:

g=: +"
a=: <
2 a3

2 g@a 3
8

3 g@a 2
5

-0 % @ (4&4 @.)"0 0. 10
0 0.54 1.73205 8 2.5 36 2.64575 16 4.5

The verb produced by g@ a is often called a case or case statement, sinceit
selects one of the "cases' of the gerund for execution.

Theinsert adverb / appliesto agerund in amanner analogous to its application to
averb. For example;

c=:3 [ x=: 4 power= _1
g/ c, X, power

3.25
3+xM 1

3.25

The elements of the gerund are repeated as required. For example:

+*/1,%x,3,%,3,x,1



125

The last sentence above corresponds to Horner's efficient evaluation of the
polynomial with coefficients 1 3 3 1 and argument x .

Exercises

21.1 Defineafunction f suchthat (x=: 4) f c=: 1 3 3 1 yieldstheresult
used asthe argument to +* */ in Horner's method.

Answer: f=: }.0@.
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22. Recursion

Thefactorial function ! iscommonly defined by the statement that factorial n is
n timesfactorial n- 1, and by the further statement that factorial 0 is 1. Sucha
definition is called recursive, because the function being defined recursin its
definition.

A case statement can be used to make a recursive definition, the case that employs
the function under definition being chosen repeatedly until the terminating caseis
encountered. For example:

factorial=: 1: (]*factorial @:) @ *
factorial "0 i.6
1126 24 120

Notethat 1: denotesthe constant function whoseresultis 1 .

Inthe sentence (sunm=: +/) i.5 theverb defined by the phrase +/ isassigned a
name before being used, but in the sentence +/ i .5 itisused anonymoudly. In
the definition of factorial above, it was essential to assign a name to make it
possibleto refer to it within the definition. However, theword $: provides self-
reference that permits anonymous recursive definition. For example:

1. (]*$: @) @ * "0i. 6
1126 24 120

In the Tower of Hanoi puzzle, aset of n discs (each of adifferent size) isto be
moved from post A to post B using athird post C and under the restriction that a
larger disc is never to be placed on asmaller. The following isarecursive
definition of the process:

h=: b (p,.q,.r)@c
c=: 1. <[
b=: 2& @ $ ]
p=: <@ h 1. A ]
g=: 1: h]
r=: <@ hb5 A ]



3 h x=: '"ABC
AABACCA
BCCBABB

01234<@"0 1 X

| | Al AAC| AABACCA| AACABBAACCBCAAC
| | B| CBB| BCCBABB| CBBCACCBBAABCEB]

Exercises

22.1 Usethefollowing as exercisesin reading and writing:

f=1."(+H].@,:~) @ &:))A* Binomial Coeffs
<@"0 i.6 Boxed binomias
g=:1. " ((],+/ @ 2&.)) @ &:)O@* Fibonacci
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23. |teration

The repetition of aprocess, or of a sequence of similar processes, is called
iteration. Much iteration isimplicit, asin */b and a*/b, and a*b; explicit
iteration is provided by the power conjunction (*:), by agenda (@) with self-
reference, and by control structures:

(cos=: 2&0.) ": (i1.6) b= 1
1 0.540302 0.857553 0.65429 0.79348 0.701369

]y=: cos”™: b
0. 739085

y=cos Yy
1

The example cos”: _ illustrates the fact that infinite iteration is meaningful (that
IS, terminates) if the process being applied converges.

Controlled iteration of aprocess p isprovided by p~: q, wheretheresult of q
determines the number of applicationsof p performed. Theforms $: @”": q and
p~: g~: _ arecommonly useful.

If f isacontinuous function, andif f i and f j differ insign, then there must
bearoot r between i andjsuchthat f r iszero;thelist b=:i,j issaidto
bracket aroot. A narrower bracket is provided by the mean of b together with that
element of b whose result on applying f differsinsign fromitsresult. Thus:

f== % - 4: A sample function

root=: 3 : 0
m=. + %#

while. ~:/y.

do.

if. ~/ *f ({.,mM vy
do. y.= ({..m vy

else. y.= ({:,m vy

end.



b=: 1 32
root b
16

f b,root b
3 1.65685 1.77636e_15

Exercises

23.1 Usethefunction r oot to find the roots of various functions, such as f =:
6& @

23.2 Experiment with the function fn=: +/\ (which produces the figurate
numbers when applied repeatedly to i . n), and explain the behaviour of
the function fn”: (?2@:)
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24. Trains

The train of nouns in the English phrase Ontario museum Egyptian collection
represents a single noun. Similarly, the fork discussed in Section 5 p6and its

exercises permit the use of arbitrarily long trains of verbs to produce a verb.

Section 15 p16 introduced the use of trains of adverbs, and of conjunctions

together with nouns or verbs, to represent adverbs. Conjunctions may also be
produced by trains of adverbs and conjunctions in a manner analogous to forks.

For example, the case diagrammed on the right below can be used as follows:

cj=\@

<cj (+) a=1i1.3 3 c
+----- +----- +-m e - - + / \
[O1 20120 1 2 al a2
| |3 573 5 7| | |
| | |9 12 15| X y
+-am - - +-am - - Fomm o - +

(\)@+/\) a (*/) cj (/) a
+-am - - +-am - - Fomm o - + 0 1 2
[O12/0120 1 2 0O 5 14
| |3 573 5 7| 0 60 210
| | |9 12 15|
+-am - - +-am - - Fomm o - +

The explicit form of defining conjunctions treated in the exercises of Section 18
P19 can be used to produce an equivalent conjunction CJ as shown below.

s=. 0: 0
(x.\)dy.\)
)
= 2 : s
(*/) A (+) a
0O 1 2
0O 5 14



0 60 210
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25. Per mutations

Anagrams are familiar examples of the important notion of permutations:

w=: ' STOP

3201{ w
POST

2310{ w
OPTS

3021{ w
PSOT

The left arguments of { above are themselves permutations of thelist i . 4 ;
examples of permutation vectors, used to represent permutation functionsin the
form p&{ .

If p isapermutation vector, the phrase p&C. also represents the permutation
p&{ . However, other cases of the cycle function C. are distinct from the from
function { . Inparticular, C. p yieldsthe cycle representation of the
permutation p . For example:

Je=: C p=2 24013

R +
|2 0|4 3 1]
R +

c C. ' ABCDE C c
CEABD 24013

Each of the boxed elements of a cycle specify alist of positions that cycle among
themselves; in the example above, the element from position 3 moves to position
4, element 1 movesto 3, andelement 4 to 1.

A permutation can be identified by itsindex inthetable of all ' n permutations of
order n listed inincreasing order. Thisindex isthe anagram index of the
permutation; the corresponding permutation is effected by the function A. as
illustrated below:



1 A ' ABCDE A 01243
ABCED 1

(i.13) A i.3 (i.13) A 'ABC
ABC
ACB
BAC
BCA
CAB

CBA

NNEFE PP OO
R ONODNLPE
ORFRPLONEDN™

Exercises

25.1 Usethefollowing as exercisesin reading and writing (try on a=:' abcdef"

and b=: i. 6 and c=: i. 6 6):

f= 1&A Interchange last two items

g=: 3&A Rotate last three items

h=: 5&A. Reverse |ast three items

i= < @@ A ] k i a reverseslast k items

25.2 Experiment with the following expressions and others like them to
determine the rules for using abbreviated argumentsto C. and compare
your conclusions with the dictionary definitions:

214C b=i.6

(<2 14) C b
(31;50) C b

25.3 Makeaprogram ac that produces atable of the cycle representations of
all permutations of the order of its argument, asin ac 3.

Answer: ac=: C@i.@ A i.)
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26. Linear Functions

A function f issaidtobelinear if f(x+y) equals (f x)+(f y) forall
arguments x and y . For example:

f=: 3&. @ + @ |.

Ix=: i.#y=2 357 11
012314

X+y f x+y
247 10 15 8 4 30 20 14

(f x),:(f y) (f x)+(f y)
20 8 6 4 8 4 30 20 14
6 4 22 14 10

A linear function can be defined equivalently asfollows. f islinearif f @+ and
+&f are equivalent. For example:

Xx f@+y x +& vy
8 4 30 20 14 8 4 30 20 14

If f isalinear function, then f y can be expressed asthe matrix product nmp&m
y , where

nmp=: + . *
Me: f 1= = 10.#y | isanidentity matrix

np&M'y
6 4 22 14 10

fy
6 4 22 14 10

Conversdly, if m isany square matrix of order #y , then m&np isalinear
functionon y, andif m isinvertible, then (% nm &mp isitsinverse:

x=: 123 y= 235
]me: ? 3 3%9
573



723

4 4 2

]n= % m

~1.33333 _0.333333 2.5

_0.333333 _0.333333 1
3. 33333 1. 33333 _6.5

g=: np&m
h=: nmp&n

X g@+y
82 63 40

X +&3 Yy
82 63 40

ghy
235

Exercises

26.1 For each of the following functions, determine the matrix M such that m
(mp=: +/ . *) N isequivalent to the result of the function applied to the
matrix N, andtestitforthecase N=: i. 6 6

| .
+

(48 - 28+ @)
28A
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27. Obverse and Under

Theresult of f~: 1 iscalled the obverse of thefunction f ; if f=: g :. h,
thisobverseis h, anditisotherwiseaninverseof f . Inversesare provided for
over 25 primitives (including the case of the square root illustrated in Section 11
p12), aswell as many bonded dyadssuch as - &3 and 10&. and 2&o. .
Moreover, u@”: _1 isgivenby (v~: _1)@u”: _1) . For example:

fFc=: (32&+) @*&1.8)
]b=:fFc _40 0 100
40 32 212

cFf=: fFch: 1
cFf b
_40 0 100

Theresult of thephrase f & ¢ istheverb (g~: _1)@f & g) . Thefunction g
can be viewed as preparation (which is done before and undone after) for the
application of the "main" function f . For example:

b=: 00101011000

sup=: </\ Suppress ones after thefirst
sup b
001000000O00O
|. sup |. b Suppress ones before the last
00000O0OO010O00O0
sup& |. b
00000001 0O00O0
3 +& M. 4 Multiply by applying the exponential
12 to the sum of logarithms
(™. 3)+(". 4)
2.48491

N(NB) (M 4)
12



| . &> c Open, reverse, and then box

Exercises

27.1 Usethefollowing as exercisesin reading and writing. Try using arguments
suchasa=: 2357 andb= 123 4andc= <@."0i. 3 4:

f= +&~" Multiplication by addition of natural logs
g=: +& (10&*.) Multiplication using base-10 logs

h=: *& " Addition from multiplication

= |.& > Reverse each box

j= H &> Sum each box

k=: +/ & Sum each box and leave open
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28. | dentity Functions and Neutral

The monads 0&+ and 1&* areidentity functions, and 0 and 1 are said to be
identity elements or neutrals of thedyads + and * respectively. Insertion on an
empty list yields the neutral of the dyad inserted. For example:

+/ 1.0 + ! +0{. 235
0 0 0

*[i.0 X */0{. 235
1 1 1

These results are useful in partitioning lists; they ensure that certain obvious
relations continue to hold even when one of the partitions is empty. For example:

+/ a=: 2357 11
28

(+/4{.a)+(+/ 4}.a)
28

(+ 0{. a) +(+/ 0} . a)
28

*[a
2310

(*14{.a)*(*/4}.a)
2310

(*10{.a)*(*/0}.a)
2310

The identity functions and other basic characteristics of functions (such as rank)
are given by the adverb b. , asillustrated below:

Nb, 1 Inverse

Nb. O Ranks
00



Nbo 1
$1@}. @)

28.1

28.2

28.3

|dentity function

Exercises

Predict and test the results of the
following expressions:

* [0
<. /"'

> /"

>/0443%0

+ . */ 044%0
1234+&"./ 5678

Experiment withthedyad { @ and
give the term used to describeit in
mathematics.

Answer: Cartesian product

Test the assertion that the monads
(@ + . * =) and % are
equivalent, and state the utility of
the former when applied to alist
suchas 1 4 1 4 2 that has
repeated elements.

Answer: Thefunction % (which
could be afunction costly to
execute) is applied only to the
distinct elements the argument (as
selected by the nub function ~.).



28.4

28.5

t1=:

t2=:

t 3=:

Comment on the following
experiments before reading the
comments on the right:

(f

+ 0 99 O

Q

(f

a (f-

t aut

2 35 b=

2 4

= *:@) b

(g=: +&: +
@) b

=g) b

'g) b

= f-:g

Square of sum

Sum of
squares plus
double
product
Expression of
the identity of
the functions

f and g ina
tautol ogy
(whose result
IS

always true;
that is, 1).

A phrasesuchas f-: g may bea
tautology for the dyadic case only,
for the monadic case only, or for
both. Use the following tautol ogies
as reading and writing exercises,
including statements of applicability
(Dyad only, etc.):

(Dyad only) The primitive >: is
identical to greater than or equal

(Both) Lesser-of is neg on greater-of
on neg; Floor isneg on ceiling on

neg

Sameas t 2 but uses under



t4=: *:@: -: *: + + + 1:

tbh=: *:@: -: #.&1 2 1"0
t6= "&3@: -: #.&1 3 3 1"0
bc=: i.@: ! ]

t7=: (> @) -: (1#.bc@)"0
s=: 1&o.

c=: 2&o.

t8=: s@-:(s@*c@)+(c@*s@)
t9=: s@-:(s@*c@)-(c@*s@)
det=: -/ . *

perm=: +/ . *

sct=: 1 2&0."0@@, "0)

t10=: s@ -: det @®ct

tll=: s@ -:
S=: 5&o.

per masct

C=: 6&o.

SCT=: 5 6&0." 0@, "0)
t12=: S@ -: per m@CT
SINH=: " .

COoSH=: ~ ..

t13=: SINH -: S

t14=: COSH -: C
sine=: "&j.

t15=: sine -: s

(Monad) Square of a+1 issqguare of
a plustwice a plus 1

Sameas t 4 using polynomial
Like t5 for cube

Binomial coefficients

Like t6 with k&t 7 for kth power
Sine

Cosine

(Dyad) Addition and Subtraction
Formulasfor sine

Determinant

Permanent

Sine and cosine tables

Sameas t9 but using the
determinant of the sin and cos table

Like t 8 using the permanent
Hyperbolic sine

Hyperbolic cosine

Sinh and Cosh table

Addition theorem for sinh

Odd part of exponentia

Even part of exponential

Sinh is odd part of exponential
Cosh isthe even part of exponential
Sineisthe odd part of exponential
under multiplication by 0j 1

28.6 Comment on the following expressions before reading the comments on the

right:



g=: + > >,

59 2
59 2 1012
f= *. & 08&<)

theorem=: f < g

5 theorem_2 1012

Test if sum exceeds maximum
True for positive arguments

but not true in general

Test if both arguments exceed 0

The truth value of the result of f
does not exceed that of g . This
may also be stated as"if f (istrue)
then g (istrue)" or as"f implies

g



29. Secondaries
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It is convenient to supplement the primitives or primaries provided in alanguage
by secondaries whose names belong to an easily recognized class. The following
examples use names beginning with a capital |etter:

Ad=: [ 0:}-@ @@{.]

Al =: > @ .

Area=: [: Det ] ,. %@ @"1
Bc=: [P O A I

Bca=: % @Bc

By=: & Q@.@ . ]
Cpa=: ]%i. @@~ E @
CPA=: (@)%i. @A E @
Det =: -/

Dpc=: 1. }. ] * 1.0
D1=: ("0)(D. 1)

Ei =: i.@+*+0&=)

Epc=: Bc@ X ]

| pc=: 00 , ] A @

| nv=: A A

| d=: =@ .

MVat = /:~

Mt = -0\~

M g=: +&$ {. ,A@|:@:)
Over=:  ({.;}.)@: @

Pad=: 2 '"X.%IMNE Qy."_ )"’
Pp=: +H.@*/)

Si =: (BB@: - |) @ (-1 i.)

Append diagonal scalar
Augmented integers
Area(Vol)try Area tet=:0,=i.3
Binomial coefficients
Binomial coefficients (alternating)
By (format; see Ta)

Coeffs of poly approx

Coeffs of poly approx (adverb)
Determinant

Differentiate poly coeffs
Derivative (scalar, first)
Extended integers

Expand poly coeffs

Integrate poly coeffs

Inverse

| dentity matrix

M onotone ascending test
Monotone descending test
Merge

Over (format; see Ta)
Polynomial approx of degree
Polynomial coeffs product
Symmetric and subsiding int



Span=: 2 : 'y."_x.\ ]’ Span of apply of left arg
S1=: l-@@n"._1/~%"~)@. Stirling numbers (1st kind)
S2=: @ (M ~%"._1/~)@. Stirling numbers (2nd kind)
Ta=: 1 : '[By]Over x./' Table adverb
Thr =: ] * 0.1&8@ < | @ Threshold for non-zero
Tile=: $@{.[$-%@ +2:|1: +$@ Tile(try 0 1 Tile i. 2 3 4)
X=: + . * Times (matrix product)
XA=: - Times (alternating)
Exercises
29.1 Enter the definitions of the secondaries (or at least those used in these
exercises), and then enter the following expressions;
(A 2 3);(A 2 3);(E 2 3);(E 2 _3)
(i.;i.@;A;A@;E;BE@) 4
(Si 4);(7 4 Si 4)
+Ta~@. 4
(S1;S2) 7
(1:X;%;%/;(%/%.)) y== (Bc ,: Bca) 5
(0 1&Ch; 1 _1&Ch) i. 2 3 4
29.2 Perform further experiments with the secondaries.
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Sample Topics

This part provides examples of the use of J in varioustopics, it is designed to be
used in conjunction with the dictionary and at the keyboard of aJ system. It isalso
designed to be used inductively, as follows:

. Read one or two sentences and their results (which begin at the left margin),
and attempt to state clearly in English what each sentence does.

. Enter similar sentencesto test the validity of your statements.

. Consult the dictionary to confirm your understanding of the meaning of
primitivessuch as i . (used with one argument or two). Use the
Vocabulary at the end of the book as an index to pagesin the dictionary. In
the Windows system, highlight aword (e.g. /:) and hit ctrl-F1 to display
the dictionary entry for that word.

. Enter parts of acomplex sentence, suchas i. 26 and j+/i.26 inthe
caseof a.{~j+/i.26 usedinthetopic Alphabet and Numbers p33.




1. Spelling

phr=:"index=:a.i."'"aA "'

;. phr
. T
| index|=:|a.|i.]|"aA"|
. T

$ ;:phr
>: . phr

i ndex

-

"aA

(dO:: " ) phr
97 65

do 'abc = 31 4 2
3142

abc
3142

p32
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2. Alphabet and Numbers

(a. {~j + i.26) ; (j + i.6) ; (j= a. i. 'aA") ; ($ a.)

| abcdef ghi j kI mopgr st uvwxyz| 97 98 99 100 101 102| 97 65| 256|
| ABCDEFGHI JKLMNOPQRSTUWAKYZ| 65 66 67 68 69 70| |

1 2 3{ t=: 8 32%a. The mgjor a phabet
" #$9%& () *+, -./0123456789: ; <=>7?
@ABCDEFGHI JKLMNOPQRSTUVWKYZ[ \ ] ™ _
“abcdef ghi j kl mopgr st uvwxyz{|} ~

Thetable t arrangesthe alphabet in eight rows, but its complete display would
look odd because of the effects of various control characters such as the carriage
return. A boxed display <t ismore readable because spaces are substituted for
them.

i. 25 Table of integers
012314
56789
r=: 0j1 10 _11 Square roots of plusand minus 1
+r (Complex) conjugates
0O 1 1011
r* +r
1111
r */ r Multiplication table of roots of unity
21051 1 0j1
0j 1 1 051 _1
1 0j1 _105_1

I 45x "X" denotes extended precision
119622220865480194561963161495657715064383733760000000000



3. Grammar

fahrenheit =: 50
(fahrenheit - 32) * 5%
10

prices =1 3142
orders =2 2021
orders * prices
6 082
+/ orders * prices
16
+/ \ 12345
1 36 10 15
23*/] 12345
246 810
369 12 15

(cube=: ~&3) i. 9
018 27 64 125 216 343 512

Parts Of Speech
50 fahrenheit Nouns/Pronouns
+ - * 9% cube Verbs/Proverbs
[\ Adverbs
& Conjunction
=: Copula

() Punctuation

p34
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4. Function Tables

Just as the behaviour of addition is made clear by addition tables in elementary
school, so the behaviour of other verbs (or functions) can be made clear by
function tables.

The next few pages show how to make function tables, and how to use the utility
functions over and by to border them with their arguments to make them easier
to interpret.

Study the tables shown, and make tables for other functions (suchas < <. and %
suggested by the Vocabulary.

(+/~; */~) 012 Addition and Times tables
S S +
|01 20 0 O
|12 3/0 1 2
|2 3 40 2 4
S S +
N~ 4 Power table
100 O
111 1
124 8
139 27
+./~01 Or table



5. Borderinga Table

over=: ({.;}.)@: @
by= ' '& @.@, .]

prinmes by i over prines */

i= 01234
o +
| |01 2 3 4
o +

12102 4 6 8|
I3]0 3 6 9 12
|5/0 5 10 15 20|

tba=: 1 : '[ by ] over x./'

prinmes * tba i

12102 4 6 8|
I3]0 3 6 9 12
|5/0 5 10 15 20|

| 7|1 7 49 343

2401|

|11 1 11 121 1331 14641|

Table adverb

p36

Utility functions, intended for use
rather than for immediate study



6. Tables (Letter Frequency)

t ext =:
al ph=:

1

ecNeoNoloNololNolololy
P OOOO0OO0OO0OO0OO0OO0o
[ecNeoNeolNoNolNolNololNo]

QOO OO0 O0OO0OO0OO0o
P OOOO0OO0OO0OO0OO0OO0o
QOO OO0 O0OO0OO0OO0o
OCOPFPRPOOO0OOOO0OO0O
[ecNeoNeolNoNolNolNololNo]

sing of olaf glad and big'

abcdef ghi j kI mopqgr st uvwxyz'
10{. al ph=/t ext

1

QOO OO0 O0OO0OO0OO0o
QOO PFrPOO0OO0OO0OO0OO0O

ecNeoNeololNololNolololy

QOO OO0 O0OO0OO0OO0o
QOO OO0 O0OO0OO0OO0O
ecNeoNeololNololNolNol e

'01' {~10{. al ph=/t ext

1010000100100001000010001000
0000000000000100001001000000
0000000000000000000000000100
0000000000000000000000000000
0000000000000000000100010000
0000000000000000000000000000
0000000001000010000000000000
0000001000000000100000000001
0000000000000000000000000000
0100100000000000000000000010

QOO PFrPOO0OO0OO0OO0OO0O
[ecNeoNololNololNololely

OCOPFPRPOOOOOO0OO0O
QOO OO O0OO0OO0OO0OO0o
ecNeoNeololNololNolNol e

QO O0OO0OO0OFrROO0OO0O0O

ecNeoNeololNololNollololy
ecNeoNololNololNolol e
QOO OO O0OO0OOO0OO0o
QOO0 O0OFrROO0OO0OO0O
[ecNeoNeololNololNololNoly
ecNeoNeoloNolNoNaol oo
P OOOO0OO0OO0OO0OO0OO0o
O OPFPRPOOOOOO0OOo

Letter frequency table

p37
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7. Tables

Divisibility and remainder tables

T

rem=: 1 |/i=:
rem ;

0=

di v=:

div

Primes, test, # of divisors

+/div); (+/ div)

+ div); (2=

(i #~2

|12350011010/712232 4
g

;o <[~ ~[/~)i. 5

</~ -

(=~

Table adverb

~) (@.)

(/
t;<t;<it;~:t) 5

t=:

(

("'t -t) 5



0
1
16

1



p39

8. Classification

Classification isafamiliar notion. For example, the classification of letters of the
alphabet as vowel, consonant, sibilant, or plosive; of colors as primary and
secondary; and of numbers as odd, even, prime, and complex.

It is aso very important; it provides the basis for many significant notions, such as
graphs, barcharts, and sets.

A classification may be complete, (each object falling into at least one class), and it
may be digoint (each object falling into at most one class). A graph isadigoint
classification corresponding to the non-digjoint classification used to produce a
barchart.

x=: 1234567
ly=: (x-3) * (x-5) Parabola (roots at 3 and 5)
830 1038

range=. >./ - i.@pread
spread=: 1. + >./ - <./
spread y

10
range y

876543210 _1

((range </ 1);{& * @range<:/])) vy Barchartsof y

|100000 1]* *|
|100000 1]* *|
|100000 1]* *|
|100000 1]* *|
|100000 1]* *|
|1 10001 1]** x|
|1 10001 1]** x|
|1 10001 1]** x|
|1 110 1 1 1]*** *%*]
|1111111|*******|

+
1
1
1
1
1
1
1
1
1
1
1
I
+
1
1
1
1
1
:
+
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9. Digoint Classification (Graphs)

If only the final element of aboolean list b isnon-zero, then (and only then) will
theresult of </ b be non-zero. Consequently, </\ appliedto b suppresses all
ones after the first, and the result therefore represents a digoint classification. For
example:

cct= # @.@2: ™ #) Complete classification table

b= |: cct 2 357

b
000O0O0O0OO0O0O11111111
00001111200001111
00110011200110011
0101010101010101

</b
010000000000O0O0OO0DO

</\b
000O0O0O0OO00O11111111
00001111200000000
00110000000000O00O
010000000000O0O0OO0DO

y=: (x-3) * (x-5) [ x=: 1234567

range=: >./ - i.@pread

spread=: 1. + >/ - <./

bc=: (range <:/]) vy

bc; (</\bc); ({& .*" </\bc) Barchart and graphs
Fom e e e - Fom e e e - +om e - - +
[1000001/2 00000 1]*..... *|
|]10000010000000]....... |
|]100000110000000]....... |
|]100000110000000]....... |
|]100000110000000]....... |
|11 00011101 00010].* *
[]11 0001110000000 ....... |
[]11 0001110000000 ....... |
[111011110010100]..*.*. .|
/1111111 0001000]...% |
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10. Classification (with Selection and I nner
Product)

The complete classification table can be used in a variety of ways, including use
with various inner products. For example:

m=: 2 ,

n=: |: cct O{m

m; n; m+/ . * n

oo - o e oo oo oo +
|2 3500001111 0538275 10|
|4 210011001101 2345¢6 7|
| [O1 01010 1 |
oo - o e oo oo oo +

The pattern of the inner product can be seen more clearly in the following display:
the element in a given row and column of the matrix product p inthelower right
box corresponds to the row of the left argument and the column of the right
argument. Thus:

(""" n) ,: (m; p= m+/ . * n
oo - - +
| [O0O001111|
| |[0O0110011|
| |[0O1 010101 |
oo - - +
|2 350538275 10|
|4 2 110123456 7
oo - - +

(+/r*c) ; (r*c) ; (r=t O{m ; (c= 3{"1 n) ; (<0 3){p +-+-----
+----- +----- +-+ 180 352350118 ++----- +----- +----- +- +
Just as the ordinary matrix product yields sums over products, the inner product
*/ . ~ yields products over powers. Hence, m */ . ~ n produces products
over all possible subsets of the rows of m

m*/ . ~n



153152 10 6 30
112 24 48 8

Also see the use of the key adverb (/ . ) for classification.
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11. Classification (Sets and Propositions)

Thelist -. +./t appended to any classification table t will yield acomplete
classification table, and the function defined below therefore completes a
classification table. The function t ab ensuresthat ascalar or vector argument is
treated as a one-rowed table.

c=: complete=: (] , (+/ {. ,:)@-.@(+./))@tab
tab=: ,:7:(0:> 2:-#@)

c001,:010

= OO
(ol o)
O o

c101,:010

o P
— O
o P

(c101;(cc101);(c0;(c 1l
e o -
|10 1/1 0 1]0] 1]
|0 10010]1] |
T =

A function that yields asingle boolean list is called a proposition; its result is a one-
way classification called a set. The classification can, of course, be completed by
the complementary set. For example:

pl=: 2&<: *. <&b Set defined by interval
pla=: (2:<:]) *. (]<5:) Alternative definition
p2=: = <. Set of integers

a=: 2 % i. 11

(1.p1, pla, p2, (pl+.p2),:(pl*.p2)) a
0051152253354455
o 00 01 11 11 10
o 00 01 11 11 10
1 01 01 01 01 01
1 01 01 11 11 11
O 00 01 01 01 00



Adverb to list elements of set
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12. Sorting

Thesort x /: y re-orders x accordingtothegradeof y, thatis, /:y:

x=: 2718 y= 1732
(F2y)s CCHay){x) 5 (x1y) s (% i x)

The grade and sort of literal charactersis based upon the ordering of the underlying
aphabet a. . For example, if the name "text" is used for the present sentence (up
to and including the colon), then:

tdw=: >dwds=: ~. wds=: ;: text
($tdw), ($dwds), ($wds), (Bt ext)
21 9 21 25 103

]Jalph=: a. {~ ,(i. 26) + (a.i."aA")
aAbBcCdDeEf FgGhHi | j JkKI LmvnNoOpPqQ Rs St TuUv VWM Xy Yz Z

tdw, (tdw /: tdw);(tdw : alph i. tdw

R R R +
| For | | and |
| exanple | ( | col on |
|, 1) | exanple |
|if |, | for |
| t he | For | For |
| nanme | and | if |
| " | col on | i ncl udi ng|
| t ext | exanple |is |
|is | for | nanme |
| used [1f | present |
| for | i ncl udi ng| sentence |
| present |is | t ext |
| sentence | name | t hen: |
| ( | present |the |
| up | sentence |to |
[to | t ext | up |

I

| and | t he | used



| i ncl udi ng| t hen:

I I
| col on [to | |
1) | up | ( I
| t hen: | used [) |
R R R +

The middle column is the a phabetized table of distinct words, but (because the
cases are not interleaved in the alphabet a. ), the words "for" and "For" are widely
separated; they are brought together in the last column by indexing the table by a
suitable al phabet.



13. Compositions (Based on Conjunctions)

In math, the symbol - iscommonly used to produce afunction defined as the
composition of two functions: f °g y isdefinedas f (g y) . Normally, such
composed functions are only defined to apply to asingle scalar argument.

J provides compositions effected by five distinct conjunctions, as well as
compositions effected by isolated sequences of verbs. hooks and forks, and longer
trains formed from them. The five conjunctionsare & & & @and @ , the
conjunctions @ and @ being related in the same manner as & and &: .

The conjunction & isclosest to the composition ° used in math, being identical to
it when used for two scalar (rank zero) functions to produce a function to be
applied to asingle scalar argument. However, it is aso extended in two directions:

1. Applied to one verb and one noun it produces a monadic function illustrated
by the cases 10&*. (Baseten logarithm) and ~&3 (Cube).

2. Applied to two verbsit produces (in addition to the monadic case used in
math) adyadic case definedby: x f&g y o (g x) f (g y) .For
example, x %&! vy isthequotient of thefactorialsof x and vy .

The conjunction & appliesonly to verbs, and f & g isequivalentto f &g except
that theinverse of g isapplied to the final result. For example:

3 +&. 4 3 +& " 4
2.48491 12

For scalar arguments the functions f & g and f & are equivalent, but for more
general arguments, g appliesto each cell as dictated by its ranks. In the case of

f &g, thefunction f then appliesto each result produced; inthecaseof f& g it
appliesto the overall result of al of the cells. For example:

(1 ; % ; |:&% ; |: &%) i. 222
I Femm - I — +
|0 1] 1.5 0.5/ 1.5 1] 1.5 3.5]
|23 1 0 0.5 0 1 3]



I I I I I
|4 5/ 3.5 2.5 3.5 3 0.5 2.5

|6 71 3 2] 225 2| O 2

The conjunctions @ and & agreein the monadic case, asindicated below for cells
x and y asdictated by theranksof g :

fegy o f gy

f@ay « fgy
xf&gy o (gx) f (gy)
xf@y - f(xgy)
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14. Compositions (Based on Hooks and
Forks)

A verb is produced by trains of three or two verbs, as defined by the following
diagrams:

/A
y 'y XyXxXy y y

For example, 5(+*-)3 o (5+3)*(5-3) .

The foregoing definition is from Section I F p68 of the dictionary. The following
examples concern functions used in statistics:

mean=: +/ %t Mean

norm=: | - +/ %# Centered on mean
sqene: 2: A~] - +H % # Sqr of centred on mean
var = [: mean 2: ~~ ] - mean=: +/ % Variance

stdv=: 2:%[:mean 2: "~ ] - nmean=: +/ %t Standard Deviation

,. & >@]; mean; norm sqcmvar;stdv) y=: 2 3 45

P +
| 2 3.5| _1.5] 2. 25| 1. 25| 1. 11803|
| 3] | _0.5] 0. 25| I I
| 4 | 0.5]0.25] I I
| 5] | 1.5]2.25] I I

T g +
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15. Junctions

Four functions are commonly used to joinarguments. ; , ,. and ,: . Wewill
illustrate them for the cases of vector and matrix arguments:

a=: 'pgr' [ b= 'PQR
m=: 3 3% 'abcdefghi’ [ n=: 3 3% ' ABCDEFGH '

a(;, ; ., .. ,:)b
S U RUERURRR L U +--+-- -+
| +---+---+| pgr PQR| pP| pqr |
| | par | PQR] | | gQ PQR
| +---+---+ | rR| I
S U RUERURRR L U +--+-- -+

m (; . ) n
S U RUERURRR S RS R +-- -+

| +- - - +---+| abc| abcABC| abc|
| | abc| ABC| | def | def DEF| def |
| | def | DEF| | ghi | ghi GHI | ghi

| | ghi | GHI || ABC| I I
| +---+---+ DEF| | ABC|
I | GHI | | DEF|
I I I | GHI |
Fomm e e oo S +---+

a(;, ;. .. ,1)n
Fomm e e oo e

| +---+---+| pqr| pABC| pqr |
| | par | ABC| | ABC| qDEF| I
| DEF| | DEF| r GHI | |

| |
| | | GHI | | GHI | I I
| +---+---+ I | ABC|
I I I | DEF|
I I I | GHI |
Fomm e e oo e
m(, ; ,; ,.; ,:)b
Fomm e e oo e

| +- - - +- - - +] abc| abcP| abc|



abc| PQR| | def | def Q def |
def| || ghi|ghi R ghi |
ghi | | | POR| I I
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16. Partitions (Adverbs)

Used monadically, the results of theadverbs \ and \. and /. provide prefix,

suffix, and oblique partitions. They are commonly applied to arithmetic functions
such as summation (+/ ), product over (*/ ), and continued fractions ((+% / ); we

will also illustrate them for box (<), which shows their structure more clearly:

a=: 235711 [ t=2 121* 1331

L& S((H\a) o (+\.a) : ((#+%W/\a) ; (+H/.t);t)
S R +
| 2| 28 2| 11331
| 5|26/2.33333] 5|2 6 6 2|
| 10| 23| 2.3125/10|1 3 3 1
| 17] 18] 2. 31304 10| |
| 28] 11| 2. 31304| 5| |

[ | | 1] I
B tom e m e a oo +
<\a
S I Y S R Fom e e oo o +
[2]2 3]2 3523572357 11|
S I Y S R Fom e e oo o +
<\.a
Fom e e oo o S R S R Fom e -+
|2 357 1113 5 7 11|5 7 11]7 11| 11]
Fom e e oo o S R S R Fom e -+
</.t
T T T Y
|13 2|3 6 1|1 6 3|2 3|1]
T T T Y

Used dyadically, they provide infix, outfix, and key classification. For example:

Fomm - Fomm - - +

|2 3535 757 11]
S S Fommo o +



3 <\ a

+----- +----+
|2 3 5|7 11]
+----- +----+

2<\.a
+--- - - +--- - - +--- - - +-----
|57 11/2 7 11| 2 3 11| 2 3 5]
+--- - - +--- - - +--- - - +-----

12313*/. a
14 3 55



17. Partitions (Based on Cut Conjunction)

The left argument of the cut conjunction is afunction which is applied to various types of
partitions specified by the numeric right argument. We will illustrate its behaviour for the
fixed function box, using the adverb <; . :

p48

t=: '"Wien eras die/their |legacies/are |left to/strange police/’

N
B LTI i S N B S T i S +--m- - - +- +
| When| eras| die|/|their|legacies|/|are|left|to]/]|strange|police|/|
R LR O g S S B S e T R R +- +

cut=: <;.

2 cut ;: t
e e S g +
| +----F-m e - - - S U S I e il I S P +|
| | When| eras|die|||their|legacies|||are|left|to]|]|]|strange|police]|
I R i Fomm e oo - LR e R B +|
TR Feom e e e e e oo o Fom e e e m oo o Feom e e e e e e oo +

2 cut ;: t
S T T e T T pep—— T +
R R e ol 2l I S S R I e S S o I SR R RS +- 4
| | When| eras|die|/|]||their|legacies|/]||]|are|lleft|to|/]|]|]|strange|police|/]|]
R R s 2l I S IS R I R i i I +-- - - - +- 4
B SR Fom e e e e e e a e oo S U +

(i. 322);(i. 12 12)

3| 12 13 14 15 16 17 18 19 20 21 22 23|
| 24 25 26 27 28 29 30 31 32 33 34 35
4 5| 36 37 38 39 40 41 42 43 44 45 46 47
6 7| 48 49 50 51 52 53 54 55 56 57 58 59|
60 61 62 63 64 65 66 67 68 69 70 71|

8 9| 72 73 74 75 76 77 78 79 80 81 82 83|
10 11| 84 85 86 87 88 89 90 91 92 93 94 95|
| 96 97 98 99 100 101 102 103 104 105 106 107|
| 108 109 110 111 112 113 114 115 116 117 118 119|
| 120 121 122 123 124 125 126 127 128 129 130 131|
| 132 133 134 135 136 137 138 139 140 141 142 143|

(i.322) Ocut i. 12 12



| 1 2 3] 53 54 55 56 57 58 59|105 106 107|
|13 14 15| 65 66 67 68 69 70 71|117 118 119|
| | 77 78 79 80 81 82 83129 130 131
| 89 90 91 92 93 94 095|141 142 143
| 101 102 103 104 105 106 107 |
| 113 114 115 116 117 118 119 |
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18. Geometry

We will illustrate the topic of coordinate geometry by defining functions for
polygons in two dimensions that give the displacements between adjacent vertices,
the length of sides, the semiperimeter, and the area based on Heron's formula.

We also present a more general definition for area that not only gives the signed
area (positive if the vertices appear in counter-clockwise order), but also appliesto
polyhedrain higher dimensions (in which case the name area might better be
replaced by volume). This definition is based on the use of the determinant applied
to a square matrix obtained by bordering atable of vertices t by afinal row of the
values 9% #t . Thus:

13

+- -

+- -

(length=: +/ & *:) 5 12

disp=: ] - 1&."1

si des=: | ength@li sp

sem per=: -:@+/) @i des

HERON=: % @*/) @sem per - 0: , sides)
area=: -/ . * @(] , @ @)

t=: 004 ,: 347

(1;(1& ."1);disp;sides; sem per; HERON; area) t

R S R +----- R Fom e e e oo +- -+
0 4040 0 _440440.5 3.5 4|2.29129 0j0.5 0| _2|
4 714 7 3]_1 3 4|1 3 4 | [ ]
R S R +----- R Fom e e e oo +- -+

tetl=:6 0 3 0,3658,:7405
tet2=: 0,.=i.3 3
tetl;(area tetl);tet2;(area tet?2)
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19. Symbolic Functions

For any function, a corresponding symbolic function can be defined to display the
expression rather than evaluate it. For example:

mnus=: [ , "-""_, ]
"a' mnus 'Db

a-b
list=: 'abcd

tabl e=: 4 4%$' ABCDEFGHI JKLMNOP'
m nus/ |1 st
a-b-c-d

(mnus/\list); ("0l mnus"0/list);(mnus//.table);table

| a | 0-al A | ABCD|
|a-b | 0-b| B-E | EFGH|
|a-b-c |0-c|CGF-1 |1JKL|
| a- b-c-d| 0-d| D- G J- M MNOP|
I I | HK-N | I
I | 1-al L-O I I
I | 1-b| P I I
I | 1-c| I I
I | 1-d| I I
S R TR Y +----+

(,.list)= 4321
(. minus/\list) ,: (-/\4 3 2 1)

NN
e
w w
NN

3 (mnus/\ ; mnus/\.) 'abcdefg
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20. Directed Graphs

A directed graph is a collection of nodes with connections or arcs specified
between certain pairs of nodes. It can be used to specify matters such as the
precedencesin a set of processes (stuffing of envelopes must precede sealing), or
the structure of atree.

The connections can be specified by a boolean connection matrix instead of by
arcs, and the connection matrix can be determined from the list of arcs.

The connection matrix is convenient for determining various properties of the
graph, such as the in-degrees (number of arcs entering a node), the out-degrees,
immediate descendants, and the closure, or connection to every node reachable
through some path. For example:

w N
w o
N -
=N
~ w
o~
NN
N B
w ~
onN
o~
w B

$ arcs=: from.to
22 2

| : arcs { nodes=: ' ABCDEFCGH Transposed for display
DHCFFHBFFFCGBCDHHEHCHE
FGACGCHGAHDDCBHAECDAAD

CME: #. e.~[: 0. [, 1 Connection matrix from arcs
(>: ,arcs) CM arcs

oo
T

PORrROOROO
Ooooor oo
PORFRPPFOOPR
PRPOROROO
ROOOOOOO
OoocoorooOoOV
RPORrROOOOOYV

/
0
1
0
1
0
1
0
0

(+/cm;(+"1 cm; (+/ +/cm;(#arcs); (#~. arcs)
e e e e B e -
[3 1441123023224 15|19|22|19|



oo oo oo - -+

The foregoing results are the in, out, and total degrees; followed by the number of
arcs, and the number of distinct arcs. A boolean vector b may be used to represent
the nodes, and theinner product b +./ . *. cm givesthe same representation
of the nodes reachable from them. The immediate family (which includes the
original points themselves) is therefore given by the function i nf am :

infam=: [ +. +./ . *.
(b=: 10000001 infamcm
10111011



p52

21. Closure

Just as b i nf am cm produces the immediate family of b, so doesthe phrase cm
i nf am cm produce the immediate families of each of therowsof cm Wewill,
however, use a new sparser connection matrix that will be more instructive, and
will use powersof i nf am to produce families of further generations, including an
infinite power to give the closure of the connection matrix; that is, the connection
matrix for all points reachable by a path of any length:

cme: (i, =/ <@.) 8

<"2cminfamt:0 1 2 _ cm

. . . . +
|01 00000001121 000000112120000011211111
|][0O0100000001120000001121000001211111
|[0O001000000012110000001110000011111
|[0O0001000000011000000111000001111
|[0O00001000000011000000111000001 11
|/O0O0O0O0010/000000110000001100000011

|]O0O0OO0O0O0001000000010000000100000001

|]O0O0OO0O0O000/0OO0OO00O00O0D0O0D0O00]0OO0O0O0OD0ODOODO0]0O0OOCOOO0DO0DQO0
. . . . +

The closure of c¢m can therefore be expressedas cm i nfant: _ cm anda
monadic closure function can be defined as follows:

(

OOOOOl—‘l—‘l—‘8

OCO0OO0OO0ORRRERELC
OCOO0ORRRR

re=: infanmt:_ ~) cm
1

[oNolNoloelNolNolNolNo)
eNeoNoNolNolNolNoll ol
[oNolNoloNolNol I el
OCORRRRERRR
ORRPRRRRRR

The complete definition of the closure function may now be displayed as follows:

closure f.
([ + + /1 .* )™ _~
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22. Distance

The "street" distance between two points will be defined as the sum of the

magnitudes of the difference of their coordinates along each axis. Thus:

273

table=: #: 1.
d/~) table

(1,

Table and distances between each pair of pointsin it

T o~N~o~ooo

L NOONONOO

L NOONOONO

L ONNOOOON

L NOOOoOOANNO

L ONOONOOWN

L OO NONOOWN

L, OO0 0O NONNO
tSocoToTao

L OO0 HO HO O H

L, OHOOHAOO H

L 10000 ddO

O L OAHAO OO O
S, HHO0OO0OH0OOHAO
S doododoo
~j2--dodooo
P ONNANTTS
@.Q\m23121201
Il .-  NH M ANAON A
Wmn%)"12230112
Hd ' NA A O ™A N o
. HANO A N®M AN
x T idoNAN—A MmN
—ZioddaaNam
. . OO0 4090 4
5 oo dHd 0O o«
-"T00001111

& > (];(d/~);(1&g); (2&9); (3&g)) table
T T T T T

Hx !

R |

+.+ F 4]
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23. Polynomials

The monadic function M=: 3: * 1 ~ 2: isamultiple of anintegral power of its
argument, and is called amonomial; and a sum of monomials such as SM:
(3:%]72:)+(2.5"_*]1"4:)+(_5"_*]70:) isapolynomial.

Any polynomial can be expressed in the standard form c&p, where ¢ isa
suitable list of coefficients, and where p=: +/ @[*]*i . @@)"1 0. For
example:

SME: (3:%]72:)+(2.5"_*]14:)+(_5"_*]"0:)
p=: + @[*]"i.@@)"1 0
c=: 503025

The primitive p. isequivalent to the function p defined above, and will be used
hereafter. The polynomial c&p. isvery important for a number of reasons,
including:

1. It applies to any numeric argument, real or complex (and the parameter ¢ may
also be complex).

2. It can be used to approximate a wide range of functions.

3. It isclosed under a number of operations; that is, the sum, difference, product,
the composition @ the derivative, and the integral of polynomials are themselves
polynomials.

4. The coefficients of the results of each case listed in 3 are easily expressed. For
example, if #c equals #d, then c&p. + d&p. isequa to (c+d)&p. . More
generaly, itisequal to (+/c,:d)&p. . Thus:

ps=: +/ @: Polynomial sum
pd=: -/ @: Polynomial difference



pp=: +//.@*/) Polynomial product

D=: d.1 Scalar (rank 0) first derivative
pD=: 1. }. ] *i.@ Polynomial derivative
pl=:0: , ] %1. +i.@ Polynomial integra



24. Polynomials (Continued)

For example:

c=: 121 d=: 1331
x=: 210 _1 2
, . & >((c pp d);((c pp d)&. x);(c&p.*d&p.)x)

&

| 1] 243| 243]
| 5| 32| 32
|10 1] 1]
|10/ O] Q]
| 5 _1] _1]
| 1] I I

&

, - & >((d&p. D x); (pD d); ((pD d)&. x);(pl d);pD pl d)
S
| 27| 3] 27| 0| 1|
| 12| 6] 12] 1] 3|
| 3]3] 3] 1.5]3]
| o] | O 1] 1]
| 3] | 3[0.25] |
S

le=: c(ps pp pd)d
0 2 9 16 14 6 1

e&p. X
648 48 00 O

((c&p. +d&p. ) *(cé&p.-d&p.)) x
648 48 00 0

f=: c&p.(+*-) dé&p.
f x
648 48 000

1g=: pDc ppd
520 30 20 5

p55



(9&p.
405 80 5
5

405 80

,: (c&.*d&p.) D) x
05
05
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25. Polynomialsin Termsof Roots

The product */y-r iscalled apolynomial intermsof theroots r, becauseit can
also be expressed as a polynomial applied to the argument y, and because r is
the list of roots or zeros of the resulting function. For example:

*Ty-r [ y=2 7 [ r=1 23 5[ x=: 765432

40
pp=: +//.@*/)
c=: pp/monomals=: (- ,. 1:) r
cfr= [: pp/ - ,. 1 Coefficients from roots
pir= */@]-[)"10 Polynomial in terms of roots

, . & >(r;monom al s;c; (cfr r); (c&p. y);(r pir X))
I S R S
| 2] _2 1| _30] _30] 40] 40|
[3] 3 1| 31] 31| |12

| 5] 5 1] _10] _10] | O]
|| [ 1] 1] [_2]
|| I I | | O
|| I I | | O
S P

Since the last (highest order) coefficient produced by cfr isnecessarily 1, the
function pi r cannot produce a general polynomial, but it can if provided with a
multiplier. We therefore re-define cfr and pir to apply to aboxed list of
multiplier and roots as follows:

CFR=: (* cfr)é&>/
PIR=: CFR@ p. ]

CFR 3;r
90 93 30 3

(3;r) PIRX
120 36 0 _6 0 O

We now illustrate the use of a polynomial in approximation:



Jce=: Mt 0. 7 First seven terms of Taylor seriesfor
exponential
11 0.5 0.166667 0.0416667 0.00833333 0.00138889

Comparison with exponential

(" - ce&.) 1 0.500.51
6 0 1.65264e_6 0.000226273

_0.000176114 _1.45834e_

pD ce The exponential function equals its own
derivative
11 0.5 0.166667 0.0416667 0.00833333
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26. Polynomials: Roots from Coefficients
(Newton's M ethod)

Because the polynomials (mr)&PIR and (c=:CFR (mr))&p. areidentical,
the parameters mr and ¢ are said to be different representations of the same
function. Each representation has its own useful properties. For example, addition
of polynomialsis easy in the coefficient representation but difficult in the root
representation; the identification of the zeros of the function is difficult in the
coefficient representation but trivial in the root representation. It is therefore useful
to have functions that transform each representation to the other. CFR serves for
one direction; the inverse problem is approached by methods of successive
approximation.

For any function f , thedifference (f r)-(f a) for nearby points r and a is
approximately equal to the difference r-a multiplied by the slope of the tangent
tothegraphof f atthepoint a,f a, thatis, thederivativeof f a a.
Conversely, the difference r-a isapproximatedby ((f r)-(f a))% D a, and
r isapproximated by a+((f r)-(f a))% D a.

If f isthepolynomial c&p. and r isoneof itsroots, then f r iszero,andif a
Isan approximationto r , theexpressionfor r reducesto a-(f a)% D a.
This may provide a better approximationto r , and isembodied in Newton's
method, defined as an adverb, and illustrated as follows:

newton=: 1 : O
] - x. %x.D
f= (c=: 12 _10 2)&p.

f a=: 2.4
~0.48

f newton a
1.2

f 2



f nemton ~:012 34 a
2.4 1.2 1.75385 1.9594 1.99848 2

la=: (™ - 4:) nemton *: 0123 _ a=: 1
1 1.47152 1.38982 1.3863 1.38629

Ny a
4

For the particular case of polynomials, we may define an adverb that appliesto
coefficients and uses the polynomial derivative pD instead of the genera
derivative D:

pD=: 1. }. ] * i.@
NEWION=: 1 : '] - xX.&. % (pD x.)&p."'

c NEWION 720 1 2 3 4 _ a=: 2.4
2.4 1.2 1.75385 1.9594 1.99848 2
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27. Polynomials: Roots from Coefficients
(Kerner's Method)

Newton's method applies to one root at atime and requires a good starting
approximation. Kerner's method is a generalization that gives all the roots, starting
fromalist a and dividing each element of theresidual f a by the derivative
with respect to the corresponding root. It applies only to a polynomial whose
highest order coefficient is 1, and we first normalize the coefficients by dividing by
the last, yielding a polynomial having the same roots. The method converges to
complex rootsonly if at least one of the initial approximations is complex. We will
use the Taylor series approximation to the exponential function, because the
corresponding polynomial has complex roots:

Jd=: ~t. i.6
11 0.5 0.166667 0.0416667 0.00833333

]c=: (norm=: % {:) d
120 120 60 20 5 1

+. a= (init= r.@.@.@) c |a
0.540302 0.841471 11111
_0.416147 0.909297
~0.989992 0.14112
_0.653644 _0. 756802
0. 283662 _0.958924

deriv=: [: */ 0&@.}@-/~ ,: 1:)

kerner=: 1 : O
] - X. &. %deriv@
)

r=: ¢ kerner ~:_ a
+. (/) r Real and imaginary parts of roots sorted by
magnitude
~2.18061 4.57601e_31
_1.6495 1. 69393
_1.6495 ~1.69393
0. 239806 3.12834



0. 239806 _3.12834

> /|lcp.r
1. 04488e_13

These results may be compared with the use of the primitive p. on the un-
normalized coefficients d . Thus:

p. 2 4 2
oo - - +
2] _1 _1f
oo - - +

. l } . p' d

0.2398064j 3. 12834
0.2398064] _3. 12834
_1.6495j 1. 69393
_1.6495) _1.69393
_2.18061

Newton's method may also be used for a complex root:

+. d NEWION ~:0 1 2 3 _ a=: 1j1
1 1
0.0166065 0.99639
0.990523 0. 992532
1.95338 1.10685
1.6495  1.6939
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28. Polynomials. Stopes

Theexpression */ x + s * i. n isoftencaled afactorial function but, to
avoid confusion with the function ! , wewill call it a stope; the factors occurring
in its definition differ by steps of size s, like the stepsin a mine stope. Stopes are
useful in actuarial work and in the difference calculus.

The stope is avariant of the power ~ (being equivalent for the case s=: 0), and is
provided by the fit conjunction in the variant ~! . s. For example:

X+s*¥i.n [ x= 7[ n= 5[ s== _1
76543

(*/x + s *i. n);(xMM.sn);(x .0 n);(x*n)
e L L EE oo - +
| 2520| 2520| 16807| 16807|
e L L EE oo - +

Thephrase +/¢c * x~!.s i.#c iscaledastope polynomial, just as
+/ c*x”i . #¢c may be called a power polynomial. We define an adverb P that
appliesto any step size s to provide the corresponding stope polynomial:

P= 1: '+ @[ *] ™. x. i.@@)"10
c=: 1331[ d= 1761][] x= 0123414
1 x

(c p. xX);(c 0P x);(d_1Px);(dp.!._1x)
SRS SRS SRS SRS +
|1 8 27 64 125|1 8 27 64 125|1 8 27 64 1251 8 27 64 125|
SRS SRS SRS SRS +

Asillustrated above, stope polynomials are (for a suitable choice of coefficients)
equivalent to ordinary polynomials. Moreover, the transformations between them
are provided by a matrix product as follows:

VM= 1 ' AMaoxd i @@
TO=: 2 : '"(x. VW% y. VWM~ @. @'
(0O TO 1¢c) + . *c

1761

Thematrices 0 TO _1 and _1 TO 0 are mutualy inverse, and are smply related



to Stirling numbers:

(0 TO 1i.5):( 1TOO0 i.5)

Fomm e oo +
|10000/10 0 0O O
0111101 1 2 6
0013700 1 3 11]
0016/00 0 1 6]
000100 0 0 1]
Fomm e oo +

The stope polynomial is also provided by thevariant p.!.s .
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Dictionary

Jisadiaect of APL, aformal imperative language. Because it isimperative, a
sentence in J may also be called an instruction, and may be executed to produce a
result. Because it is formal and unambiguous it can be executed mechanically by a
computer, and is therefore called a programming language. Because it shares the
analytic properties of mathematical notation, it isalso called an analytic language.

APL originated in an attempt to provide consistent notation for the teaching and
analysis of topics related to the application of computers, and devel oped through
itsuse in avariety of topics, and its implementation in computer systems] 1-5]

p212.

Jisimplemented in C (asdetailed in Hui [6] p212), and is ported to a number of
different host computer systems. The effect of the specific host is minimal, and
communication with it is confined to the single foreign conjunction detailed in
Appendix A p214. See help files for other host facilities such as Windows.

The Introduction in this book provides guidance to beginners. References [7-9]
p212use J in the exposition of various mathematical topics.
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|. Alphabet and Words

The alphabet is standard ASCII, comprising digits, letters (of the English
a phabet), the underline (used in names and numbers), the (single) quote, and
others (which include the space) to be referred to as graphics.

Numbers are denoted by digits, the underbar (for negative signs and for infinity
and minus infinity - when used alone or in pairs), the period (used for decimal
points and necessarily preceded by one or more digits), the letter e (asin 2. 4e3
to signify 2400 in exponential form), and the letter j to separate the real and
imaginary parts of acomplex number, asin 3e4j _0. 56 . Also see the discussion
of Constants p199.

A numeric list or vector is denoted by alist of numbers separated by spaces. A list
of ASCII charactersis denoted by the list enclosed in single quotes, a pair of
adjacent single quotes signifying the quoteitself: ' can' 't* isthefive-character
contraction of the six-character English word ' cannot' . Theace a: denotesthe
boxed empty list <$0 .

Names (used for pronouns and other surrogates, and assigned referents by the
copula, asin prices=: 4.5 12) beginwith aletter and may continue with letters,
underlines, and digits. A name that ends with an underline or that contains two
consecutive underlinesis alocative, as discussed inSection 1.1 p71.

A primitive or primary may be denoted by a single graphic (such as + for plus) or
by a graphic modified by one or more following inflections (a period or colon), as
in +. and +: for or and nor. A primary may also be an inflected name, asin e.
and o. for membership and pi times. A primary cannot be assigned a referent.
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[l. Grammar

The following sentencesillustrate the six parts of speech:

f ahrenhei t=: 50
(fahrenheit-32)*5%9
10

prices=: 3 142
orders=: 2 021
orders * prices

6 082
+/ orders*prices
16
+/\1 2 345
1 36 10 15
bunmp=: 1&+
bunmp prices
4 253

PARTS of SPEECH

50 fahrenheit Nouns/Pronouns
+ - * % bunp Verbs/Proverbs
[\ Adverbs

& Conjunction
() Punctuation

= Copula

Verbs act upon nouns to produce noun results; the nouns to which a particular verb
applies are caled its arguments. A verb may have two distinct (but usually related)
meanings according to whether it is applied to one argument (to its right), or to two
arguments (left and right). For example, 29% yields 0.4, and % vyields 0. 2.

An adverb actson asingle noun or verb to itsleft. Thus, +/ isaderived verb



(which might be calledplus over) that sums an argument list to which it is applied,
and */ givesthe product of alist. A conjunction applies to two arguments, either
nouns or verbs.

Punctuation is provided by parentheses that specify the sequence of execution asin
elementary algebra; other punctuationincludes i f. do. end. asdiscussed under
Explicit Definition (- p114) and Control Structures p200.

Theword =: behaveslike the copulas"is' and "are" in English, and isread as
such, asin"areais3times 4" for area=: 3*4. Thename area thusassignedis
apronoun and, asin English, it plays the role of a noun. Similar remarks apply to
names assigned to verbs, adverbs, and conjunctions. Entry of a name alone
displaysits value. Errors are discussed in Section [1.J (Errors and Suspension) p72.
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A. Nouns

Nouns are classified in three independent ways. numeric or literal; open or boxed;
arrays of various ranks. The atoms of any array must belong to asingle class:
numeric, literal, or boxed. Arrays of ranks 0, 1, and 2 are also called atom, list, and
table, or, in math, scalar, vector, and matrix. Numbers and literals are represented as
stated inPart | p61.

Arrays. A singleentity suchas 2.3 or _2.3j5 or ' A or '+ iscdledan
atom. The verb denoted by comma chains its arguments to form a list whose shape
(given by theverb $) isequal to the number of atoms combined. For example:

$ date=: 1,7,7,6 word=: 's','a','w
4

| . date | . word
was 6771

Theverb | . used aboveiscalled reverse. The phrase s$b produces an array of
shape s fromthelist b . For example:

(3,4) $ date,1,8,6,7,1,9,1,7
17 7 6
1867
1917
table=: 2 3% word, ' bat'
tabl e $t abl e
saw 2 3
bat

The number of atomsin the shape of anoun is called its rank. Each position of the
shapeis caled an axis of the array, and axes are referred to by indices 0, 1, 2, etc.
For example, axisO of tabl e haslength 2 and axis 1 has length 3.

Thelast k axesof an array b determine rank-k cellsor k-cellsof b. Therest of the
shape vector is called the frame of b relativeto the cellsof rank k; if $c is 2 3 4
5,then ¢ hastheframe 2 3 relativeto cellsof rank 2, theframe 2 3 4 5 relative
to 0-cells (atoms), and an empty framerelativeto 4-cells. If:



] b=:2 3 4 $ 'abcdef ghijkl mopqr st uvwx’
abcd
ef gh
ijkl
rmop

qr st
AVANY

thenthelist abcd isal-cell of b, and theletters are each O-cdlls.

A cell of rank onelessthan therank of b iscalled anitemof b; an atom has one
item, itself. For example, the verb from (denoted by {) selectsitemsfrom itsright
argument, asin:

0{b 1{b 0{0{b
abcd mmop abcd
ef gh gr st
ij Kl UV WX

2 1{0{b 1{2{0{b 0{3
ij kKl ] 3
ef gh

Moreover, the verb grade (denoted by /:) providesindicesto { that bring itemsto
"lexical" order. Thus:

g=: /: n=: 43%3 14279320

n g g{n
314 1032 279
2709 314
320 314
314 320

Negative numbers, asin _2-cell and _1-cell (anitem), are also used to refer to cells
whose frames are of the length indicated by the magnitude of the number. For
example, thelist abcd may be referred to either asa_2-cell or asa 1-cell of b .

Open and Boxed. The nouns discussed thus far are called open, to distinguish them
from boxed nouns produced by the verb box denoted by <. The result of box isan
atom, and boxed nouns are displayed in boxes. Box allows one to treat any array
(such asthelist of letters that represent aword) as a single entity, or atom. Thus:

words=:(<"i'),( <'was'),( <'it') letters= 'i was it' $words



$letters 3 8 |. words |. letters +--+---+-+ ti sawi |it|was|i| +--
+---+-+ 2 3%words,|.words +--+---+--+ |i |was|it| +--+---+--+
|it]was|i | +--+---+--+
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B. Verbs

Monads and Dyads. Verbs have two definitions, one for the monadic case (one
argument), and one for the dyadic case (two arguments). The dyadic definition
appliesif the verb is preceded by a suitable left argument, that is, any noun that is
not itself an argument of a conjunction; otherwise the monadic definition applies.

The monadic case of averb is also called amonad, and we speak of the monad %
used in the phrase % , and of thedyad % usedin 3% . Either or both may have
empty domains.

Ranks of Verbs. The notion of verb rank is closely related to that of noun rank: a
verb of rank k applies to each of the k-cells of its argument. For example (using the
array b fromSection A p63):

, b
abcdef ghi j kI mopqgr st uvwx

,"2°b , " 10D
abcdef ghi j ki abcdef ghi j ki
nmopqr st uvwx nmopqr st uvwx

Since the verb ravel (denoted by , ) appliesto its entire argument, itsrank is said
to be unbounded. The rank conjunction " used inthe phrase , "2 producesa
related verb of rank 2 that ravels each of the 2-cellsto produce aresult of shape 2
by 12.

The shape of aresult isthe frame (relative to the cells to which the verb applies)
catenated with the shape produced by applying the verb to the individual cells.
Commonly these individual shapes agree, but if not, they are first brought to a
common rank by introducing leading unit axes to any of lower rank, and are then
brought to a common shape by padding with an appropriate fill element: space for
acharacter array, 0 for anumeric array, and aboxed empty list for a boxed array.
For example:

i."0s=: 234 >'|':'"was' ;' here
0100 I



was

0120
0123 here

The dyadic case of averb has two ranks, governing the left and right arguments.
For example:

p=: 'abc’
g=: 3 5% wake read lanp '
p,"0 1 ¢

awake

br ead

cl anp

Finally, each verb has three intrinsic ranks: monadic, left, and right. The definition
of any verb need specify only its behaviour on cells of the intrinsic ranks, and the
extension to arguments of higher rank occurs systematically. The ranks of averb
merely place upper limits on the ranks of the cells to which it applies; its domain
may include arguments of lower rank. For example, matrix inverse (% ) has
monadic rank 2, but treats the case of avector as a one-column matrix.

Agreement. Inthe phrase p v g, theargumentsof v must agreein the sense
that one frame must be a prefix of the other, asin p,"0 1 q above, andinthe
following examples:

p," 1 1q 345%. 34
abcwake O 3 6 9
abcread 16 20 24 28
abcl anp 40 45 50 55

(1.3 4)*3 45
0O 3 6 9
16 20 24 28
40 45 50 55

If aframe contains 0, theverbisappliedto acell of fills. For example:

($#'2i. 1034);($23%W1i. 02)
R

|1 0/0 2|
R

($$'2i. 1034):($23%"1i. 04)
Fomm o Fomm o +
|10 2/0 2 4]
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C. Adverbsand Conjunctions

Unlike verbs, adverbs and conjunctions have fixed valence: an adverb is monadic
(applying to asingle argument to its left), and a conjunction is dyadic.

Conjunctions and adverbs apply to noun or verb arguments; a conjunction may
produce as many as four distinct classes of results.

For example, u& produces a composition of theverbs u and v; and ~&2
produces the sgquare by bonding the power function with the right argument 2;
and 2&* produces the function 2-to-the-power. The conjunction & may therefore
be referred to by different names for the different cases, or it may be referred to by
the single term and (or with), which roughly covers all cases.
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D. Comparatives

The comparison x=y istreated like the everyday use of equality (that is, with a
reasonable relative tolerance), yielding 1 if the difference x-y falsrelatively
close to zero. Tolerant comparison also applies to other relations and to floor and
celling (<. and >.); aprecise definitionisgivenin Part |11 under equal (=). An
arbitrary tolerance t can be specified by using the fit conjunction (! . ), asin x
=I.t y. Theglobal tolerance can be queried and set using 9! : 18 p223 and

91:19 p223.
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E. Parsing and Execution

A sentenceis evaluated by executing its phrases in a sequence determined by the
parsing rules of the language. For example, in the sentence 1098+2 , the phrase
3+2 isevauated first to obtain aresult that isthen used to divide 10. In summary:

1. Execution proceeds from right to left, except that when aright parenthesisis
encountered, the segment enclosed by it and its matching left parenthesisis
executed, and its result replaces the entire segment and its enclosing
parentheses.

2. Adverbs and conjunctions are executed before verbs; the phrase , "2-a is
equivalentto (,"2)-a, notto ,"(2-a) . Moreover, the left argument of
an adverb or conjunction is the entire verb phrase that precedesit. Thus, in
thephrase +/ . */ b, therightmost adverb / appliesto the verb derived
fromthephrase +/ . *, nottotheverb * .

3. Avebisapplied dyadically if possible; that is, if preceded by anoun that is
not itself the right argument of a conjunction.

4. Certain trainsform verbs, adverbs, and conjunctions, as described in § p68
F.

5. To ensure that these summary parsing rules agree with the precise parsing
rules prescribed below, it may be necessary to parenthesize an adverbial or
conjunctival phrase that produces anything other than a noun or verb.

One important consequence of these rulesisthat in an unparenthesized expression
the right argument of any verb isthe result of the entire phrase to itsright. The
sentence 3*p%g”| r-5 cantherefore beread from left to right: the overall result is
3 times the result of the remaining phrase, which isthe quotient of p and the part
following the %, and so on.

Parsing proceeds by moving successive elements (or their values except in the case
of proverbs and names immediately to the left of a copula) from the tail end of a
gueue (initially the original sentence prefixed by aleft marker 8) to the top of a
stack, and eventually executing some eligible portion of the stack and replacing it



by the result of the execution. For example, if a=: 1 2 3, then b=: +/2*a
would be parsed and executed as follows:

*
*

/
/
/
/

w W ww w wwuww w
OO OTCTCUTOTUTOTUTOTUTUTOT
W
+ + + + + +
NNNR R R R
A DMDBADNMNNDDNDDN

12
§ 12

The foregoing illustrates two points: 1) Execution of thephrase 2 * 1 2 3 is
deferred until the next element (the /) istransferred; had it been a conjunction, the
2 would have been its argument, and the monad * would have appliedto 1 2 3;
and 2) Whereas the value of the name a moves to the stack, the name b (because
it precedes a copula) moves unchanged, and the pronoun b isassigned the value
12.

Parsing can be observed using the trace conjunction 13!:16 p225.

The executions in the stack are confined to the first four elements only, and
eligibility for execution is determined only by the class of each element (noun,
verb, etc., an unassigned name being treated as a verb), as prescribed in the
following parse table. The classes of the first four elements of the stack are
compared with the first four columns of the table, and the first row that agreesin
al four columnsis selected. The bold italic elements in the row are then subjected
to the action shown in the final column, and are replaced by its result. If no row is
satisfied, the next element is transferred from the queue.

EDGE VERB NOUN ANY 0 Monad
EDGE+AVN VERB VERB NOUN 1 Monad
EDGE+AVN  NOUN VERB NOUN 2 Dyad

EDGE+AVN VERB+NOUN ADV ANY 3 Adverb

EDGE+AVN  VERB+NOUN CONJ VERB+NOUN 4 Conj



EDGE+AVN VERB VERB VERB 5 Trident

EDGE CAVN CAVN ANY 6 Bident
NAME+NOUN ASGN CAVN ANY 71s
LPAR CAVN RPAR ANY 8 Paren

Legend: AVN denotes ADV+VERB+NOUN
CAVN denotes CONHFADV+VERB+NOUN
EDGE denotes MARK+ASGN+LPAR
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F. Trains

Anisolated sequence, suchas (+ */) , whichthe"normal" parsing rules do not
resolve to asingle part of speech iscalled atrain, and may be further resolved as
described below.

A train of two or three verbs produces a verb and (by repeated resolution), a verb
train of any length also produces averb. For example, thetrains +-*% and +- * %
areequivalentto +(-*99 and +- (*%). The production is defined by the
following diagrams:

HOOK FORK CAPPED FORK
g g g g 9 g
I\ I\ I\ I\ | |
y h x h f h f h h h
| | AR | I\
y y y Yy Xyxy y X |y

For example, 5(+*-)3 is (5+3)*(5-3).If f isacap ([:) the capped branch
simplifiestheforksto g h y and g x h y. Theranksof the hook and fork are
infinite.

A two-element train of a conjunction with a noun or a verb produces an adverb.
For example, & > produces an adverb that might be called "each", and the adverb
bc=: <" might be called "box cells' because, for example, 0 bc x would box the
atomsof x .

Finaly, atrain of two adverbs produces an adverb, and (by implication) atrain of
any number of adverbs also produces an adverb. For example, /\ isthe adverb
“insert scan”, and ~/ ~ isthe“commuted table’. For example:

is=:/\

+is 12345
1 36 10 15

ct=: ~/~
- ct 123
0O 12



— O
o -

— (N
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G. Extended and Rational Arithmetic

Extended precision integer constants can be entered as a sequence of decimal digits
terminated by an x. Themonad x: appliesto integers and produces extended
integers. For example, the 2-element vector 1234x 56x (or 1234 56x) IS
equivalentto x: 1234 56. Various primitives produce extended resultsif the
argument(s) are extended. Some functions f produce floating point (inexact)
results on some extended arguments because the result is not integral; however,
<.@ and >. @ produce extended integer results when applied to extended
integer arguments. Comparisons involving extended integers are exact. For
example:

140
8. 15915e47

1 40x
815915283247897734345611269596115894272000000000

[ x: > .40
815915283247897734345611269596115894272000000000

0j 25 ": 1 2000x * i. 51 Exponent format, 25 digits
1. 0000000000000000000000000€0
3.3162750924506332411753934e5735
1.8288019515140650133147432e12673
2.6839997657267395961163166e20065
5.1841810604808769398058198e27752

] r=2 <@ 2 * 10 ™ 56X
14142135623730950488016887242

. ¥ r+ 101
199999999999999999999999999968972697904100132394908592081
199999999999999999999999999997256969151562033370942366564
200000000000000000000000000025541240399023934346976141049

Rational constants can be entered as the decimal digits of the numerator and
denominator, separated by an r and preceded by an optional sign. Thus 3r4 is
the rational number three-quartersand _12r5 isnegative 12 divided by 5.



Rational numbers are stored and displayed in a standard form, with the numerator
and denominator relatively prime and the denominator positive. Thus:

1r2 1r2 2r4 2r_ 4 2r 4 0r9 5 5
1r2 _1r2 1r2 _1r2 1r2 0 5 _5

Various primitive functions produce (exact) rational resultsif the argument(s) are
rational; non-rational functions produce (inexact) floating point or complex results
when applied to rationals, if the function only has alimited number of rational
arguments that produce rational results. (For example, %y isrational if the atoms
of y areperfect squares, ~0r 1 isfloating point.) The quotient of two extended
integersis an extended integer (if evenly divisible) or rational (if not). Comparisons
involving two rationals are non-tolerant (exact). Functions or operators that require
integer arguments (such asthe left argumentsof { {. # $) also accept rational
arguments, if they are integers. Other dyadic functions(e.g. + - * %, = <)
convert their arguments to the same type, according to the following table:

- boolean

- integer

- extended integer
- rationa

- floating point

- complex

NODO X~ W@

NODO X ™ W@

For example, in the expression 2. 5+1r 2, the 1r2 isconvertedto 0.5 before
being added to 2. 5, resultinginafloating point 3. And inthe expression 2+1r 2,
the 2 isconvertedto 2r1 beforebeing addedto 1r2, resultingin 5r 2.

In particular, acomparison involving arational and afloating point number is
tolerant, because the rational argument isfirst converted into a floating point
number.

Theverb x: (qg.v.) produces rational approximations to non-rational arguments.

293
0. 666667

298X
2r3



(+%/\ 10%1 Floating point convergents to golden
mean
121.51.66667 1.6 1.625 1.61538 1.61905 1.61765 1.61818

(+%/\x: 10%$1 Rational versions of same
1 2 3r2 5r3 8r5 13r8 21r13 34r21 55r34 89r55

|: 2 x: (+99/\x: 10%1
1235813 21 34 55 89
11235 8 13 21 34 55

(+99/ 100$1r1
573147844013817084101r 354224848179261915075

0j30 ": (+9%/100%1r1 Display 30 decimal places
1.618033988749894848204586834366

H: %@ > @ (+/~) @ i. @x: Hilbert matrix of order n

] h= HE6

1 1r2 1r3 1r4 1r5 1r6
1r2 1r3 1r4 1r5 1r6 1r7
1r3 1r4 1r5 1r6 1r7 1r8
1r4 1r5 1r6 1r7 1r8 1r9
1r5 1r6 1r7 1r8 1r9 1r10
1r6 1r7 1r8 1r9 1r10 1r11

-/ .* h Determinant of h
1r 186313420339200000

~. qQ %-/ .* h Unique prime factors of reciprocal of
det
235711

I.& (p:™: 1) 2*6 Primeslessthan 2*n
235711

N2rl Ay isfloating point or complex
7.38906

% 49r 25 % onarational perfect squareis
rational
5

% 49r25 10r9
1.4 1.05409



% 2ri

0j 1. 41421

1 = 1+10r1~_15 Exact (rational) comparison
0

(1.5-0.5) = 1+10r1n_15 Tolerant (floating point) comparison
1

0.5 = 1r2
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H. Fretsand Scripts

Host systems commonly use the "line-feed" or "carriage return" characters 10{ a.
or 13{a. (or bothtogether) asfretsto mark divisionsinto individual lines. A
character list provided with zero or more frets will be called a script.

Asdetalled in Appendix A p214, ascript t may befiled and retrieved by
expressions of theform t 1!:2 < abc' and t=: 1!:1 < abc', and may be
executed by the expression 0!: 11 <' abc' .

Convenient entry of scriptsis provided by thephrase 0 : 0; succeeding
keystrokes are accepted as literal characters; the enter key that would normally
terminate the entry is accepted as a fret; and the entry isterminated by alone right
parenthesis that is accepted as afinal fret. For example:

s=: 0: 0
Y. *%y.

X.*ly.

)

a. i. s The character with index 10 marks the end of each
line
121 46 42 37 58 121 46 10 58 10 120 46 42 33 121 46 10

Boxed and table representations of ascript s may be obtained as follows:

]b=: <;. 2 s Cut on the final fret and exclude the frets
S LR S +
ly.*%y.|:|x.*ly.|
S LR S +
]t= >b
V. *%y.
;<. *ly,

Any one of these representations r may be used as the right argument to the
explicit definition conjunction to produce an adverb (1 : r), conjunction (2 :



r), orverb(3 : r or 4 : r). For example:

f=: 3 : s

f 9 The colon in the script separates the monadic and
dyadic cases
27

3f 4 The x. and y. refertotheleft and right
arguments
72

Thephrases a=: 1 : 0 and c=: 2 : 0 and v=: 3 : 0 providedirect entry
of adverbs, conjunctions, and verbs.

Files of scripts may define functions and other entities that can serve to supplement
the primaries of J. They are commonly refered to as secondary or tertiary
functions according to their relative generality.
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|. Locatives

Locative abc_f _ refersto abc inlocale f; indirect locative abc__ xy refersto
abc inthelocale whose nameisthe current value of xy. For compatibility with
previous versions, the non-standard abc__ isaccepted and is the same as
abc_base_. Thus:

b=: 1
Rome=: 2
Ronme_NewYor k_=: 20
f_NewYork _=: 3 : '3*b=: Rone+ty.'
f _NewYork_ 10
90

b, Rone
12

b_NewYor k_
30

A nameisglobal if it isnot assigned by =. within Explicit Definition (: ). Every
global name is executed in the current locale. Initially, the current localeis base.
A locative f _abc_, whileit is executing, switches the current localeto abc. The
verb 18!: 4 also switchesthe current locale, and 18! : 5 givesits name.

Thename f _abc_ isexecuted inlocale abc inthe sense that a global name
referenced in f issought therein and, if not found, is then sought in thelocalesin
the path of abc (butisstill executedin abc). The path of alocaleisinitialy
,<,'z' ,except that locale z hasan empty path initially, and may be changed
using 18!: 2.

A localeis commonly populated by a script, by appropriate naming of the verb
used to execute the script. For example, if thefile st ats contains the script:

nmean=: sum % #
sunmeE:  +/

Then:



ssx_z =: 0!:10 Silent script execution

ssx _a_ <'stats' Populate locale a
nmean=: 'in base |ocale'
mean_a_ 3 4 5

4
ssx_bc_ <'stats' Populate locale bc
sumbc_ 3 45

12

The example aso illustrates the use of locale paths, in this case the z locale: First,
the utility ssx isdefinedinthe z locale. In executing ssx_a_, ssx isnot
found inlocale a and istherefore sought (and found) inlocale z. Since ssx_a_
Isexecuted in locale a, the namesin the stats script are defined in locale a,
populating it thereby. Similarly for ssx_bc_.

Seedso 18!: p227 inAppendix A and the "Locales' and "Object Oriented
Programming” labs distributed with the system.
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J. Errorsand Suspension

Execution of a sentence suspends when an error occurs, and an error message and
context information are then displayed. Four blanks indicate where parsing
stopped. Suspension may occur in immediate execution, in the execution of a script
file, or in the execution of a user-defined named verb, adverb, or conjunction, as
Illustrated by the following examples:

I mmediate execution

2+ a'
| dormai n error
| 2 +I a.I

Execution of a script file

t= '2*3',(10{a.),'2+ 'a '',(10{a.),"' 2+3'
t

A script
2*3
2+' a
2+3
t 11:2 < test' Write script file
0!:011 <'test’ Execute file, continue on error, display (011)
2*3
6
2+ a'
2+3
5
0!:001 <'test’ Execute file, stop on error, display (001)
2*3
6

2+ a'



| dormai n error
| 2 +I a.I

| [-2]

User-Defined Verb

g=: 3 : ("1+y." ; iU t24x.4y.')
3+g 'a’
| domain error: g
|1 ty.
131:0 (1) Enable suspension
3+g 'a’
| domain error: g
| 1 ty.
| 90 0]
y. Six-space indent indicates suspension
a
y.=. 12 Redefine local value of y.
131:4 " Resume execution at the current line
16 Result using redefined value of y.

Sentences can be executed in the suspended environment, local values can be
accessed, and execution can be resumed. Errors cause suspension only if
suspension is enabled (by the phrase 13! : 0] 1). When suspension isin effect, the
Input prompt is SIX spaces.

Suspension and debugging facilities are controlled by the 13! : p225 family as
described in Appendix A.
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[11. Definitions

Each main entry in the body of the dictionary is headed by aline beginning with
the informal name of the monadic case of the function, and ending with the
informal name of the dyadic case. The line also contains the formal name of the
function, consisting of asingle graphic, or a graphic modified by one or more
following inflections (a period or colon). In the case of a conjunction, the formal
name s preceded by m or by u (denoting anoun or averb argument) and is
followed by n or v. An adverb hasno symbol to itsright.

The three ranks (in the order monadic, left, and right) are also indicated, using the
symbol _ for aninfinite (unbounded) rank, and with ranks dependent on the ranks
of argument verbs shown as nmu, | v, €tc.

Examples are provided with each definition, and the more complex of them may
use auxiliary functions as yet unfamiliar. These examples may be approached by
ignoring all but the immediately relevant aspects of such auxiliaries, and by
examining (and perhaps entering for execution) component phrases that can be
used to build up the final result.

For example, in the discussion of the adverb / , the sentences below display
various uses of it for convenient comparison:

x=: 12345][ y= 753
(- X)5 (X)) y, (x*1y) s (Hy); (*1y)

Fodoae oo S Fomme o o+
|1 8 6 4/7 53] 7 5 3|15/105]
2] 9 7 5 |14 10 6] | |
|3]10 8 6 |21 15 9| | |
14|11 9 7| |28 20 12| | |
| 5|12 10 8| |35 25 15| | |
Fodoae oo S Fomme o o+

Even if the auxiliary functions ; and ,. areunfamiliar, their relevant effects are
probably evident; if not, they may be clarified by the following experiments:

X3y ,. 7 8 $,.7 8
e mmm e m R + 7 21



|1 23 45|75 3 8
Fomm e S +

Although a name (such asforeign for ! :) issuggested for each word, others can
be used in addition to or instead of them. Thus, joy might be used for ! sincethe
exclamation mark derives from an | placed above an o, an abbreviation of the Latin
10. Similarly, iota might be used instead of integers and index of for i . .



Vocabular Y ( Constants p199 Controls p200 Foreigns p214 )

= Sdf-Classify « Equal p75
< Box e Less Than p77

> Open ¢ Larger Than p80
__Negative Sign / Infinity p83

+ Conjugate * Plus p86
* Signum * Times p89
- Negate » Minus p92

% Reciprocal * Divide p95

N _Exponential « Power p98

$ Shape Of « Shape p102

~ Reflex « Passive/ p105 EVOKE p106
|__Magnitude « Residue p109

. Determinant « Dot Product p112
. Explicit / p114 Monad-Dyad p115
. Ravel « Append p118

. RazeeLink p121

# Taly » Copy p124
1 Factorial » Out Of p127

=. Is(Local) p76
Floor ¢ Lesser Of (Min) p78

Celling ¢ Larger of (Max) p81
_._Indeterminate p84

<.
>,

=: Is(Globa) p76
Decrement » Less Or Equal p79
Increment » Larger Or Equal p82

_:_Infinity p85

<:
>.

+. Red / Imaginary *« GCD (Or) p87 +: Double s Not-Or p88

* . Length/Angles LCM (And) p90

-. NoteLessp93

*: Sguares Not-And p91
- . Halve s Match p94

% Matrix Inverse  Matrix Divide p96 % Square Root « Root p97

N, Natural Log ¢ Logarithm p99

$. Sparsepl03
~. Nub-pl07
| . Reverse s Rotate (Shift) p110

.. Evenpli3
.. Obversepli6

.. Ravel Itemse Stitch p119
i Cut pl22

#. Base?2eBasepl25
I . Fit (Customize) p128

~.  Power p100

$: Sdf-Reference p104
~:  Nub Sieve » Not-Equal p108

| - Transpose p111

.+ 0dd p113

.. Adversepll?

.. Itemize « Laminate p120
;- Word Formation ¢ p123

#: Antibase 2 « Antibase p126
l: Foreign p129
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Insert » Table p130
Prefix e Infix p133

[
\

[ Same- Left p136

]_Same - Right p136

{ Catalogue ¢ From p138

} Item Amend « Amend pl142

" _Rank pl46

__ Tie(Gerund) p151

@ Atop p153

& Bond / p156 Compose p157
? Roll » Ded pl61

a. Alphabet p162

b. Boolean / pl64 Basic p165
d. Derivative p168

e. Razelnes Member (In) p171

H. Hypergeometric p174
| . Imaginary « Complex pl177

m_n. Explicit Noun Args p180

p. Polynomial p183

/. Obligue+ Key p131 [ - Grade Up * Sort p132
\ . Suffix » Outfix p134 \ . Grade Down ¢ Sort p135
[: Cappl37
{. Head e~ Take p139 pl40{: Tail «pl40 {:: Map- Fetch pl41
} . Behead « Drop p144 } . Curtail » p145
". Do Numbers pl49 ": Default Format ¢ Format p150
" . EvokeGerund p152
@ _Agendapl54 @ Atpl55

& p158&. : pl59Under (Dual) p158&: Appose pl60
?. Roll « Deal (fixed seed) p161

a:. Ace (Boxed Empty) p162 A. Anagram Index « Anagram p163
c. Characteristic Vaues pl66 C. Cycle-Direct » Permute p167

D. Derivative p169 D: Secant Slope p170

E. « Member of Interval p172 f. Fixpl73

i . Integerse Index Of p175 i: Integerse Index Of Last p176
L. Level Of p178 L: Level At pl79

NB. Comment p181 0. Pi Timese Circle Function p182

p. . Poly. Deriv. e Poly. Integral p184 p: Primese p185

g: Prime Factors « Prime Exponents p186r . Angle * Polar p187 s: Symbol p188

S: Spread p189

t . Taylor Coefficient p190 t . Weighted Taylor p192



file:///C|/setup501/pdf/dictionary/d522.htm
file:///C|/setup501/pdf/dictionary/d522.htm
file:///C|/setup501/pdf/dictionary/d522.htm

T. Taylor Approximation p193 u. v. Explicit Verb Argspl94 u: Unicode p195

X. y. Explicit Arguments p196 X Extended Precision p197 9: to 9: Constant Functions p198




Sdlf-Classify =

=y classifiestheitems of the nub of y
(that is, ~.y) according to equality
with theitemsof y , producing a
boolean table of shape #~.y by #y .
For example:

y=: 3 3 $ 'abcdef’
y o (=y) : (=)
fooodmoodmonas +
| abc| abc| 1 0 1]
| def | def |0 1 O]
| abc| | |
fooodmoodmonas +

p75

00 Equal

x=y is 1 if x isequalto y, andis
otherwise 0.

The comparison is made with a
tolerance t, normally 2 to the power
_44 but also controlled by the fit
conjunction !. , asin x=!.0 vy .
Formally, x=y is 1 if the magnitude
of x-y doesnot exceed t timesthe
larger of the magnitudesof x and vy .

Tolerance applies similarly to other
verbs as indicated for each, notably to
Match (- : ), to Floor (<. ), and to
Signum (*), but not to Grade (/ : ).

Both the monadic and dyadic cases of the verb = apply to nouns of any rank, and
to boxed as well as simple nouns. For example:

Ja=: ;: "Try and try and try again.'

T S LT Siepa SR +
| Try| and| try| and| try]| agai n. |
T S LT Siepa SR +

~.a

R LT e Ry +
| Try| and| try| agai n. |
R LT e Ry +

a=<'and 010100



Because of the limited precision of the computer, results which should agree (such
as 144*(13%d44) and 13) may not; the tolerant comparison allows such a
comparison to show agreement (aresult 1). More or less stringent comparisons
may be made by using the conjunction !. to specify atolerance t , asinthe

function eq=: =!.t .
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Copula =. Local =: Global

The copulais used to assign areferent to aname, asin a=: 3 andin sun¥: +/ .
The copula =. islocal asdiscussed under Explicit Definition (: ), and =: is
global. Copulas may also be used indirectly, with the name or names specified as
acharacter list or aboxed list; moreover, if the character list beginswith * then
gerund referents are evoked.

For example:

a=: b=: 678
a, b
678 678

f 3
360

a, b
678 36

x=: "abc';'c'
(x) =0 34; 5617
abc
3 4
C
567

Note that the parentheses around the name x forceit to be evaluated before the
assignment specified by the copulais effected.

"al pha beta'= 1.2 4
al pha
0123



bet a
4 567

"‘sumsqrt' = 4/
sum3 1 4 2

10
sqrt 2

1.41421

%
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Box < 00O Less Than
<y isanatomic encodingof y, as x<y is 1 if x istolerantly lessthan y
discussed in Section |1 A p63. The . See Equal (=) for adefinition of

result hasrank 0, andisdecoded by > tolerance. <!.t usestolerance t .

Boxing is aso effected by verbs such asLink (; ) and Word Formation (; : ):

(<"abc'),(<5 7),(<i.2 3)
e e +
| abc|5 7|0 1 2|
|| 1345
e e +

"Now is the tinge'

e R S &
| Nowj i s|the|tine|
e R S &

] a=: 2;3 5;7 11 13

e +

|2|3 5|7 11 13|

e +
>a

2 0 O

3 5 0

7 11 13

Cut (; . ) with < has several uses (chosen by the right argument); the phrase <@
avoids the padding (and some domain errors) that may result from applying v
alone:

<;._1"'/1 sing/of olaf/’
S I S ++
| i sing|of olaf]|
S I S ++



<@."(0) 2 3 4

S S Fomm o +
|0 1/]0 1 2/01 2 3|
S S Fomm o +

If y isahigh-rank array, <" _1 y or <"_2 y oftengivesamoreintelligible
display than y itself. The display of a boxed array would normally be corrupted
by control characters (such as carriage returns and linefeeds) occurring therein; in
the display such characters are replaced by spaces. For example, try < 8 32 $ a.
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Floor <. 00O Lesser Of (Min)

<.y givesthefloor of y, thatis, the x<.y isthelesserof x and y . For
largest integer lessthanorequal to y .  example:

Thus:
<. 4 4

3
<. 4.6 4 _4 4.6 3 _4

4 4 4 5
- - <./7859 2

The implied comparison with integers
Is tolerant, as discussed under Equal </\7859 2
(=),andiscontrolledby <.!'.t . See 7 755 2

below for complex arguments.

For acomplex argument, the definition of <. ismodelled by:

floor=: j./@ipt+t(c2>cl),cl+: c2)
clc2fpip =(1:>+@p) (>:/@p) (+.-ip) (<. @.)

As developed by McDonnell [10] p212, this function has the following properties:

If (<.z1)=(<.z2) and z3 liesonthelinebetween z1 to z2,
then (<z3)=(<z1).

Trandatability: If z4 isaGaussian integer, then (z4+<. z5) =(<. z4+z5).
Compatibility: (<.x j.0)=((<.x)j.0) and (<.0 j.x)=(0 j.(<.x))

Convexity:

Thefunction <. can beviewed as atiling by rectangles of unit area, al arguments
within arectangle sharing the same floor. One rectangle has verticesat 1j 0 and

0j 1, with the other side passing through the origin. Rectangles along successive
diagonals are displaced by one-half the length.

Thephrase j./ @p "floors' theindividual parts of acomplex argument.
Moreover, thefloor <.y isequivaentto ->. -y . Inother words, it isthe dual of

ceiling with respect to (that is, under) arithmetic negation: <. « >. & - and >.
o <.& - .Thus



The expression <. x+0. 5 givestheinteger nearest to the real argument x, and
<.z+0. 5] 0. 5 givesthe Gaussian integer nearest to z. The number of digits
needed to represent an integer is given by one plus the floor of its base ten
logarithm:

a,. (,. 1:+<.) 10~ a=: 9 10 11 99 100 101
9 0.954243 1

10 12

11 1.04139 2

99 1.99564 2

100 2 3

101 2.00432 3
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Decrement < 00O Lessthan or Equal

<y isy-1. For example: x<:y is 1 if x islessthanor equal to
y , andisotherwise 0. SeeEqua (=)
for adiscussion of tolerance. Thefit
conjunction (! . ) appliesto <: .

< 2357
1246

Also see Not (-.).

Theinverseof <: is > (Increment). For example:

n=: 5
< N 1n
6
<N 012n Here ~: appliesto anoun right argument (0 1
2)
543
< MNdi.on Here ~: appliesto averb right argument (i . )
54321
< Mi.on
120
f= * @(<: "™ i.)
fn
120
f"O0i. n
1126 24
(f"0=1)i. n
11111
</ ~i. 5 Table of thedyad <:
11111
01111
00111



00011
00001
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Open > 000 Larger Than

Openistheinverse of box, that is, ><y x>y is 1 if x istolerantly larger than
isy . When applied to an open array y . See Equal (=) for adiscussion of
(that has no boxed elements), open has  tolerance. For example:

no effect. Opened atoms are brought to
acommon shape as discussed in
Section || B p64.

12345 > 54321
00011

Tolerance t isprovidedby >!.t .

Since therank of openis 0, it appliesto each atom of its argument. For example:

lJa=: 1 2 3;456;7 89
+--- - - +--- - - +--- - - +
|12 345 6|7 89|
+--- - - +--- - - +--- - - +

Results of different shapes are padded as defined in Section |1 B p64. For example:

(>1;2 3;456); (>a;"'bc;"'def'); (<\i.4d); (><\i.4)

+----- Fom e e e e e e oo S R +

|1 00la |[+-+---+----- +o------ +/0 0 0 Of

|2 3 0lbc [|0]J0 10 1 2101 2 3]|]0 1 0 Of

|4 5 6| def | +-+---+----- +o------ +/0 1 2 O

I | |01 2 3|

+----- Fom e e e e e e oo S R +
</~i.5 Table of thedyad <:



1 < 1+107-8+i.15 Tolerant comparison
111111000000000

1 <!'.(0) 1+107-8+i.15 Exact comparison (O-tolerance)
111111110000000



p8l

Ceiling > 000 Larger Of (Max)

>y givestheceilingof y, thatis,the x>.y isthelargerof x and y . For
smallest integer greater than or equal to  example:

y . Thus:
3>.4 _4
> 4.6 4 _4 _4.6 4 3

54 4 4
- = > /7859 2

©

The implied comparison with integers
istolerant, as discussed under Equal > /\78509 2
(=), andiscontrolledby >.!.t . See 7 g8 9 g

Floor (<.) and McDonnell [10] p212

for complex arguments.

Thecomparison x = >. x determineswhether x isaninteger. Thus:

| nteger _test=: ] = >. See the definition of fork in Section 11 F p68.
I nteger _test 3 3.14 5

101
f= = > The same function may be defined by a hook.
f 33.14 5

101

Thecelling >. y isequivaentto -<. -y . Inother words, it isthe dual of floor
with respect to (that is, under) arithmetic negation: >. o <. & - and <. o
>. & - . For example:

(<.&- ; >) 4.6 4 4 4.6
N N +
|5 4 4 4|5 4 4 4]
N N +



| ncrement

>y IS y+1 . For example:
> 2357
3468

Also see Not (-.).

+: i. 6
0246 8 10

> 4+ 1. 6
1357911

odds=: > @: @.

odds 10
1357 9 11 13 15 17 19

+/ odds 10
100

(+ @dds , *:) 10
100 100

>/ ~iji. 5

PR R R
PR RRPO
PR REPR OO
=L OO0OO
O OOOoO

p82

> 000 Larger or Equal

x>y is 1 if x istolerantly greater
than or equal to vy.

See Equal (=) for adiscussion of
tolerance. >:!'.t usestolerance t .

Even numbers

Odd numbers

Sum of first n odds equals the square of n

Table of thedyad >:
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Negative Sign and I nfinity .
The symbol _ followed by adigit denotes a negative number (asin _3. 4), and
denotes infinity when used alone, or negative infinity (in __). Itisalsousedin
names, as discussed inPart | p61 and in Part |1 Section | p71.

For example:
2 %0 Two divided by zero
10~ 0 Base ten logarithm of zero
2 _3+5

3_8
i nteger_test=: =< Use of break in name
integer_test 3 3.5

10

Although -2 may sometimes be used instead of _2, it isimportant to understand
that the former is the application of afunction to the number 2, whereasthe
symbol _ isanindivisible part of the number representation, just asthe period is
an indivisible part of anumber suchas 8.9 .



| ndeter minate

Theindeterminate _. resultsfrom expressionssuchas - _ (infinity minus
infinity) and from expressions (such as 3+_. ) in which an indeterminate
argument occurs.

p84
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I nfinity S I nfinity
_: isaconstant function that yieldsan _: isaconstant function that yields an
infiniteresult, that is, : y is _ infiniteresult, that is, x _: y is _
For example:

y=: 12 3 4

Y

"0y Rank zero applies to each element

Other constant functionsinclude _9: and _8: etc.to 9: . Moregeneraly, the
expression x"r definesaconstant function of rank r that yields the constant
value x . For example:

3.14"0 y
3.14 3.14 3.14 3.14

3.14"1 y
3. 14

The specific constant functions mentioned can therefore be written alternatively as
_and 9" and 0" and 9" , etc.
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Conjugate + 000 Plus

+ y isthe conjugateof y . For + isdefined asin elementary

example, +3j 4 is 3j _4. arithmetic, and is extended to complex
numbers as usual.

A complex number y multiplied by its conjugate produces a real number equal to
the square of its magnitude |y . For example:

3j4 * 3j_4
25

Thefunction j. multipliesits argument by the square root of negative one:
li= i. 5

01234
i

00j10j20j30j4
Jy=: i + 2 * j. i

0 1j2 2j4 3j6 4j8

+y
01j 22 43j.64j_8

y * +y
0 5 20 45 80

% y * +y
0 2.23607 4.47214 6.7082 8.94427

|y
0 2.23607 4.47214 6.7082 8.94427

The conjugate of y can also beexpressedas (| y*y) % . For example:

(ly*y)%y
0 1j 2 2j 4 3] 6 4j_8
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Real / Imaginary +. 00O GCD (Or)
+.y Yyields atwo-element list of the x+.y isthe greatest common divisor of
real and imaginary parts of its x and y . If the arguments are boolean
argument. For example, +. 3j5 is 3 (0 or 1), thefunctions +. and *. are
5,and +.3 1S3 0. equivalent to logical or and and. The

function -. similarly restricted is not.

Jy=: i+2*j. i= i.4
0 1j2 2j4 3j6

+_y

WNEF,O
oA~ DNO

The greatest common divisor divides both of itsarguments x and y to produce
results that have no common factor, that is, the GCD of the quotientsis 1.
Moreover, these quotients represent the fraction x%y in lowest form. For example:

x=: 24 [ y=: 60

X; ¥, (X +0 )i ((x, y) %(x +.y))
R e i S
| 24| 60| 12| 2 5]
R e i S

[ff= , % +. Gives lowest form of fraction
X;V;(x TFf y); (Wx I ff y); (¥Wx,y);(+./x I ff y)
=
| 24| 60| 2 5] 0. 4| 0. 4] 1]
=

Sincethefunctions =] and =<. (testsfor non-negative and for integer) produce
boolean results, the phrase (=|) +. (=<.) Iisatest for non-negative or integer:

(test=: (=|) +. (=<.)) _2 2.4 3 3.5
1011



The duality of or and and may be shown as follows:

d (+./ ; *.&-.1 ; *./
e LT e
|0 1]0 10 0] 0 O
|1 1|1 1]0 1]0 1|
e LT e

;o + & -./) d=:

1
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Double +: 000 Not-Or
+: y istwice y . For example: x +: y isthenegationof x or y.
For example, 0 +: 0 is 1.
+ 30 2
6 0 _4

Since the sguare of the sum of two arguments equals the sum of their squares and
twice their product, the following functions are equivalent:

f= +* +

g=: *:1@ + +@ + *: @
For example:

Xx=. 76 3[ y== 653
x (f; g, (f=9) ; (f-:9)) vy

Since the domain of not-or islimited to zero and one, its entire behaviour can be
seen in the following function tables:

d=: 01 Domain of nor
d +:/ d Table of nor
10
00
d +./ d Table of or
01
11
-..d+/ d Negation of table of or
10
00
(+:&-./~d) ; (*:/~d) Nand and nor are duals under not

e oo -+



|1 11 1]
|1 0/1 O
e e -+
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Signum * 000 Times
*y is _1 ify isnegative, 0 ifitis * denotes multiplication, defined asin
zero, 1 if itispositive; more elementary mathematics and extended

generdly, *y istheintersection of the to complex numbers as usual:
unit circle with the line from the origin

through the argument y in the t=i+.x,y [ x=:2j4 [ y=:5]3

complex plane. For example: r=i-/xrv =4 Tt
Pet e - (x,:y)styrsis(rj. i);(x*y)
* : e S
1 o_i 8 Zj gjg | 2j 4] 2 4| _2| 26| _2j 26| _2j 26|
- o 151315 3] | | | |
N S

The comparison with zero is tolerant,
as defined by the phrase
(y%y)*t<:|y where t denotesthe
tolerance. The fit conjunction appliesto
signum, asin *! .t .

Signum is useful in effecting selections. For example:

*y=r 404
101

* "0y Inverseof f, Identity, or f

(* y) { ;:'Yes No Maybe'  Seectusingindexing ({)
e m - R
| Maybe| Yes| No|
e m - R

g=: < -: +@*"0 See Agenda (@)

gy
8 _12



Thedyad * used on alist and atable illustrates the significance of agreement, as
discussed in Section || B p64-

m=: i. 34[ v= 321
m; (v'm ; (n¥v) ; (+ nmfv) 5 (v + . *m

|01 2 3]0 3 6 9/0 3 6 9|16 22 28 34|16 22 28 34|
|45 6 7|8 10 12 14|8 10 12 14| | |
|8 9 10 11|8 9 10 11|8 9 10 11| | |
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Length / Angle * 000 LCM (And)

*.y isatwo-element list of thelength  x*.y istheleast common multiple of
and angle (in radians) of the x and y . For boolean arguments (0
hypotenuse of atrianglewithbaseand  and 1) it isequivaent to and. Thus:
altitude equal to the real and imaginary
parts y . For example, *. 3j4 is 5 :
0. 927295. 0

01*/ 01
0
1

Some properties of the length / angle are illustrated in the following, including the
fact that the length (i.e. magnitude) of the product of two complex numbersisthe
product of their lengths, and the angle of the product is the sum of their angles:

(5 * s r.l@.) y=: 3j4

Fotm e o - -+
| 5|5 0.927295]| 3j 4]
Fotm e o - -+

X=: 2j_6
X, ¥ Polar coordinates
6. 32456 _1.24905
5 0.927295

f= *@({."1) , H/@(}."1) Product over first col and sum over
last

f* x, vy
31.6228 _0.321751

X *y Length and angle of product
31.6228 _0.321751

The least common multiple is the product divided by the GCD. For example:

24 (+. ; *. : *| %+.) 60
R
| 12| 120] 120]
R
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Square *> 000 Not-And

*. y isthesquareof vy . x *: y isthenegationof x and vy .
Forexample 0 *: 0 is 1.

Theinverse of the square is the square root. For example:

N 1 (.2 1012
0j1.41421 0j1 0 1 1.41421

3 +& *: 4 Hypotenuse of triangle with sides 3 and 4
5

Since the domain of nand is limited to zero and one, its entire behaviour can be
seen in the following function tables:

d=: 01 Domain of nand
d*:/ d Table of nand
11
10
d*./ d Table of and
00
01
-..d*./ d
11
10

Nand, Not and, and the dual of Nor all agree, asillustrated below:
(*:/~;, - @./[~; +:&-./1~) d

R
|1 1/1 1]1 1]
|1 0/1 01 O]
R
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Negate - 00O Minus
-y isthenegativeof y. Thatis,itis - isdefined asin elementary
definedas 0 - y. Thus, -2 0 _2 is arithmetic, and is extended to complex
20 2. numbers as usual.

Thefunction - issdf-inverse, thatis, -7: 1 is - itsdf.

Although -2 may often be used instead of _2, it isimportant to understand that
the former is the application of afunction to the number 2, whereasthe symbol _
isan indivisible part of the number representation, just as the period isan
indivisible part of anumber such as 8. 9.
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Not -. 0 _ L ess
-.y is 1-y; for aboolean argument it x-.y includesall itemsof x except
Is the complement (not); for a for those that are cellsof y .
probability, it is the complementary

probability. Tolerance t isprovidedby -.!.t .

The function less applies to any conformable pair of arguments. For example:

(i. 9 -. 2357
01468

"abcdefghij' -. 'aeiou
bcdf ghj

]Jm=: i. 45
0O 1 2 3 4
5 6 7 8 9
10 11 12 13 14
15 16 17 18 19

m-. 567 89
0 1 2 3 4
10 11 12 13 14
15 16 17 18 19

b=: <\ 'abcdefg'

b
B LI g H--m - - - S R +
| a] ab| abc| abcd| abcde| abcdef | abcdef g|
B LI g H--m - - - S R +

b -. "abc';'abcde' ;' cba
S L S R +
| a] ab| abcd| abcdef | abcdef g|
S L S R +

2 345 -. "abcdef’

2345
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Halve -0 M atch

-:y isonehalf of y . For example: x -: y yields 1 if itsarguments
match: in shapes, boxing, and
elements; but using tolerant
comparison. See Equa (=).

- i. 5
00.511.5 2

Matching with atolerance t can be
obtained using theverb -: 1. t .

For example:

x=: 012345
&> (] - @ (R2) (20 % ])) X
I I
|0] 0[O0l O O
| 1] 0. 5| 1| 0. 5] 0. 5|
2] 112 1] 1
| 3] 1.5| 3| 1.5| 1. 5]
4] 2[4 2| 2
| 5| 2. 5| 5| 2. 5| 2. 5|
I I

X =+ -1 X
111111

X -7 + -1 X
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Reciprocal % 000 Divided by
%y isthereciprocal of y, thatis, x %y isdivisonof x by y as
1% . For example, % ~ 0.25. defined in elementary math, except that

0% is 0. See McDonnell [11] p212,

and the resulting pattern in the middle
column and middle row of the table
below.

We will illustrate the divide function by tables, using a function to generate lists
symmetric about zero:

Ssyme: i.@: @: - ] Symmetric integers
] a=: sym3
3 2 10123

R rrrrrrreee T +
| 21 15 3 _ 3 1.5 111 1 1 1 1 1 1
| _0.666667 _1 2 _ 2 1 0.666667/_1 1 1 1 1 1 1
| _0.333333 0.5_1 _ 1 0.5 0.333333]_1 1 1 1 1 1 1
| 0 0O 0 0 O 0 O, 0 0 0 0O 0 0 0
| 0.3333333 0.5 1 __ 1 0.5 _0.333333] 1 1 1 1 1 1 _1
| 0.666667 1 2 __ 2 1 _0.666667] 1 1 1 _1 1 _1 _1]
| 1 1.5 3 __ _3_1.5 211 1 01111 1)
R rrrrrrreee T +

6j2 ": |. a % a
~1.00 _1.50 _3.00 _ 3.00 1.50 1.00
_0.67 _1.00 _2.00 _ 2.00 1.00 O0.67
_0.33 _0.50 _1.00 _ 1.00 0.50 0.33

0.00 0.00 0.00 0.00 0.00 0.00 o0.00

0.33 0.50 1.00 ___1.00 _0.50 _0.33

0.67 1.00 2.00 ___2.00 _1.00 _0.67

1.00 1.50 3.00 ___.3.00 _1.50 _1.00

Thefinal use of the format function gives a more readable result, with awidth of
Six spaces per column and a uniform two digits after the decimal point.



1 3r2 3 _ 3 3r2 1
2r3 1 2 2 1 2r3
1r3 1r2 1 1 1r2 1r3
0 0O 0 0 O 0 0
1r3 1r2 1 1 1r2 _1r3
2r3 1 2 2 1 2r3

1 3r2 3 __ 3 3r2 1



Matrix | nver se %

If y isanon-singular matrix, then
%y istheinverseof y . For example:

nmp=: + . * Matrix
product

(% ;15 % np])i. 22
foocoscooo Fom o - - -+
| 1.5 0.5/0 1|1 O]
| 1 0]2 3]0 1]
foocoscooo Fom o - - -+

More generally, %y isdefinedin
terms of the dyadic case, with the left
argument =i . {: $y (anidentity
matrix) or, equally, by the relation
(%y)m X o X % y.

Theshapeof %y is |.$y .

The vector and scalar cases are defined
by using the matrix , .y, but the shape
of theresultis $y .

For anon-zero vector y, theresult of
%y Isavector collinear with y

whose length is the reciprocal of that of
y; itiscaled thereflectionof y inthe
unit circle (or sphere). Thus:

(% ,: ] %%) 23 4
0. 0689655 0.103448 0.137931
29 29 29
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2 Matrix Divide

If y isnon-singular, then x% vy is
(%y) np x. Moregenerdly, if the
columns of y arelinearly independent
andif #x and #y agree, then x%y
minimizes the difference:

d=: x - ynmpx % vy

In the sense that the magnitudes

+/ d*+d are minimized. Scalar and
vector casesof y aretreated as the one-
column matrix , .y .

Geometricaly, y mp x% vy isthe
projection of the vector x on the
column space of y, the point nearest
to x in the space spanned by the
columnsof vy .

Common usesof % areinthe
solution of linear equations and in the
approximation of functions by
polynomials, asin c=: (f x)% x ~
I i.4.

Wewill illustrate the use of % in function fitting by the sine function, showing,



in particular, the maximum over the magnitudes of the differences from the
function being approximated:

sin= 1&o. Function to be approximated
Xx= 5% i. 6
c=: (sinx) % x ™ i.4 Use of matrix divide
,.&>@)] ; c¢"_; sin; c&. ; >./@|@sin-c&p.)) X
i Fome oo R R +
| 0] _5.30503e_5| 0| _5.30503e_5| 0. 000167992
| 0. 2| 1. 00384| 0. 198669 0. 198826 |

| 0.4] _0.018453|0.389418| 0. 389321]
| 0.6] _0.143922|0.564642| 0.564523
| 0. 8] | 0. 717356| 0. 717524|
| 1] | 0.841471]  0.841416|
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Squar e Root % 000 Root

% vy isthesquarerootof y. If y is x % y isthe x rootof y. Thus,
negative, the result is an imaginary 3% 8 is 2, and 2%y is %y . In
number. For example, % -4 o 0j2. generd, x % y o y % .

For example:
y=: i. 7
y
0123456
2% y
0 1 1.41421 1.73205 2 2.23607 2.44949
%y
0 1 1.41421 1.73205 2 2.23607 2.44949
r=: 1234
z=: r %/ vy
z
01 2 3 4 5 6
0 1 1.41421 1.73205 2 2.23607 2.44949
0 1 1.25992 1.44225 1.5874 1.70998 1.81712
0 1 1.18921 1.31607 1.41421 1.49535 1.56508
r "~z See agreement in Section || B p64, and note use of
0123456
0123456
0123456
0123456



Exponential A

Ay isequivalent to ery, where e is
Euler'snumber ~1 (approximately
2.71828). The natural logarithm (».)
isinverseto »~ (thatis, y="."y and
y=""ly),

The monad x& isinverseto the
monad x&"*. . For example:

10& 10&". 1 2 3 4 5
12345
10&. 10&" 1 2 3 4 5

12345
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00 Power

x~2 and x~3 and x70. 5 arethe
square, cube, and square root of x .

In general, x*y is ~y*~. x, applying
for complex numbers aswell asreal.

For anon-negative integer y, the
phrasex ~ y isequivalentto */y #
x; inparticular, */ onanempty listis
1, and x*0 is 1 forany x, including
0.

The fit conjunction appliesto ~ to
yield a stope defined asfollows: x! . k
nis */x + k*i. n. Inparticular,
A1, _1 isthefalling factorial function.

The last result in the first example below illustrates the falling factorial function,
formed by the fit conjunction. See Chapter 4 of [8] p212for the use of stope

functions, stope polynomials, and Stirling numbersin the difference calculus:

e=: N1 [ x=

, & > X (e"
N N B I o
| 2. 71828 1] 1] _| 1] 1]
| | 2. 71828 4| 1| 1| 4|
| | 7. 38906| 16| 4| 4|12|
| | 20. 0855]| 64| 27| 27| 24|
N N B I o

4 [ y== 0123
e @ ; N ; "@]

@) s (1) 5 M. D)y

S2=: % @l= (. 1/~ % N~ @i. @X:

(S1;S2) 8
e e e e e e e e e - -
|10 0 0 0 0 O 0| 1
|01 1 2 6 24 120 720|0
|00 1 311 50 274 _1764|0



00 O 1 6 35 225 1624|/0 0 0 1 6 25 90 301]
00 O O 1 10 85 7350 0 0 0 1 10 65 350
OO0 0O 0 O 1 15 17510 0 0 0 O 1 15 140]|
00 O 0 O 0 1 21]0 0000 0 1 21]
00 O 0 O 0 0 1100000 0O O 1]
o e aaa- o eeee e +

S1 gives (signed) Stirling numbers of thefirst kind and S2 gives Stirling numbers
of the second kind. They can be used to transform between ordinary and stope
polynomials. Notethat x: givesextended precision.
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Natural Log AN 000 L ogarithm
The natural logarithm (».) isinverse  The base-x logarithm x~.y isthe

to the exponential ~ (i.e., y="."y inverse of power (*) in the sense that
and y=r"y). y = xM.xy and y = x"x".y.

Certain properties of logarithms are illustrated bel ow:

x=: 4 [ y== 0123
(XNY) 5 (XM xMy) 5 (XM y) 5 (XXM y)

| ogtable=: "./~@.

<6j2 ": logtable 6
o m m e e e e e e e e e e e e e e emmaeoo- +
| _. 0.00 0.00 0.00 0.00 o0.00]
| __0.00 _ _ _ |
| __0.00 1.00 1.58 2.00 2.32|
| __0.00 0.63 1.00 1.26 1.46]|
| __0.00 0.50 0.79 1.00 1.16]|
| 0.00 0.43 0.68 0.86 1.00]|

Thefirst derivative of the natural logarithm is the reciprocal. For example:

Noodo 1y=: 0123456
_ 1 0.5 0.333333 0.25 0.2 0.166667

%A d 1y
0123456



p100

Power ut:n

Two cases occur: anumeric integer n, andagerund n .

Numeric case. Theverb u (or x&u) isapplied n times. For example:

(] 3 H\N 5 #/\M2; +/\>0123 1 2 3 4 12345
S . S S +
|1 234513610 15/1 41020 35/1 2 3 4 5]
|1 3 6 10 15|
|1 4 10 20 35|
|1 5 15 35 70|
|1 1 1 1 1]
0O 0 0 O
|1 _1 0 0 O

I
I
I
I
I
I
| |1 .2 1 0 O

+—
=

I
I
I
I
I
I
I
—+

oo oo oo

Aninfinite power n produces the limit of the application of u . For example, if
x=:2 and y=:1, then x o.”:_ y is 0.73908, the solution of the equation
y=Cos y . If n isnegative, theobverse un: 1 isapplied | n times. The obverse
(which is normally the inverse) is specified for six cases:

1. Thesdf-inversefunctions + - -. %% |. |: /: [ ] C p.

2. The pairsin the following tables:



< | 3: "(-('-y." )%e 3& "0 D1
< | DA
+oojLlm1 31:1 31:2
- 31:3 31:2
x /"1 \ /@
X o "
AA J. %&0j 1
$. SN 1 0. Y%&1pl
o p: T n)
L@, & '&>"1) q: */
#. #: r. %0] 1@ .
S: 5&s:
u: 3&s:
X: _lé&x:
4~ -
*~ 0%
N~ 30 (- -&b@*N.) %> @) b=My." "0
- <.@:e {. ]
o~ {.
- >@.
j.o~ 9%&1j 1

3. Obviously invertible bonded dyadssuch as - &3 and 10&. and 1 0 2&:
and 3& . and 1&. and a. & . aswellas u@ and u&v if u and v are
invertible.

4. Monads of theform v/\ and v/\. where v isoneof + * - %= ~:
5. Obverses specified by the conjunction : .

6. The following cases merit special mention:

p: . _1 n givesthe number of primeslessthan n, denoted by 1 n) in math
q: " _1is */



b&#": 1 where b isaboolean listis"Expand" (whosefill atom f can be
specified by fit, b&#: _1!. 1)

a&#.~: 1 producesthe base-a representation

I~ 1 and '&n”: 1 and ! &n&”: 1 produce the appropriate results

Gerund case. (Compare with the gerund case of the merge adverb })

X uM:(vO0 vl v2)y - (x vO y)ur: (x vl y) (x v2y)
X u”:( viv2)y o X ur: ([ vl v2) y
u”: ( vl v2)y o ur: (vl y) (v2y)
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Power un: v

Thecaseof ~: withaverb right argument is defined in terms of the noun right
argument case (u ~: n) asfollows:

Xu”? vy o xut(xvy)y

u”?: vy o ur(vy)y

For example:

x= 1
y=: 0

X p.y
1 8 27 64 125 216 343

331
123456

X p. M (]1>3:)"1 0y
012 3 125 216 343

a=: 3 2 10123
% a
0j 1. 73205 0j 1.41421 0j1 0 1 1.41421 1.73205

*a
1 1 10111

% A% "0 a
9410 11 41421 1.73205

*:a
94101409

The following monads are equivalent. (Seethe exampleof ~ T. _ inthe
definition of the Taylor Approximation T. .)

= u” op™
h=: 3 "t=. y. while. pt do. t=. ut end.’
u=: -&3






Shape Of $

$ y yieldsthe shape of y asdefined
in Section |1 A p63. For example, the
shape of a 2-by-3 matrix is 2 3, and
the shape of the scalar 3 isan empty
list (whose shapeis 0).

Therank of anargument y is #@ v .

For example:

rank=: #@
(rank 3) ,
01

(rank , 3)

(rank 3 4),(rank i. 2 3 4)

13
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1 Shape

The shape of x$y is x, siy where
siy istheshapeof anitemof y; x$y
givesalength error if y isempty and
x, si y doesnot contain a zero. For
example:

y=: 3 4$' abcdef ghi j ki
y; 22%y
Fom - - -+

| abcd| abcd]
| ef gh| ef ghj|
|ij Kl I
I | ] Kl
| | abcd|
tomm -+

This example shows how theresult is
formed from the items of y, thelast 1-
cell (abcd) showing that the selection
is cyclic. Thefit conjunction ($!.f)
provides fill specified by the items of
f.

Since x $ y usesitemsfrom vy, itissometimes useful to ravel the right
argument, asin x $ ,y. For example (using the y defined above):

23%.,y
abc
def

The fit conjunction is often useful for appending zeros or spaces. For example:

8 $1.0 (23 4
23400000

]z=: 8%!.'*' 'abc'



abc*****

|. z
*****Cba
2 5%!'.a: ;: '"zero one two three four five six'
e T +----+
| zero| one| two| t hree| f our |
e T +----+
| fivelsix| | | |

L S -+



Spar se $.

$.y convertsadense array to sparse,
and conversely $.7: 1 y convertsa
Sparse array to dense.

Theidentities f -: f& $. and f -:
f& ($.~:_1) holdfor any function f
, With the possible exception of those
(like overtake {.) which use the sparse
element as thefill.
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Sparse

0$.y applies $. or $.7:_1 as
appropriate; that is, converts a dense
array to sparse and a sparse array to
dense.

1$. sh; a; e produces a sparse array.

sh specifiesthe shape. a specifiesthe
Sparse axes,; negative indexing may be
used. e specifiesthe "zero" element,
and its type determines the type of the
array. The argument may also be sh; a
(e isassumed to be afloating point 0)
or just sh (a isassumedtobe i . #sh
-- al axesaresparse--and e a
floating point 0).

2%.y givesthe sparse axes (the a
part);

(2;a)$.y (re)specifiesthe sparse
axes;

(2 1;a)$.y givesthe number of
bytesrequired for (2; a) $. y;

(2 2;a)$.y givesthe number of
itemsinthe i part or the x part for
the specified sparse axes a (that is,
#4%$.(2;a)$.y).

3%$.y givesthe sparse element (the e
part);(3; e) $. y respecifiesthe sparse
element.

4%.y givestheindex matrix (the i
part).



5%.y givesthevalue array (the x
part).

6$.y givestheflag (the fl ag part).

7$. y givesthe number of non-sparse
entriesinarray y; thatis, #4$.y or
#5%.y.

8%.y removesany completely "zero"
value cells and the corresponding rows
in the index matrix.

Theinverseof n&s$. is (-n)&S.

The remainder of thistext is divided into the following sections:Introduction,
Representation,Assertions,Further Examples,Sparse Linear Algebra,
andlmplementation Status.

Introduction

We describe a sparse array extension to J using a representation that "does not
store zeros'. One new verb $. isdefined to create and manipulate sparse arrays,
and existing primitives are extended to operate on such arrays. These ideas are
illustrated in following examples:

] d=: (?. 3 4$2) * ?. 3 4$100

0 75 0 53
0 0 67 67
93 0 51 83
] s=: $. d convert d tosparseand assignto s
01| 75
0 3] 53 thedisplay of s givestheindices of the
12| 67 "non-zero" cells and the corresponding values
13| 67
20| 93
2 2| 51
2 3| 83



d-: s d and s match

1
0. S TU times s
0 1| 235.619
0 3| 166.504
1 2| 210.487
1 3| 210.487
2 0| 292.168
2 2| 160.221
2 3| 260.752
o. d T times d
0 235.619 0 166.504
0 0 210. 487 210. 487
292. 168 0 160.221 260. 752
(o. s) -: o. d function results independent of representation
1
0.5 + 0. s
0 1| 236.119
0 3| 167.004
1 2| 210.987
1 3| 210.987
2 0| 292.668
2 2| 160.721
2 3| 261.252
<. 0.5 +o0. s
01| 236
0 3| 167
12| 210
13| 210
2 0| 292
2 2| 160
2 3| 261
(<. 0.5+ 0. 5) -: <. 0.5+0.d
1
d +s function arguments can be dense or sparse
0 1] 150
0 3| 106
12| 134



familiar algebraic properties are preserved

reverse

transpose



31| 67
32| 83
$|: s
4 3
$.7 1] s $. . _1 convertsasparse array to dense
0O 0 93
75 0 O
0 67 51
53 67 83
(]:s) -: |:d
1
, S ravel; a sparse vector
1| 75
3] 53
6 | 67
7| 67
8 | 93
10 | 51
11 | 83
$, s
12

Representation

A sparse array y may be boolean, integer, floating point, complex, literal, or
boxed, and hasthe (internal) parts sh; a; e;i; x; fl ag where:

sh  Shape, $y . Elements of the shape must be lessthan 2731, but the product
over the shape may belarger than 2731 .

a  Axe(s), avector of the sorted sparse (indexed) axes.

e Sparse element ("zero"). e isalso used asthefill in any overtake of the
array.
i Indices, an integer matrix of indices for the sparse axes.

X Values, a(dense) array of usually non-zero cells for the non-sparse axes
corresponding to the index matrix i .

f1 ag Various bit flags.



For the sparse matrix s used in the introduction,

] d= (2. 3 4$2) * 2. 3 4$100

0 75 0 53
0 0 67 67
93 0 51 83
] s=: $. d

01] 75
0 3| 53
12| 67
13| 67

2 0] 93
2 2| 51

2 3| 83

Theshapeis 3 4 ; thesparseaxesare 0 1 ; the sparseelementis 0; theindices
are the first two columns of numbersin the display of s ; and the values are the
last column.

Scalars continue to be represented as before (densely). All primitives accept sparse
or dense arrays as arguments (e.g. spar se+dense oOr sparse$sparse). The
display of a sparse array isadisplay of the index matrix (the i part), a blank
column, a column of vertical lines, another blank column, and the corresponding
value cells (the x part).

L etting the sparse element be variable rather than fixed at zero makes many more
functions closed on sparse arrays (e.g. *y or 10+y), and familiar results can be
produced by familiar phrases (e.g. <. 0. 5+y for rounding to the nearest integer).

Assertions

The following assertions hold for a sparse array, and displaying a sparse array
invokes these consistency checks on it.

imax = _1+2731 the largest internal integer
rank =: #@ rank

type = 3!:0 internal type

1 = rank sh vector

sh -: <. sh integral



i max >: #sh

(0<:sh) *. (sh<:imax)
1 =rank a

a e. i.#sh

a ~. a

a /:~ a

0 =rank e

(type e) = type x
2 = rank i

4 = type i

(#i) = #x

({:%i) = #a

(#i) <. */a{sh

imax > */$i
(0<:i) *. (i <"1 a{sh)

(rank x) = 1+(#sh)-#a
i max > */ $x
(}.$x)-:((i.#sh)-.a){s

at most i max elements
bounded by 0 and i max

vector

bounded by 0 and rank-1
elements are unique
sorted

atomic
has the same internal type as x

matrix

integral

as many rows as the number of itemsin x
as many columns as there are sparse axes

# rows bounded by product over sparse axes
lengths

# elementsis bounded by i max

i bounded by 0 and the lengths of the sparse
axes

rows are unique

rows are sorted

rank equals 1 plus the number of dense axes

# elementsis bounded by i max

item shape is the dimensions of the dense axes

(type x) e. 1 2 4 8 16 32 internal typeisboolean, character, integer, real,

Further Examples

complex, or boxed

2 3 4%3) * ?. 2 3 4%100



0060
0000O0
] s== $. d convert d tosparseand assignto s
00O0]| 13
010 21
011 4
100]| 3
101]|] 5
112] 6
d-: s match is independent of representation
1
2% s Sparse axes
012
3% s sparse element
0
4 % s index matrix; columns correspond to the sparse
axes
010
011
100
101
112
5% s corresponding values
1321 4356
] u= (2;2)%$.s make 2 bethe sparse axis
0| 13 210
| 3 0O
I
1] 0 40
| 5 00O
I
2| 0 0O
| O 60
4% u index matrix
0
1



corresponding values

5

P

=

)

©

O

—

o

%

&

(7))

&

P

—
cooo

o

O OO ©

I\

—O <O

LN HMO
=

)

T odod
OO - d

take

take with rank

13000000
3500000
006 0000

M1t

is 1

t

the sparse element of 0

3% 0=t

answers are independent of representation



0{t from
0O 13000
1 21400
2 (<1 2 3}t amend
00] 1300 O
01] 2240 O
10|] 350 O
11] 006 O
12] 000 _2

s=: 1 $. 20 50 1000 75 366

$ s 20 countries, 50 regions, 1000 sal espersons,
20 50 1000 75 366 75 products, 366 daysin ayear
*I ' $ s the product over the shape can be greater than
2731
2.745el0
r=: ?. 1le5 $ le6 revenues
i= ?. 1le55 % $ s corresponding locations
s=: r (<"1i)} s assign revenues to corresponding locations
7{. ": s thefirst 7 rowsinthedisplay of s
0O 0O 5 30 267 | 128133 the first row says that for country O, region O,
0O 0 26 20 162 | 319804 salesperson 5, product 30, day 267,
0 O 31 37 211 | 349445 the revenue was 128133
0 O 37 10 351 | 765935
0O 0O 56 6 67 | 457449
0O O 66 54 120 | 38186
0O O 71 74 246 | 515473
+ , s total revenue
[limt error the expression failed on , s becauseit would
| +/ , S have required a vector of length 2.745e10
+ @ s total revenue
5. 00289¢e10 f/ @ issupported by special code
+ 4+ + +] s total revenue
5.00289e10
+/ "5 s
5.00289e10

+/ "N s



5. 00289e10

+ r
5.00289¢e10

+/"1n: 4 s total revenue by country
2.48411e9
. 55592e9
. 55103e9
. 52089e9
. 49225e9
. 45682e9
. 52786€9
. 45425e9
. 48729e9
. 50094e9
.51109e9
.59601e9
. 49003e9
. 58199e9
.44772e9
. 47863€e9
. 46455e9
2.5568e9
2.43492e9
2.43582e9

Oooo~NOoOOUh~,WNEO
NDNDNDNDNDDNDNDDNDDN

NDNDNDNDNDDNDN

=
(63}

—+
|

+H N2 +H "IN 2 s total revenue by salesperson

&
—

1000

7{.t

. 58962e7
. 81548e7
. 97248e7
. 89981e7
. 85948e7
.69227e7

. 22094e7

Ok~ WNEO

SparseLinear Algebra

Currently, only sparse matrix multiplication and the solutions of tri-diagonal linear
system are implemented. For example:



f= }. @}: @(,/) @(,." 1 +&101) @i

f 5 indicesfor a5 by 5 tri-diagonal matrix

ArPRAWOWWODNNMNNRFRP,PEPLPEPLOO
APrOWOWPAA,OWODNMNWOWNENRFPLPOERLO

s=: (?. 13$100) (<"1 f 5)} 1 $. 550 1
$s
55

Thephrase 1$.5 5;0 1 makesasparse array with shape 5 5 and sparse axes 0
1 (sparsein both dimensions); <"1 f 5 makesboxed indices,and x (<"1 f
5)}y amendsby x thelocationsin y indicated by the indices (scattered
amendment).

S

00| 13
01| 75
1 0| 45
1 1] 53
12| 21
21| 4
2 2| 67
2 3| 67
32| 93
33| 38
34| 51
4 3| 83
4 4| 3
] d=: $.7: 1 s the dense representation of s

1375 0 0 O
45 5321 0 0



0 46767 O
0 0 93 3851
O 0 083 3

] y=: ?. 5%$80
10 60 36 42 17

y % s
1.27885 _0.0883347 0.339681 0.202906 0.0529263

y % d answers are independent of representation
1.27885 _0.0883347 0.339681 0.202906 0.0529263

s=: (2. (_2+3*1e5)$1000) (<"1 f 1e5)} 1 $. 1le5 1e5:0 1

$ s s isaleb by 1e5 matrix
100000 100000

y=: ?. 1e5%$1000

ts=: 6!/:2, 7!:2@ time and space for execution
ts 'y % s'
0. 28 5.2439e6 0.28 seconds; 5.2 megabytes (Pentium 266 Mhz)

I mplementation Status

As of 2002-06-27, the following facilities support sparse arrays:

< <. <

> >, >
+.

* * *

% % d %



-~ — %

3 3

A
o o

3 3

@
SO

. Sparseliteral and boxed arrays not yet implemented.

. Thedyad % only implementsthe case of triadiagonal matrices.

. Boxed left argumentsfor |: (diagonal slices) not yet implemented.

. Themonads f/ and f/"r areonly implemented for + * > <. + *,

= ~. , (andonly boolean argumentsfor = and ~:); on an axis of length
2,themonads f/ and f/"r areimplemented for any function.

. Themonads f/@ (and f/@, and f/& andf/& ,) aresupported by

special code.

. { and } only accept the following index arguments: integer arrays, <"1



on integer arrays, and scalar boxed indices (respectively, item indexing,
scattered indexing, and index lists a0; a1; a2;...); and ({ only) sparse
arrays.
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Salf Reference $:

$: denotesthe longest verb that containsit. For example:

1. (] * $:@&x)@* 5
120

In the foregoing expression, the agenda (@) choosestheverb ] * $: @: as
long as the argument (reduced by one each time by the application of the
decrement) remains non-zero. When the argument becomes zero, the result of the
right argument of @ iszero, and the constant function 1: ischosen.

If $: @ were omitted from the expression, it would execute once only as follows:

1. (] * <)@* 5
20

The inclusion of self-reference ensures that the entire function is re-executed after
decrementing the argument.

v f. will not fix any part of v that contains $: .
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Reflexive u~ _ru lu Passive
u~y o y uy. Forexample, ~~ 3 ~ commutes or crosses connections to
is 27, and +/~ i. n isanaddition arguments. x u~y o y u x.

table.

Certain uses of the reflexive and passive areillustrated bel ow:
x=: 1234 y= 456
x(,.@ ; ™M ; M~ MN~@ ; 1)y

|1] 1 1 114 16 64 256/1 1 1 1|4 5 6]
|2] 16 32 64|5 25 125 625/2 4 8 16| |
|3] 81 243 729|6 36 216 1296/3 9 27 81| |
| 4] 256 1024 4096| | 4 16 64 256] |

i nto=: %
(i. 6) %5
00.20.40.60.81

5intoi. 6
00.20.40.60.81

frome: -~
(i.6) - 5
5 4 3 2 10

5 fromi.6
5 4 3 2 10

(X % y);(x %/ y);(x %B~y)

oo oo A +
| 0.25 0.2 0.166667| 4 5 6|4 2 1.33333 1|
| 0.5 0.4 0.333333] 2 2.5 3|5 2.5 1.66667 1.25]
|0.75 0.6 0.5| 1.33333 1.66667 2|6 3 2 1.5
| 1 0.8 0.666667| 1 1.25 1. 5] |
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Evoke m-

If misaname, then ' m ~ isequivaentto m. For example:

m=: 2 3 4
lm~
2 314

m=:  +/
'm~2 357
17

m=: |/
+'mMm~2357
17
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Nub ~.

~.y selectsthenub of y, thatis, all of
its distinct items. For example:

y=: 3 3 $ ' ABCABCDEF'
y; (= y):(~3);($~.3)

S R TE
| ABC| ABC| 3| 1]
| ABC| DEF| | |
|DEFl | | |
S R TE

More precisely, the nub isfound by selecting the leading item, suppressing from
the argument all items tolerantly equal to it, selecting the next remaining item, and
so on. The fit conjunction applies to nub to specify the tolerance used.

If f isacostly function, it may be quicker to evaluate f y by first evaluating

f~. y (whichyieldsall of the distinct results required), and then distributing them
to their appropriate positions. The inner product with the self-classification table
(produced by =) can be used to effect this distribution. For example:

f=1 *:
fy== 27182818
4 49 1 64 4 64 1 64

L& (~ o f@
o
2] 4/10
| 7] 49| 0 1
1] 1/0 0
| 8] 64| 0 0

(f@. (+ .*)=) ; f)y

001
000
100
010

|

| | 64| 64|
| | 1 1]
| | 64| 64|
+



NUB=: 1 : 'x.@. + . * = Adverb
*> NUB y
4 49 1 64 4 64 1 64

nubi ndex=: ~. i. ]
(nubi ndex ; (nubindex { ~.)) vy
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Nub Sieve ~ 00 Not Equal
~:y istheboolean list b such that x~:y is 1 if x istolerantly unequal
b#y isthenubof y . For example: to y. SeeEqua (=).

~: ' M ssi ssippi’ The fit conjunction may be used to

Ll BEEEE LT specify tolerance, asin ~:!.t .

The result of nub-sieve can be used to select the nub as follows:

y=: 81828172
-y
8127

11010010

(= y) #y
8127

y #~ ~y
8127

Thedyad ~: appliesto any argument, but for booleansit is called exclusive-or.
For example:

d=: 01

d ~/ d
01
10
Not-equal, not equal, and the dual of equal with respect to not, all agree as
Illustrated below.

(~/1 ; -.@& ; =&-./1)~d
S
|0 1]0 1]0 1|
|1 0/1 0]1 O]
S
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Magnitude | 00O Residue

ly o %y*+y . For example: The familiar use of residueisin
determining the remainder on dividing

| 6 6 3j4 anon-negative integer by a positive:

6 6 5

31 01234567
01201201

The definition y-x*<. y % x+0=x extendsthe residue to a zero left argument,
and to negative and fractional arguments. For example:

over =2 ({. ,. @ }.)@:@

by ="' '&@.@ ,. ]

x=: 3210 1 2 3

y=: 0123456738

X by y over x |/ vy
Fom e e e e e e oo +
| ]0 1 2 3 4 56 7 8§
Fom e e e e e e oo +
| 3]0 1 2 0 1 20 1 2
| 210 1 0 1 0 10 1 O
| 110 0 0 O O OO0 O O
| 0j0 1 2 3 4 56 7 8§
| 110 0 0 O O OO0 O O
| 210 1 0 1 0 10 _1 0O
| 3]0 2 1 0 2 10 2 1
Fom e e e e e e oo +

To produce atrue zero for casessuch as (98) | (298) theresidue is made tolerant
as shown in the definition of res below:

res=: f g@agenda"0
agenda=: ([ = 0:) +. (<. => )@
S= ] %[ +[ = O
- [ * <.@
g=: ] * [ = O



0.1 res 2.5 3.64 2 _1.6

00.0400
(, res/ ~ |/~) a=: 2 -~ 1.5

T R +
| 21 0 _10 _10 0_10 _10
| 1] 0 00 0O O OO OO0
| 0]_.2 10 12 _2 10 12
| 1] O 00 0O O OO OO0
| 21 0 10 10 0 10 10
T R +

Thedyad | appliesto complex numbers. Moreover, the fit conjunction may be
applied to control the tolerance used. Thedyad nm& @ on integer argumentsis
computed in away that avoids large intermediate numbers. For example: 2
(1e6& @) 107100x



Reverse | .
| . y reversesthe order of the items of
y . For example:

|. t=:
gf edcba

"abcdef g’

The right shift is the dyadic case of
| .!.f withtheleftargument 1. For
example:

| . 1. # t
#abcdef
|.1.10i.3 3
10 10 10
0O 1 2
3 4 5
y= a.{~(a. i. "A) +i. 56
(] 28| . _2& . 2& ."1
S S S S - - -
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1 Rotate

x| .y rotatessuccessive axesof y by
successive elementsof x . Thus:

12].i. 35

Thephrase x |.!.f y producesa
shift: the items normally brought
around by the cyclic rotation are
replaced by f unless f isempty
(0=#f), inwhich casethey are
replaced by the normal fill defined
under {. (take):

| ABCDEF| MNOPQR| STUVWK| CDEFAB| CDEF* * |
| GHI JKL| STUMK| YZ[\]~| 1 JKLGH| | JKL** |
| MNOPQR| YZ[ \ | *| ABCDEF| OPQRVN| OPQR* * |
| STUMK| ABCDEF| GHI JKL| UVWKST| UVWK* * |
| YZ[\] 7] GHI JKL| MNOPQR| [\ ] AYZ| [\] 2**]

- - - - S
S S RS
- - - - S

2 2.V #"0 1t
cdef g##
##abcde
2&(| .. *""1)) y
-+
-+
(22 1. 1))y
-+

| ABCDEF| YZ[ \ ] ~| FEDCBA| * ABCDE| MNOPQR|
| GHI JKL| STUWK| LKJI HG * GHI JK| STUWK]|



| MNOPQR| MNOPQR| RQPONM * MNOPQ YZ[ \ ] A|
| STUMWIK| GHI JKL| XWUTS| * STUVW ABCDEF|
| YZ[\] | ABCDEF| AJ\[ ZY] *YZ[\] | GHI JKL|

*kk*kk*k*%x
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Transpose | 1 Transpose

| : reversesthe order of theaxesof its x| :y movesaxes x tothetaill end. If
argument. For example: x isboxed, the axesin each box are
run together to produce a single axis:

(1 ; |:)i. 34
to-mmmmm - to----- + y=: 3 4%' abcdef ghij kl
|01 2 3]04 g y; (1 0]:y);(0]:y);((<0
|45 6 7/15 9| 1|:y)
|8 9 10 11| 2 6 10| e oo oo -+
I |3 7 11 | abcd| aei | aei | af k|
MR e + | efgh| bfj|bfj| |
| ijkl|cgk|cgk] |
| | dhl | dhl | |
fooocodooodooodooodr
For example:
y= a.{~(a. i. '"a') +i. 2 3 4
z=: y;(2 1] y);((<21) |0 y);(]: 0. 45)
Z ,& |1 & > 2
Fom e e e e iooooo- o m e e e e aaoo - +
I e S R e S +|

| | abcd| aei |afk|]0 5 10 15|||amaman O 1 2 3 4|
| | efgh|bfj|mw1 6 11 16| ||eq|bn|fr| 5 6 7 8 9|]|

[ 17 kl]|cgk] [2 7 12 17| |]iu]colkw 10 11 12 13 14| |
[ ] | dhl | |3 8 13 18||| |dp| |15 16 17 18 19| |
|[mop| | [49 14 19|[|bn] | | | |
|l grst|mu| | [[1frleal | | |
| [ uvwx| nrv| | [T1ivifr] | | |
| | |osw | [T lgsl | | |
| | | ptx]| | | [lcolht] | | |
| +--mm e +Hlgs|l | | | |
I | [ kwiul | | |
I [T livl | | |
I | [ dpl kwf | | |
I [ Iht]Ix] | | |
I [Trx] | | |
| IR e e e +|
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Deter minant u. v 2 Dot Product

Thephrases -/ . * and +/ . * are For vectors and matrices, the phrase x

the determinant and per manent of +/ . * y isequivalent to the dot,
square matrix arguments. More inner, or matrix product of math; other
generdly, thephrase u . v isdefined rank-Overbssuchas <. and *. are
in terms of arecursive expansion by treated analogously. Ingeneral, u . v
minors along the first column, as isdefined by u@v" (1+l v, )),
discussed below. restated in English below.

For example:

x=: 1 23[ m: >1 64,410,668
det=: -/ . *

mp=: +/ . *

x ([ 51 det@ ; np; np~; np~@) m
+----- +----- R SRS oo o - - - - oo o oo - - +
|12 31 6 4]_112|27 26 28|25 6 42|49 36 36|
| |4 1 0] | | | 8 25 16|
| |6 6 8] | | | 78 90 88|
+----- +----- R SRS oo o - - - - oo o oo - - +

Themonad u . v isdefined asillustrated below:

DET=: 2 : 'v./@ ({-"2 u. . v. $$@inors)@(0:<{- @) @,. "2
mnors= }."1 @(1&([\.))

-/ DET * m
112

-/ DET * 1 16 64
49

-/ DET * i.3 0

+/ DET * m
320

The definition u@v" (1+l v, )) given above for the dyadic case may be re-stated



inwords asfollows: u isapplied to theresult of v on lists of "left argument
cells' and the right argument in toto. The number of itemsin alist of left argument
cells must agree with the number in the right argument. Thus, if v hasranks 2 3
and theshapesof x andy asle 2 3 4 5 6 and 4 7 8 9 10 11, thenthereare
2 3 listsof left argument cells (each shaped 4 5 6); and if the shape of aresult
cell is sr, theoveral shapeis 2 3, sr .
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Even , Odd u.. Vv u.: Vv
u.. v o (u+ u&v) %2:
u.: VvV o (Uu- u&v) %2:

In the most commonly used case, v isarithmetic negation,and f=: u .. v is
therefore f=: (u + u&) % 2: ; thatis, one-hafthesumof uy and u -vy.
The resulting function isthereforeeveninthesensethat f v « f -y forany vy;
its graph is reflected in the vertical axis. Smilarly, u .: - isodd (f vy o -f-
y), and its graph isreflected in the origin. Less commonly, v ismatrix transpose
(] - ), and may be any monadic function.

y=: 2 1012

12345%&p.y Polynomial with odd and even terms
57 3 1 15 129

12345&p. .. -y Even part of polynomial
93 91 9 93

10305¢&p. vy Polynomial with even terms only
93 91 9 93

E= .. - Even adverb

o= .. - Odd adverb

d=: 5j2&8": @.& > Display as columns with two digits

| 3.63] _3.63] 3.76] 3 0 0. 14| _0. 42| _0. 42|
| 1.18| _1.18| 1.54| 1. 0. 0.37| 0.54| 0.54]
| 0.00] 0.00] 1.00] 1.00] 1.00] 1.00| 1.00| 1.00|
| 1.18] 1.18] 1.54| 1 2 2.72| 0.54] 0.54]
| 3.63] 3.63] 3.76] 3 7 7.39| _0.42| 0. 42|

|1644 135 6 2 0 25 2 2
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Explicit Definition m: n

Asdefined and illustrated inSection || H p70, the phrase s=: 0 : 0 may be used

to define s asascript, and the explicit definition conjunction can be further used to
produce adyadic-only verb (4 : s), verb (3 : s), conjunction (2 : s), adverb
(1 : s), ornoun (0 : s). Theleft argument 13 may be used instead of 3 to
produce equivalent resultsin tacit form if possible. Theright argument 0 may be
used in each case to make the corresponding definitions directly from the keyboard:
k : 0 isequivaentto k : (0 : 0).Furthermore, the boxed representation b=:
<;._2 s orthetablerepresentation t=: >b (or t=:[;._2 s) may beusedin
lieu of the script s inevery case. Thus:

f=: 3: 0
a=: 2+b=. y. 2
at+a*b

X. *X. +y.

)
a=: b=: 19
f 3

110

a, b Only the globally assigned name is changed.
11 19

Asillustrated by the foregoing:

1. Thedéefinitions of the monadic and dyadic casesproduced by 3 : 0 are
separated by a colon on aline by itself; if none occurs, the domain of the
dyadic case is empty.

2. Theexplicit result is the result of the last non-test block sentence executed; that
result must beanouninthe 3 : and 4 : cases. See Control Structures for
the definition of atest block.

3. A name assigned by the copula =. ismade local; values assigned to it have no
effect on the use of the same name without the entity defined or within other
entitiesinvoked by it. A name assigned by =: isglobal.



4. A locative cannot be localized.

5. Thenames x. and y. denote the left and right arguments. In defining a
conjunction it may be necessary to refer to itsleft and right arguments (using
u. and v.) aswell asto the arguments of the resulting function (x. and
y.). Theuseof m instead of u. restrictsthe corresponding argument to
being anoun, asdoestheuseof n. instead of v. . For example:

conj=: 2 : "(u. y.)+ (v. y.)'

nc=: 2 : 0
(u.y.)+(v.y.)

)

dc=: 2 : 0 Dyadic case
(u.y.)+(v.x.)

)

('conj%2 4 5);('nc%2 45);(1 2 3!'dcw2 4 5)
SR S S +
| 2.5 24.25 120.2| 2.5 24.25 120.2|3 24.5 120. 333
RS RS R +

Control Structures. The sequence of execution of an explicit definition may be
determined by control wordssuchas i f. do. else. end. and while. . For
example, afunction to find the root of afunction f from atwo-element list that
brackets the root may be written and executed as follows:

root=: 3 : O
me. +/ %twhi le. ~:/y.do.if.~/*f b=.(m{.)y.do.y.=.Db
else.y.=.(m{:)y.end.end. my.

)
f=1 4:-%
b=: 1 32
root b
16

Such a definition may also be written on successive lines by breaking it before or
after any control word, and the foregoing definition may be made more readable as
follows:

root=: 3 : 0
. +/ %#



while. ~:/y.
do. if. ~/*f b= (m{.) v.
do. v. b
el se. vy.
end.
end. my.

)

(m{:) v.

Asillustrated by the foregoing, theword i f. and amatching end. mark the
beginning and end of a control structure, asdo whi | e. and amatching end. ;
such structures may be nested asisthe i f. structure withinthe whi | e. structure.

The control words for., if., select., try., while., and whilst. markthe
beginnings of control structures that are each terminated by a matching end. , and
therefore provide aform of punctuation. In the foregoing example, do. and el se.
break the i f. structureinto three simple blocks, each comprising a sentence,
whereasthe do. inthe while. structure breaksit into two blocks, the first being
asimple sentence, and the second being itself an i f. control structure.

In general, a block comprises zero or more simple sentences and control structures.
Therole of blocksis summarized as follows:

for. T do. B end.

for _xyz. T do. B end.

if. T do. B end.

if. T do. B else. Bl end.

if. T do. Belseif. Tl do. Bl elseif. T2 do. B2 end.

select. T case. TO do. BO fcase. T1 do. Bl case. T2 do. B2 end.
try. B catch. Bl end.

while. T do. B end.

whilst. T do. B end. Like whi | e. , but Skips Test first time.

Words beginning with B or T denote blocks. The last sentence executedina T
block istested for a non-zero value in its leading atom, and the result of the test
determines the block to be executed next. (An empty T block result or an omitted
T block teststrue.) If an error occursina try. block, execution continuesin the
matching cat ch. block. Thefinal result isthe result of the last sentence executed
that wasnotina T block, and if thereis no such last executed sentence, the final
resultisi.o 0.

The behaviour of the remaining control words may be summarized as follows:



assert. T signal assertion failureif T isnotal 1s

br eak. Gotoendof for., while., or whilst. control structure
conti nue. Gototopof for., while., or whilst. control structure
got o_nane. Go to label of same name

| abel _nane. Target of got o_nane.

return. Exit the function

Additional explanations and examples can be found in the Control Structures p200
section.

The following example uses control wordsaswell as u. and n. in modelling the
Level conjunction L: :

Level=: 2 : O
me. O 3&$& |. n.
ly=. L. y. if. O0>mdo. nF. 0> mtly end.
if. mrily do. u. y. else. u. Level m& > vy. end.

I r'=. 1 2{ 3&&|. n.

I x=. L. x. if. 0> do. I=0> | + Ix end.

ly=. L. y. if. 0> do. r=.0> r + |y end.

b=. (I,r)>1Ix,1y

i f. b-: 0 0 do. x. u. Level (I,r)é& >y.

elseif. b-: 0 1 do. x. u. Level (I,r)& >y.

elseif. b-: 1 0 do. (<x.) u. Level(l,r)& >y.
X y.

elseif. 1 do. u.
end.
)

] a=: (i.2 3);(<<2 34) ; 3 +----- R +-+ |01 2| +-------
+ 3] |3 4 5[|+----- H L 234100 11 [+---- HI L [+
-+ | H----- Fo-mmea - +-+ +: level 0 a +------ R ++ 10 2
4l 4o +6] 168 10[[+----=+] | | [1146 8[| | | [|+----+]
| | | +------- +H o] A S +-+ +: | 0 a +------ S
+-+ |0 2 4] +------- + 6] |6 8 10| [ +----- HL L1468 || [+

cose ] e H | e +o4
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Monad / Dyad u: v

The first argument specifies the monadic case and the second argument the dyadic
case.

For example

y=: 10 64 100
Ny Natural logarithm
2. 30259 4.15888 4.60517

10&™. vy Base ten logarithm
1 1.80618 2

| og=: 10&". : ~.
log vy
1 1.80618 2

8logy
1.10731 2 2.21462

("1) logy
2.30259 4.15888 4.60517

LOG=: 10&$: : ~. Use of self-reference
LOG y
1 1.80618 2

f== % : ($ @)
(f y),: 100 f vy

. 16228 8 10
.48683 6 O

O w

ABS=: | : [:

ABS 4

3 ABS 4
| val ence error: ABS



| 3 ABS 4

The domain of thedyad ABS isempty because thedomainof [: isempty.
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Obverse u:. Vv muluru

Theresultof u :. v istheverb u, but with an assigned obverse v (used as
the "inverse”" under the conjunctions & and *:).

For example:

y=: 40 4 3j4
rp=: <@% , -@)"0 Root pairs
rpy

Fomm e e o - R T L g +

[0j2 0j _2|0 0]2 _2]2j1 _2j_1]

Fomm e e o - R T L g +

rp | No assigned obverse

recl rpy
| domai n error

| rpl rpy

inv=: *: @. Q@
invrpy
4 0 4 3j4

RP=: rp :. inv Assigned obversein RP
RP 1 RPYy
4 0 4 3j4

rc=: <@,: )@, -)@ "0 Root companions
rcy

R B e I ey +

| 0j2 0j _2|/00[2 2| 2j1 _2j_1f

[0j 2 0j2|/00/2 2|25 _1 _2j1f

R B e I ey +

RC=: rc :. inv

RC I RCy
40 4 3j4
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Adverse u :: Vv

Theresultof u :: v isthat of u, providedthat u completes without error;
otherwise the result isthe result of v .

For example:

p=: 310 2 A permutation vector
x=: ' ABCD
p{ x

DBAC

li=2 A p Atomic index in ordered list of permutations
20

i A X Permutation by atomic representation
DBAC

g=: 3110 Not a permutation

q{ x
DBBA

A ¢
| i ndex error
I A q

A= A (@) Giveindex outside range in case of error
Ap
20

Aq
24

24 A X
| i ndex error
| 24 A X
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Ravel : Append

,y givesalist of theatomsof y in x,y appendsitemsof y toitemsof x

"normal” order: theresult isordered by  after:

items, by items within items, etc. The

result shapeis 1$*/$ y . Thus: 1. Reshaping an atomic argument to
the shape of the items of the other,

y=: 2 4 $ 'abcdef gh' .
2. Bringing the argumentsto a

y common rank (of at least 1) by
abcd repeatedly itemizing (, :) any of
e lower rank, and

Y 3. Bringing them to a common shape
abcdef gh by padding with fill elementsin the

manner described in Section |1 B
p64.

Thefit conjunction (,!.f) provides
fill specified by theitemsof f .

]
0 1 2
3 4 5
6 7 8
9 10 11

12 13 14
15 16 17

, a
012345678910 11 12 13 14 15 16 17

The following examplesillustrate the dyadic case:



("abc', de'); (" abc', "0/ de'): (56 7,i.2 3);(7,i.2 3)

| abcde|ad|5 6 7|7 7 7|
|ae]0 1 2|0 1 2|

I

| | |3 4 5|3 4 5]
I | bd| I I
I | be| I I
I || I I
I | cd] I I
I | cel I I
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Ravel ltems . Stitch

If y isanatom,then ,.y is1 1$y; x,.y isequivaentto x,"_1 y. In
otherwise, ,.y is," 1 y, thetable other words, itemsof x are stitched to
formed by ravelling eachitemof vy . corresponding itemsof vy .

Thefit conjunction (,.!.f) provides
fill specified by theitemsof f .

For example:

a=: i. 232
($,.93) (,.235711) ; ($ .< abcd) ; a; (,.a)
i o e e oo +
|1 1] 2|11 0 1012 3 4 5

| | 3] | 2 3]6 7 8 9 10 11|
I | 5| | 4 9] I
I | 7] I I I
I | 11] | 6 7 I
I || | 8 9 I
I || | 10 11| I
T S oo +

The following examplesillustrate the dyadic case:

b=:3 4%' abcdefghijkl' [ c=:3 4% ABCDEFGH JKL'

b; c; (b,.c); (bc); a; (a,. [."2a; (,/a ; (,./a
e I Fom e oo o +----- +----- S +
| abcd| ABCD| abcdABCD| abcd] O 1] 0 1] 0 101 6 7|
| ef gh| EFGH| ef ghEFGH efgh] 2 3] 2 3] 2 3|2 3 8 9]
[ijKIJTIKL[ijkITIKL|ijkl] 4 5] 4 5 4 545 10 11|
I I I | ABCD| | 1 0 6 7| I
| | | |EFGH 6 7] 3 2| 8 9] |
| | | [1JKL] 8 9| 5 4|10 11| |
I I I I | 10 11| I I I
I I I I I | 6 7 I I
I I I I I | 8 9 I I
I I I I I | 10 11| I I
I I I I I I I



I I I I I | 9 8 I
I I I I I | 11 10| I
S Fome e o Fomm - Fomm - e oo -
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ltemize o Laminate

, 1y addsaleading unit axisto y , An atomic argument in x, :y isfirst
giving aresult of shape 1, $y . Thus: reshaped to the shape of the other (or to
alist if the other argument is also

. 3$ AR atomic); the results are then itemized
and catenated, asin (,:x),(,:y) .
Thefit conjunction (,:!.f) provides
fill specified by theitemsof f .
s=: 3 [ v= 234 m: i. 33
(brs); (8,0 8); (Liv)s ($:v); ($,:m; (8,714 V)
+- -t - - - Fom - o - - S +
|3]1]2 3 4131331111 3
+- -t - - - Fom - o - - S +

The following examples compare the dyadic cases of Append and Laminate:

a=: 'abcd' [ A=: "ABCD [ b=: 'abcdef’
(a,A 5 (a,:A ; (a:b) ;7 (mm ; (m,: m

| abcdABCD| abcd| abcd |0 1 2|0 1 2|
| | ABCD| abcdef |3 4 5|3 4 5]
| | | |6 7 8|6 7 8|
I I I [0 1 2] I
| | | |3 4 510 1 2|
| | | |6 7 8|3 4 5|
I I I I |6 7 8|
S R T +----- +----- +

t=: i. 322

t (,/t) ; (,.1t) (,:/1)
+----- +----- Fom e e +----- +
| 0 1] 0 110145 8 9 0 1
| 2 3] 2 32367 10 11] 2 3|
I | 4 5] I I
| 4 5] 6 7| | 0 O
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Link

;y assemblesalong aleading axisthe  x;y is (<x),y if y isboxed, and

opened elements of theravel of vy . (<x), <y if y isopen.

+----- +----- +----- +
|1 2 345 6|7 8 9|
+----- +----- +----- +
: bv
1234567829
] = >bv
123
456
789
:/ m
+----- +----- +----- +
|1 2 345 6|7 8 9|
+----- +----- +----- +

(;/12345) ,& (;/i. 3 4)

Fomm o L I +
| +-+-+-+-+-+] +------ - Fomm - Fomm e e - +|
[11]12]34/5/]|]02123456 789 10 11| |
| +-+-+-+-+-+] +------ - Fomm - Fomm e e - +|
Fomm o L I +
Jtxt=: '3 % 4 ~. 5
3% 4" 5
]s=: ;: txt Word formation

L
| 3] %[ 4]~ |5
L

;'S
3% 47. 5



(boxi fopen=: <M (< -: {:@~)) 3 4
+-- -+
|3 4|
+-- -+

(<3 4) = boxifopen <3 4



Cut nm.n u;.

u;.0 y applies u to y after
reversing y along each axis; itis
equivalentto (0 _1 */$y) u;.0 vy.

Thefret o{y (theleadingitem of y)
marks the start of an interval of items
of y; thephrase u;.1 y applies u
to each such interval. The phrase

u;. _1 y differsonly in that frets are
excluded from theresult. In u; . 2 and
u; . 2 thefretisthelast item, and
marks the ends of intervals.

Themonads u; .3 and u;._3 apply
u to tesselation by "maximal cubes’,
that is, they are defined by their dyadic
cases using the left argument

($$y) $<./ By .

m . n y appliessuccessive verbs from
the gerund m tothecutsof vy,
extending m cyclically as required.

pl122

1/ 2

Cut

x u;.0 y applies u toarectangleor
cuboid of y with one vertex at the
pointin y indexed by v=: 0{x , and
with the opposite vertex determined as
follows. thedimensionis | 1{x , but
the rectangle extends back from v
aong any axis j for which the index
j {v isnegative. Finaly, the order of
the selected itemsis reversed along
each axis k for which k{1{x Is
negative. If x isavector, it istreated
asthe matrix 0, : x .

Thefretsinthedyadiccases 1, 1,
2, and _2 aredetermined by the 1s
in boolean vector x ; an empty vector
x and non-zero #y indicatesthe entire
of y. Ingenera, boolean vector >j {x
specifies how axis j isto be cut.

u;.3 and u;._3 yield (possibly
overlapping) tesselations. x u;._3 y
applies u to each complete rectangle
of size | 1{x beginning at integer
multiples of (each item of) the
movement vector 0{x , with an
infinite size being replaced by the
signed length of the corresponding
axis. Asin u; .0, reversal occurs
along each axisfor which the size 1{x
iIsnegative. Thecaseof alist x is
equivalentto 1, : x , andtherefore
provides a compl ete tesselation of size



x . Thecase u; .3 differsinthat
shards of length lessthan | 1{x are
included.

x m.n y appliessuccessive verbs
from the gerund m to the cutsof vy ,
extending m cyclically asrequired.

The O- and 3-cuts have aleft rank of 2;
the 1- and 2-cuts have aleft rank of 1.

=: '"worlds on worl ds
(<5.2y) 5 ($._2y) ; (35%.10) ; (+ ;.1 (3 5%i.10))

o m e e e oo T Fom e e oo +
| +------- S +/6/0 12 3 4|57 9 11 13|
| |]worlds |on |worlds ||[2]5 6 7 8 910 1 2 3 4
[ +------- R +6/0 1 2 3 4] |
o m e e e oo T Fom e e oo +

| 14 15 16 17 18 19 20|
| 21 22 23 24 25 26 27|
| 28 29 30 31 32 33 34|

0 1 2 3| 4 5| 6
7 8 9 10/11 12| 13|
14 15 16 17|18 19| 20|
21 22 23 24|25 26|27
28 29 30 31|32 33| 34

oo Fomm o +- -+
(10100;1000101) <.1i.57

oo Fomm o +- -+

|012 3 4 5| 6

|7 8910 |11 12|13

oo Fomm o +- -+



| 28 29 30 31|32 33| 34|

o m e e o - +----- +- -+
x=:1 2,: 23 z=:i. 55
X (x1;.02) ; z
+----- o m e o - o e e e e o - +
| 1 2|11 12 13] 0 1 2 3 4
| 2 31 6 7 8 5 6 7 8 9|
| | | 10 11 12 13 14|
| | | 15 16 17 18 19|
| | | 20 21 22 23 24|
+----- o m e o - o e e e e o - +
(y=: a. {~(a. i. "a") +i. 44);(a= 11,: 2 2
Fomm oo+
| abcd| 1 1|
| ef gh| 2 2|
[ijkE]
| mop| |
Fomm oo+
(<023 y) 5 ((($$y)$<./8y)<;.3y) ; (a<.3y) 5 <(ac<
o e e e a oo T T J iy S
IS S i o o B e it e i o I R e e e o R i e B o

| | abcd| bed| cd| d| | | abed| bed| cd| d| | | ab] be| cd| d| | | ab| be] cd] |
| | ef gh| fgh| gh| h[|]|efgh|fgh|gh|h[]|]|ef|fg|gh|h|]|]|ef]|fg]|gh]|

LLEGRETGRETREPULTLEGKRETRETREPT | 4= = e e e ] e oo e - 4
| | mop| nop| op| p| | | mop]| nop| op| p|||ef|fg|gh|hl|]ef]|fg|gh]
| 4=t oo [ JRIKE T[] KK
| | ef ghl fgh| gh[h||]|efghl|fgh|gh|h||+--+--4--4-+] +--+--+- -+
[ 1T RETJREPKREPEPPTjRETGREPKEPEPPTaj G REKEPETT] ] K| K
| | mop| nop| op| p| | | mop]| nop| op| p| | | m| no| op| p| | | m| no| op|
|+----+---+--+-+|+----+---+--+-+|+--+--+--+-+|+--+--+--+|
[1TJKITJREPKRETEPTjKEjKETKETT[] | nm] no| op| p|
| | mop]| nop| op| p| | | mop]| nop| op| p| | +- - +- - +- - +- +|
|+----+---+--+-+|+----+---+--+-+| |
| | mop]| nop| op| p| | | mop]| nop| op| p| | I
|+----+---+--+-+|+----+---+--+-+| |
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Word Formation 1

; .y isthelist of boxed wordsin the
list y according to the rhematic rules
of Part | p61. The function also applies

reasonably well to ordinary text.

s=: '*: @-: @i. 2 3
do=: "
do s
0 0.25 1
2.25 4 6.25

S
e

|*:1@-:1@i.]2 3|

e

S

*:@é:éi.z 3

=: 'When eras die, their |egacies/'
= 'are left to strange police'

r=: 'Professors in New Engl and guard'
s=: '"the glory that was G eece
p

T L S +- +

| When| eras| die|,|their|]legacies|/]|

T L S +- +
> 50 P.q

When

eras

die

their

| egaci es

/



are

| eft

to
strange
police

| . & ;: p
/| legacies their , die eras \Wen
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Tally # 1 Copy

#y isthe number of itemsin y . Thus: If the arguments have an equal number

- o ' ' of items, then x#y copies +/ x items
. +ff__l; (# a'); (# octothorpe’)  gomy  with i{x repetitions of item
0] 1| 10| i {y . Otherwisg, if oneisan atomitis
e e e - repeated to make the item count of the

arguments equal .
(#3); (#.3);(# 3 4)

ot The complex left argument a j. b
1111 2| copies a itemsfollowed by b fills.

EER The fit conjunction provides specified
(#i.4 5 6);(#%i.4 5 6) fills,asin #! . f .

= -

| 4] 3|

= -

Copy isillustrated by the following examples:

012345#012345
122333444455555

t=: 3 4 $ abcdefghijkl'" [ n= i. 3 4
t :n; (301#¢t); (301#mn) ; (3142#1t)
Fom e e e oo - Fom e e e oo - Fom e oo +

|abcd|0 1 2 3|abcd|0 1 2 3]|aaabccccdd|
|efgh|4 5 6 7|abcd|0 1 2 3|eeefgggghh|
[ijkl]8 9 10 11]abcd|0 1 2 3|iiijkkkkll|
| | [ijkl]8 9 10 11| |

k=: 2j1 0 1j2
(k # t);(k #n);(k #."* t);(k #.4 n)

Fomm e oo oo o Fomm e oo oo o +
|abcd|0 1 2 3|abcd|0 1 2 3|
|abcd|0 1 2 3|abcd|0 1 2 3|
| |[O 0O O O]****|4 4 4 4
[ijkl]8 9 10 11]ijkl|8 9 10 11



Ig 0 0 O|****|4 4 4 4
0 0 O]****|4 4 4 4



Base Two #.
#.y isthebase-2 valueof vy, thatis,
2#.y . For example:

#. 1 010
10

#. 23% 001,101
15

] a=: 34

i
3
7
1

o b~ O
© o1 -
oOoN

10 1

10 #. a
123 4567 9011

8 #. a
83 2423 4763

ime=: 013,113,:246

x=: 24 60 60
X #. time
63 3663 7446

X, 1
24 60 60 1

Jw=: */\.}. x,1
3600 60 1

w*"1 tine
0O 60 3

1

p125

11 Base

x#.y Isaweighted sum of theitems of
y ; thatis, +/ wy, where w isthe
product scan */\.}.x,1. Anatomic
argument is reshaped to the shape of
the other argument.



3600 60 3
7200 240 6

+H"1 w*"1 time
63 3663 7446

w+H@* "1 tine
63 3663 7446

c=: 3142[ y=2 012345
cCp. Yy Polynomial with coefficients c
3 10 37 96 199 358

y #.'01 |.c
3 10 37 96 199 358
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Antibase Two #: 10 Antibase

#: y isthebinary representationof y  Insimplecases r &#: isinverseto
, andisequivalentto (m#2) #:y , r&t. . Thus
where m isthe maximum of the

number of digits needed to represent r= 24 60 60

r #:. r #. 2 3 4

theatomsof y inbase 2. For 534
example:
- But if r#oy exceeds (*/_r)-1 (the
01234567 Iargestlnteger representablelnthe_
radix r), thentheresultof r#:y is
#. 0. 8 reduced modulo */r . For example:

r #: r #. 29 3 4
5314

P RPPRPPOOOO
PPRPOOFR,PF OO
P OPFRPOPFRP,OFrO

A representation in an arbitrary base that is analogous to the base-2 representation
provided by the monadic use of #: may be provided asillustrated below:

ndr=: 1. + <. @. Number of digits required
10 ndr y=: 9 10 11 100 99 100
122323
(y#: ~10 #~ >./10 ndr y); (y#: ~8 #~ >./8 ndr y)
+----- +----- +
|0 0 910 1 1]
|01 0]0 1 2|
|01 110 1 3|
|1 0 0]1 4 4]
|0 9 9|1 4 3|
|1 0 0]1 4 4]



(108&#. " 1
---------- +
0901 1]
1 0/0 1 2|
1110 1 3|
001 4 4]
9 9|1 4 3]
001 4 4]



Factorial !

For a non-negative integer argument v,
the definitionis */>:i .y . Ingenerd,
ly is I'(1+y) (the gammafunction).
Thus:

(*/1 23 45) , (!5
120 120

]x=: 2 % 3 -~i. 2 4
~1.5 1 0.50
0.5 1 1.5 2

I'x

_3.54491 _ 1.77245 1
0.886227 1 1.32934 2

Jfi=17 1(24 25 2.1 9876)
4 4.02705 2.05229 7.33019

ofi
24 25 2.1 9876

00O
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Out Of (Combinations)

For non-negative arguments x!y is
the number of waysthat x thingscan
be chosen out of y . More generdly,
x'y 1S (1'y) %! x)*(!y-x) . Thus:

315
10

(15)9%!3)*(!5-3)
10

1j2 ! 3.5

8. 64269j 16. 9189

Jy=:2&7: 1 (45 4.1 30 123)
10 3.40689 8.26209 16.1924
21y
45 4.1 30 123

]x=:1810": 1 (2.5 45)
0. 3433618 2

x 1 10
2.5 45

Thefirst table below illustrates the relation between the dyad ! and the table of
binomial coefficients; the last two illustrate its relation to the figurate numbers:

h=: 0,i=: 1.5 j= -1+41.5 [ k=

tables=: (,.h); (i,

format=: ({. ,:&}.)@:& >

format tables
g e e o
| +-+] +--------- I
[10]]10 1 2 3 4||]_1 _2 3 4
| +-+] +--------- I
[10]]|2 1 111]|] 1 1 1 1
[11]]/0 12 3 4|||]_.1 2 3 _4
[12]]/]0 013 6]|] 1 3 6 10

S#1

/i) (i) (K, T (H\A)K)

11111 1 1
51112 3
15/||1 3 6



4 10 20 _35|||1 4 10 20 35| ]
5 15 35 70[||1 5 15 35 70| |

Figurate numbers of order zero are all ones; those of higher orders result from
successive applications of subtotals (that is, sums over prefixes, or +/\). Those of
order two are the triangular numbers, resulting from subtotals over the integers
beginning with one.



Fit (Customize)
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This conjunction modifies certain verbs in ways prescribed in their definitions.
For example, =! .t istherelation of equality using tolerance t , and ~!.r is
the factorial function so definedthat x ~!'.r nis*/x +r * i. n.
Consequently, ~!. _1 isthefalling factorial function.

Fit appliesto the following verbs (to produce variants). The monadic caseis
shown before a bullet, and the dyadic case after it:

<

<
#:

o #{.

E.

» Tolerance

Tolerance

* Tolerance

Tolerance « Tolerance

» Stope function and polynomial based thereon
o Fill

Print precision ¢



Foreign
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This conjunction is used to communicate with the host system as well as with the
keyboard (as an input file) and with the screen (as an output file). It is aso used to
provide avariety of extra-lingual facilities, such as setting the form of function
display, determining the class of a name (noun, verb, adverb, or conjunction), and
listing all existing namesin specified classes.

(mean=: +/ % #) a=:

6. 83333

mean
+ % #

91:3 (4)

nmean

+- / --- +
--+- 0p

+- #

91:3 (2 4 5)
mean
R
| +- - +] % #]
]
| 44 |
B T o
+- / --- +
--+- 0p
+- #
+ % #

4.0 "a'; "' nean'

03

41:1 (3)
+----+
| mean|
+----+

2357 11 13

Tree display of verb

Boxed display

Tree display

Linear display

Classes of names (noun O, verb 3)

List of namesin class 3



Appendix A p214 shows all uses of the foreign conjunction.
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Insert m u Table
u/y appliesthedyad u between the If x and y are numeric lists, then x
itemsof y . Thus: */ 'y istheir multiplication table.
. Thus:

m=: 1. 3 2

m(+/m;(+/"1 m;(+2 3 4) 123* 4567
e e e T s o 4 5 6 7
|0 1|6 9|1 5 9|9 8 10 12 14
|2 3| I || 12 15 18 21
| 4 5] I | |
L A e In general, each cell of x isapplied to

theentireof y. Thus x u/ vy is
equivalentto x u"(lu, ) y where
| u istheleft rank of u .

my inserts successive verbs from the

gerund m between items of vy,

extending m cyclically asrequired.

Thus, +'*/i.6 is 0+1*2+3*4+5. Thecase */ iscalled outer product in
tensor analysis.

If y hasnoitems (thatis, 0=#y), theresult of u/y isthe neutral or identity
element of the function u. A neutral of afunction u isavalue e suchthat x u e
o X OFr e ux o x, forevery x inthedomain (or some significant sub-
domain such as boolean) of u . Thisdefinition of insertion over an argument
having zero items extends partitioning identities of theform u/y « (u/k{.y) u
(u/k}.y) tothecases k e. 0, #y.

Theidentity function of u isafunction ifu suchthat ifuy o u/y If O=#y.
The identity functions used are:

| dentity function For
$0@ . @ < + - +  ~ | (2456Dhb)
= < 0> % . % A
$21@ . @ o) Yo Yo (19 11 13
$& @. @ <.
$& @. @ >



i @08 ) @28}.)@
i @&.)@. @
=@.qL&.)@. @&

i fu@

$&(vr: 1 ifus0) @. @

%
u/

u&. v

+ .



Oblique ni .

u/ .y applies u to each of the oblique
lines of atable y . For example:

i.3 4
01 2 3
45 6 7
8 9 10 11

</. 1.3 4
S e e I
|0|1 4|2 5 8/3 6 9|7 10| 11|
S e e I

In general, u/.y istheresult of
applying u totheobliquelinesof _2-
celsof y. If therank of y isless
thantwo, y istreated asthetable , .y

m .y applies successive verbs from
the gerund m to the oblique lines of _2-
cellsof y, extending m cyclicaly as
required. Thus:

<(<@.) /. 1.3 4
Tt
|0]4 1|2 5 8|9 6 3|7 10|11
Tt

u/ .
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Key

X ul.y o (=x) u@ vy, thais,
items of x specify keysfor
corresponding itemsof y and u is
applied to each collection of y having
identical keys. For example:

1231321«</.
R
| adg| bf | ce|
R

"abcdef g’

x m .y appliessuccessive verbs from
the gerund m to the collections of v,
extending m cyclicaly asrequired.

The application of afunction to diagonals of atable is commonly useful, asin
correlation, in convolution, and in products of polynomial coefficients (or,
equivalently, products of numbersin afixed base). For example:

t= p* g p= 12 1] g=

t ; (+/.1)

11 &+ 1.@*))

1331

(i.6) 1



|1331/15101051/10 0 0 0 O
|2 6 6 2| |11 0 00 0
|13 3 1] |12 1 00 0
| | |13 3 100
| | |14 6 410
| | |15 10 10 5 1]
Fomee oo oo oo +

((10#.p)*10#.q), 10 #. +//. p */ q
161051 161051

Unlike polynomial coefficients, the diagonal sums of a multiplication table of
digits should be "normalized" if any equal or exceed the radix.
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Grade Up [ Sort Up
/ . grades any argument, yielding a x/:y is (/:y){x; i.e, x issorted to
permutation vector; (/:y){y sorts y  anorder specified by y . In particular,
in ascending order. For example: yl:y (or /:~y) sorts y . For
example:
n=: 3142133
lg=: /i n y=: ' popfly'
1430562 y/: 3141509
of pply
g{n
1123334 y Iy
fl oppy

Elementsof /:y that select equal elementsof y areinascending order. If y isa
table, /:y gradesthe base value of the rows, using a base larger than twice the
magnitude of any of the elements. Higher ranks aretreated as , .y , (asif itsitems
were each ravelled).

If y isliteral, /:y gradesaccording to the collating sequence determined by the
alphabet a.; another collating sequence cs can beimposed by grading cs i. vy
. For example:

]Jn=: 31416,27 183,:61803
31416
27183
61803
/1 n
102
Aa=: ' ',. a. {~ 65 97 +/ i. 26
Xx=: words=: >;: '\When eras die'

j=0 <./Aai."1l _x

X 5 (x/:x) ; (x/:]) ; Aa
T TSy +
| When| When| di e | ABCDEFGH JKLMNOPQRSTUWWKYZ|
| eras| di e | eras| abcdef ghijkl mopqgrstuvwxyz|



| di e | eras| Wen| |
T Sy +

The three types. numeric or empty, literal, and boxed, are so ordered; within them,
alower rank precedes a higher, and a smaller shape precedes alarger. Complex
arguments are ordered by real part, then by imaginary. Boxed arrays are ordered
according to the opened elements.
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Prefix m u _ 0 _ | nfix
u\y has #y itemsresulting from If x>:0, theitemsof x u\ y result
applying u to each of the prefixes from applying u to each infix of
k{.y, for k from 1 to #y . length x . If x<0, u isappliedto non-

overlapping infixes of length | x,

my appliessuccessive verbsfromthe  including any final shard.

gerund m to the prefixesof vy,

extending m cyclically asrequired. x m y appliessuccessive verbsfrom
the gerund m to theinfixesof vy ,
extending m cyclicaly asrequired.

+/\a=: 1 2 4 8 16 Subtotals, or partia sums
137 15 31
*\a Partial products
1 2 8 64 1024
<\a
R pupepe S PR S TR +
[1]1 2]1 2 41 2 4 8|12 4 8 16|
R pupepe S PR S TR +
<\i.3 4
S PR S PR S P +
|01 23012301 2 3|
| |4 56 7145 6 7
| | |8 9 10 11|
S PR S PR S P +
(+/\"~:_1 +/\ a) ,: */\~:_1 a
124816
1222 2

The following examplesillustrate the use of the dyad infix:

((2: -I\1) ; (2: -~I\ 1)) a Backward and forward differences
o m e e RS +



| 1 2 4 8|12 4 8

((3: <\ ]) ,& (_3: <\ ])) 'abcdefgh'
o e e m e e e e oo S +
R e e e e i o I S e e |
| | abc| bcd| cde| def | ef g| f gh| | | abc| def | gh] |
R e e e e i o I S e e |
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Suffix m. u. _ 0 _ Outfix
u\.y has #y itemsresulting from If x>:0 in x u\. y, then u applies
applying u to suffixesof vy, to outfixes of y obtained by

beginning with one of length #y (that  suppressing successive infixes of
Is, y itself), and continuing througha  length x . If x<0, the outfixes result

suffix of length 1 . from suppressing non-overlapping
infixes, the last of which may be a

m .y applies successive verbs from shard.

the gerund m to the suffixesof vy ,

extending m cyclically asrequired. x m .y appliessuccessive verbsfrom

the gerund m to the outfixesof vy,
extending m cyclicaly asrequired.

*I\. y= 12345
120 120 60 20 5

ALy
R Foeea - e +-- -4+

|1 23 45|23 4534 5|4 5|5
oo Fommm e Fomm o e -+

3 <\. 'abcdefgh'
+--- - - +--- - - +--- - - +--- - - +--- - - +--- - - +

| def gh| aef gh| abf gh| abcgh| abcdh| abcde|
+--- - - +--- - - +--- - - +--- - - +--- - - +--- - - +

3 <\. '"abcdefgh'

+--- - - +--- - - B +

| def gh| abcgh| abcdef |

+--- - - +--- - - B +
Jme: 1.3 3

012

345

6 7 8

<" 2 (mnors=: 1&(|:\.)"2":2) m



S
|4 5|3 5|3 4
|7 8|6 8|6 7|
S
|1 2|0 2|0 1]
|7 8|6 8|6 7|
S
|1 2|0 2|0 1]
|4 5|3 5|3 4
S
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Grade Down \. Sort Down
\ . grades any argument, yielding a x\:y is (\:y){x; i.e, x issorted to
permutation vector; (\:y){y sorts y  anorder specified by y . In particular,
in descending order. For example: y\:y (or \:~y) sorts y .
lg=:\:y=:3142133 For example:

20563114
\:~"1 "dozen', :'disk
o{y zoned
4 333211 skid

Elementsof \:y that select equal elementsof y arein ascending order. If y isa
table, \:y gradesthe base value of the rows, using a base larger than twice the
magnitude of any of the elements. Higher ranks aretreated as , . y (asif theitems
were each ravelled).

If y isliteral, \:y gradesaccording to the collating sequence specified by the
aphabet a. ; another collating sequence cs can beimposed by grading cs i .
y . For example:

] 1416,27183,:61803

n=. 3
4 6
1 3
8 3

o N W
N
O W -

\:'n
201

\:~ >;:"when eras die, their |egacies'
when
their
| egaci es
eras
die

See Grade Up (/:) for the treatment of complex and boxed arguments.






Same [

Themonads [ and ] areeach
identity functions; each yields its
argument.

For example:

n=: i. 23
a=: 'abcde'

([\ : I\ : [\. : ]\.) ' ABCDEF
Fommo o Fommo o Fommo o Fommo o +
| A | A | ABCDEF| ABCDEF|
| AB  |AB | BCDEF | BCDEF |

| ABC |ABC | CDEF |CDEF
| ABCD |ABCD |DEF | DEF
| ABCDE | ABCDE |EF | EF

| ABCDEF| ABCDEF| F | F

- - - - +
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L L eft, Right
x [ y (left bracket) yieldsthe left
argument x, and x ] y (right
bracket) yields the right argument y .
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Cap [ : Cap

[: capsaleft branch of afork, asdescribed in Section Il F p68. For example, the
function p=: [: + + * - appliesthemonad +/ totheresult of thefork + *

Caps make it possible to define awider range of functions as unbroken trains. For
example, the maximum divided by the product of the sum and difference would be
defined by a single train, whereas (without the use of the cap) the definition of the
maximum divided by the (monad) floor of the product of the sum and difference
would require the use of trainsinterrupted by the monad. Thus:

f= > %+ * -
g=: > %<. @(+* -)

2.5f 4
_0.410256

2.5 g 4
0.4

The cap makes possible the use of an unbroken train as follows:

h=: > %[: < + * -
2.5 h 4
0.4

Since the domain of the cap is empty, it can be used (with :) to define afunction
whose monadic or dyadic case invokes an error. For example:

abs=: | : [:
res=: [: : |
res 405

| val ence error: res

| res 405

abs 4 05



405

3res 405
202

3 abs 405
| val ence error: abs
| 3 abs 4 05



Catalogue { 1

{y formsa catalogue from the atoms
of its argument, its shape being the
chain of the shapes of the opened items
of y . The common shape of the boxed
resultsis $y . For example:

{ "ht';"ao" ;"' gtw
e
| hag| hat | haw
e
| hog| hot | how
e
e
| tag| tat]|taw
e
| tog|tot|tow
e

The Cartesian product is readily
defined interms of { , thus:

CP=: {@, &)

01CP2 34
R N DR S
|0 2|0 3|0 4]
R N DR S
|1 2/1 3|1 4]
R N DR S

t=: 3 4 $ 'abcdefghijkl’

t; ({t); (2 {t); (1{"1 t);
T =

| abcd| ef gh|ij kl | bfj|b|cb|

| ef ghl | efgh|  [f]|gof]

ENR I | ik

(C.D{"11t);
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0 From

If x isaninteger inthe range from -
n=: #y to n-1, then x{y selects
item n| x fromy . Thus:

20 1 3{ 'abcdefg
cage

t=:3 4%' abcdef ghi j ki
1{t
ef gh

More generally, >x may bealist
whose successive elements are
(possibly) boxed arrays that specify
selection along successive axesof y .

Finally, if any r=:>j {>x usedinthe
selection isitself boxed, selection is
made by the indices along that axis that
do not occur in >r .

Note that the result in the very last
dyadic example, that is, (<<<_1){m,
isall except the last item.

(2 1{"1 t)



T

t; (2 0{t); ((<2 0){t); ((2 0;1 3){t); ((<2 0;1 3){t)
T
| abed|ijkl|ilih]j!]
| ef gh| abcd| | | bd]
[ 1]kl [ T

e

(_{m; (1{"2mM; (1{"1 mM,; (<<<DD{m=:i.2 34
R R S pp——— RN +
| 12 13 14 15| 8 9 10 11] 3 7 11]01 2 3|
| 16 17 18 19|20 21 22 23|15 19 23|45 6 7|
| 20 21 22 23| | |8 9 10 11|



Head {.

{.y selectstheleadingitemof y, or
anitem of fillsif y hasno items; that

is, {.y o 0{1{.y. Thus:

a=: i. 323

a;({.a);({."2 a);({."1 a)
e S oo oo oo deS oo o e S oo oo oo deS oo o +
| 0 1 2012 0 1 2 0 3|
| 3 4 5345 6 7 8 6 9|
| | | 12 13 14| 12 15|
| 6 7 8| I I I
| 9 10 11| | | |
I I I I I
| 12 13 14| | | |
| 15 16 17| | | |
e S oo oo oo deS oo o e S oo oo oo deS oo o +

]b=: ;/a
deS oo o 4o 5 o oo o o e S oo oo oo +

|012/6 7 812 13 14|
|3 4 5/9 10 11|15 16 17|
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1 Take

If x isanatom, x{.y takesfrom y
aninterval of | x items; beginning at
thefront if x ispositive, ending at the
tail if it is negative.

In an overtake (in which the number to
be taken exceeds the number of items),
extraitems consist of fills; zerosif y
iIsnumeric, a: if it isboxed, spacesif
literal, and s: iIf symbol. Thefill
atom f isalso specified by fit, asin
{1 f.

In generd, if y isnot anatom, x may
be alist of length not morethan $3$y ,
andif y isanatom, it isreplaced by
((#x) $1) $y . Element k produces
(k{x){."(($%y)-k) y; aninfinite
valueisreplaced by the length of the
corresponding axis.

The following examplesillustrate the use of the dyad take:

y=:i. 34

Y, (2{.y);(5{.y);(_5{.y);(_6{."abcd"); (2 _3{.y)
+

S U +----
2 300 0 O

|01 2 31012301

----- g

abcd| 1 2 3|



|5 6 7|

|45 6 7/1456745 6 700 0 O

-+
1

1

"

1

- 4
1

1

1

"

1

- 4
MM~
—
N©Oo
—
—“AwWo .
o< © .,
4
— O O .
— 1
oo o .
— 1
oo0o .
oo .
=4
1

1

1

1

"

1
-4
— 1
— 1
o "
— 1
o "
o) "
=4

=

(@)

Y
-+ — +
O+ — +
T + — +
O+ — +
- [
> > P e
- 1 O
— . O | o
= — c + — +
. - i O
— AN T © B
- 1 O
AN | o + —+
— 1 o Lo le)} _m_
| |
O < O < + — +



Map {::

{::y hasthesameboxingas y and
its elements are the paths to each |eaf
(each open array).

pl41

1 Fetch

x{::y fetchesasubarray of y
according to path x ; the selection at
each level isbased on { and, except at
the last level, must result in an atom.

Map and Fetch can be modeled as follows:

(<"0 X.,& ><"0 cat y.) nmapp& > vy.

cat = { @ (i.&> @ $
mapp =: 4 : 'if. L. y. do.

el se. >x. end.’
map =: a:&rmpp
fetch= >@{&/)@<"0@.a@ ,

<@) "1

The following phrases illustrate the use of Map and Fetch:

] y== 12 3;4 5;i.
+--- - - S +
|12 345 O
| | | 5 6 7 8 9|
| | 10 11 12 13 14|
| | 15 16 17 18 19|

(2; 1 _D{::y
(.1;34) {::y
{::y

{::cat L: Oy

The number 19
The number 19
Paths to each open array
Paths to each open scalar

] t= 5!1:2 < fetch’ An array with an interesting structure
e e
I R e +H "1 |
[ | +-+-+----------- HA@+------- e I + | | |
> @+------- ot | | san ok I IR I B
LET T A==t P T+ t-+--+ @[] [[<I@IIII] | |
T I O O IR I O I e CC Y O N O el e ol I I O R
T T e e 1 1 S O Y B I B OO N



(0;2;0;0;0){:: t
(0;,2;0;0;0; _1){::
t ,&& L: 01 {::
<S 0t

<S 1 {::t

t ,& S 0 1 {::
#0: S Ot

t

t

t

Fetch the subarray corresp. to <" 0 in
t

Fetch the 0 inthat

Label each leaf with its path

The boxed leaves of t

The boxed paths of t

A 2-column table of leaves and paths
The number of leavesin t
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ltem Amend m Amend

If misnumericand z=: n} y, then If misnotagerund, x n} y is
$z equals $m, which equalsthe shape formed by replacing by x those parts
of anitemof y. Theatom j{z is of y selected by m&{ . Thus:

i {(i{m{y . For example: y; "' (13,2 _ 1)}y

y= a.{~(a.i."A)+i.4 5 t----- t----- +
m: 31021 | ABCDE| ABCDE]|
y . m; ny | FGHI J| FGHd |
PR PR PR + | KLIMNQ| KLMN* |
| ABCDE| 3 1 0 2 1| PGCNJ| | PQRST| PORST]
| FGHI J| | | Heoc-- Heoc-- i
| KLMNG I I _
| PQRST| | | $x must be asuffix of $n{y , and x
eEErE e to-- - + has the same effect as ($m{y) $, x .
Thus:
y; 'think' 1 2} vy
frocooc o cooc +
| ABCDE| ABCDE|
| FGHI J| t hi nk]|
| KLMNQ t hi nk]|
| PORST| PQRST]|
frocooc o cooc +

If m isagerund, one of its elements determines the index argument to the adverb
} , andthe others modify the arguments x and vy :

X (vO'vl'v2)} vy o (xVv0Oy) (x vliy)} (x v2y)
(vO vl v2)} vy - (vly)} (v2y)
(vi'v2)} y - (vliy)} (v2y)

For example, the following functions E1, E2, and E3 interchange two rows of a
matrix, multiply arow by a constant, and add a multiple of one row to another:

El=: <@ C |



E2=: f g [}

E3=: F g [}

= {@ *{ @ {I

= [+ (1, {:@) * (}:@ { [)

g= {.@

M= 1. 45

M(ME1 1 3);(ME2 1 10);(ME3 1 3 10)
e oo o e oo o e oo o o e meeea oo
+
| 0 1 2 3 4 0 1 2 3 40 1 2 3 4 0 1 2 3
4|

| 5 6 7 8 9|15 16 17 18 19|50 60 70 80 90| 155 166 177 188
199|

|10 11 12 13 14/ 10 11 12 13 14|10 11 12 13 14|

10 11 12 13 14|

|15 16 17 18 19| 5 6 7 8 9|15 16 17 18 19|

15 16 17 18 19|



p143

ltem Amend u} Amend

u} isdefined intermsof the noun case n} , theverb u applying to the
argument or arguments to provide the numeric indices required by it.

For example:

x=: 100 +i. 2 4

u=: */ @@ | (5 *i.@dA@)

y=: i. 3214

X5y, (xuy); (xu}y)
oo Fomm e o oo oo +
| 100 101 102 103 0 1 2 3| 0 5 10 15|100 105 2 3|
| 104 105 106 107] 4 5 6 7/201 6 11| 4 101 106 7|

| | 8 9 10 11] | 8 9 102 107|
| | 12 13 14 15| | 12 13 14 103
I I I I I
| |16 17 18 19| | 16 17 18 19|
| | 20 21 22 23| |104 21 22 23|
i oo Fomm e i +

The positions selected by x u} y may be made to depend on either or both of the
arguments x and y , and related adverbs can be defined for convenient usein
common cases. For example:

A= Qi B@)
u=: (<0 1)¢&:
x=: '"DIAG [ y=: a. {~(a. i. 'a") +i. 45
X;y; (x u Ay);(x u Al y)
B Fomm e +--- - - +
| DI AG abcde| 0 6 12 18| Dbcde|
I | fghij] | f1hij]
| | kI mo| | kI Ano|
I | par st | | par G |
B Fomm e +--- - - +

Also seethe case n} for the use of gerunds.



Behead

}. dropsthe leading item of its

argument.

| FGHI J|
| KLMNO|

(_2}.y)

F----- F----- F----- e

(6}.y) ;

1
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Drop

x }. y drops(at most) | x items
from y, dropping from the front if x
is positive and from the tail if negative.

In generd, if y isnot anatom, x may
be alist of length a most r =: $$y, and
the effect of element k is (k{x)
}."(r-k) y; if y isanatom, the
resultis (0=x) $y .

i. 45

($ 6}.y)

(}."

1y);

(3}."

1y)



| KLMNO| ABCDE] | 0 5| BCDE| DE|
| PQRST| FGHI J| | | GHII1
I I I I | LMNG NGO
I I I I | QRST| ST

Fomm - Fomm - Fomm - oo -+
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Curtail }:

}:y dropsthelastitemof y, andis
equivalentto _1 }. y. Thus:

]Jy=: a. {~(a. i. "A") +i. 45
ABCDE
FGH J
KLMNO
PQRST

| ABCDE| PQRST|
| FGHI J| |
KLMNO |

I
Fomm - Fomm - +

g=: }: ,.@ {:

| FGHI J|
| KLMNO|
| PQRST|
S +



ABCD
FGHI
KLMN

PQRS



Rank

m' n
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Theverb m'n produces the constant result m for each cell to which it applies.
Therank usedis 3 $& |. n. For example, if n=:2, thethreeranksare 2 2 2,
andif n=: 2 3, theyare 3 2 3. A negativerank iscomplementary: ni (-r)
y isequivalentto nt (0>. (#$y)-r)"_ vy.

Thus:
v= 2 3
m=: i. 2
m; (mo0
Fomm o +
[0 12]01
|3 4 5|3 4
I I
| [0 1
| |3 4
I I
| [0 1
| |3 4
I I
| [0 1
| |3 4
Fomm o +
vt 12
012
345

5 7
3

v) 5 (nf'l v);

2/0 1 2]
5|3 4 5
I I

I
I
I
I
5] I
I
I
I

01 2|
3 4 5]

01 2
3 4 5]
I
I
I
I
I
I

(M1l m

Theverbs _9: through 9: areconstant verbs, equivalentto 9" through 9"

. For example

odds=: 1:

odds 5
135709

+ 20 F
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Rank u"n

Theverb u"n applies u to each cell as specified by therank n . Thefull form
of therank usedis 3 $& |. n.For example, if n=: 2, thethreeranksare 2 2
2, andif n=: 2 3, theyare 3 2 3. A negative rank iscomplementary: u" (-
r)y y isequivaentto u" (0>. (#$y)-r)"_y

(1 :, ; .,"2) y= a {~(a.i."A) +i. 234
e e e e e e e e eeaeaaaas U +
| ABCD| ABCDEFGHI JKLIMNOPQRSTUVWK| ABCDEFGHI JKL |
| EFGH| | MNOPQRSTUWK|
| 1 IKL| | |
I I I I
| MNCP| I I
| QRST] I I
| UWK| I I
e e e e e e e e eeaeaaaas U +
(<"0 <"1 <"2 <"3 ,&& <" 1) y Boxingofranks 0 1 2 3 _1
S IS S S +------ S +
I i S e I e e B e el I o [ S P o
| | Al'Bl Cl DI | | ABCD| EFGH I JKL]| | | ABCD| MNGP| | | ABCD| | | ABCD| MNGP| |
| +- +-+-+-+| +----+----+----+| | EFCH QRST| | | EFGH| | | EFGH| QRST]| |
|1 El Fl G H | | MNOP| QRST| UVWK| | | I JKL| UVWK| | | I IKL] | | I IKL] UVWK] |
R s o e B R I SR S [ | +----+----+4|
[TTITKIL] I | | MNGP] | I
| +- - 4= +- 4 I | | QRST] | I
I I I | | UVWK] | I
| +- +- +- +- +| | | +----+ |
[IMNQ P[] I I I I
| +- - 4= +- 4 I I I I
[ TQAR S| T]| I I I I
| +- - 4= +- 4 I I I I
| TUVIW X[ I I I I
| +- - 4= +- 4 I I I I
S IS S S +------ S +

| * abcde| 12 15 18 21|12 15 18 21|



| # abcde| 48 51 54 57|48 51 54 57|
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Assign Rank mv u'v mvlv ryv

Theverbs nfv and u"v areequivalentto ni'r and u"r, where r isthelist of
ranks of v . Theresults may be examined by using the basic characteristics
adverb b. to obtainranks.

For example:

b. 0

% b. O
2 2

ravel =: , " %

ravel b. O
2 2

lJy=: a. {~(a. i. "A) +i. 2314
ABCD
EFGH
| JKL

MNCP

QRST
UVWK

Y
ABCDEFGHI JKLMNOPOQRSTUVWK

ravel vy
ABCDEFGHI JKL
MNOPQRSTUVWK



Do "

".y executesthe sentence y. If the
execution results in a noun, the result
of ".y isthat noun; if the execution
result isaverb, adverb, or conjunction,
theresult of ".y isanempty vector.

For example:

. s=: '5 * a=: 3 +i. 6
15 20 25 30 35 40

a
345678

do=: ".
dot= "3 %5
0.6
do |. t
1. 66667
$ do "'
0
] programs: 'a=: 273" ,:
a=: 2"3

|5*al
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Numbers

x".y convertscharacter array y into
numbers. The shape of theresult is
(}:%$y), (1=n)}.n where n isthe
maximum number of numbersin any
row. x isascalar number used to
replace illegal numbers and to pad
narrow rows. In the conversion, the
normal rules for numeric constants are
relaxed as follows:

. thenegativesigncanbe - or _

. commas within numbers are
ignored

. fractions need not have adigit O
before the decimal point



5*a

do program
8 40

do 'sunk: +/'

suml 2 3 4
10
s ; 999", s=: '"1 2 3,'-4 .5 ,:"bad 3, 141
R Fom e e oo o +
|1 2 3 | 1 2 3|
|-4 .5 | 4 0.5 _999|



Default For mat

Default output isidentical to this
monadic case, providing a minimum of
one space between columns. For
example:

] 2

ext=: ": i. 5

0
5

NN

X
3
8

© bl

1
6
$ text

29

3 + text
| dormai n error
| 3 +text
"RH . text
* 2 34
789

01
#5 6
: "abcd'
abcd

$ n

6j2 ": n= %i. 2 4
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1 Format

x":y produces aliteral representation
of y inaformat specified by x . Each
element of x isacomplex number w
j. d, controlling the representation of
the corresponding column of y as
follows:

| w specifies the width allocated; if this
space isinadequate, the entire space is
filled with asterisks. If w is zero,
enough space is allocated.

| d specifies the number of digits
following the decimal point (itself
included only if d isnot zero).

Any negative sign is placed just before
the leading digit. If w>: 0 and d>: 0,
the result is right-justified in the space.
Otherwise (if w<0 or d<0), theresult
IS put in exponential form (with one
digit before the decimal point) and is
|eft-justified except for two fixed
spaces on the left (including one for a
possible negative sign).

Theformat w+d%d0 (or itsnegation) is
obsolescent; e.g. _7. 2 instead of
_7j 2.

See below for boxed arguments.



| 1 0.5 0.333333] _1.00 0.50 O.33

| 0.25 0.2 0.166667 0.142857| 0.25 0.20 0.17 0. 14|

o e e aao o e aa o +
(7] 2 -n) 5 (32 n)

o e e eeee o oo +

| 1.00 _O 50 _O 33' _*********l
| ~0.25 0.20 _0.17 0. 14'************|

6/3 0j 6 ": 1r2 ~ 1 1000 *"1 i.5 2
1.000 9.332636e_302
0.250 8.128549e_ 904
0.063 7.07981le_1506
0.016 6.166381le_2108
0.004 5.37080le_2710

Thefit conjunction (!.) and 9!: 10 p223 specify the number of digitsfor
floating-point numbers. For example:

For a boxed right argument, a two-element left argument specifies position in the
display, using 0, 1, and 2 for top/center/bottom, and left/center/right. 9!: 16

p223 and 9!:17 p223 gpecify the default positions. 9!: 6 p223 and 9!:7
p223 specify the box drawing characters used.

x=: 23 8% (2 #& > 1+i.6) $& > 'abcdef’
(" x) ,. (21" x)

B +-- o - o - T SR Y +-- o - o - +
| a | bb | ccc [ ] | | ccc |
| | bb | ccc [ ] | bb | ccc |
| | | ccc |[] a | bb | ccc |
B +-- o - o - T SR Y +-- o - o - +
| dddd| eeeee| ffffff]| | | fEfFff]
| dddd| eeeee| ffffff]| | eceee| fFfFff]|

| dddd| eeeee| fFfff||dddd| eeeee| ffffff]|
| dddd| eeeee| fFfff||dddd| eeeee| ffffff]|
| | eeeee| fTFfff||dddd| eeeee| ffffff]|
| | | ffEFff||dddd| eeeee| ffffff]
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Tie mn mV uUn uyv

In English, agerund is anoun that carries the force of a verb, as does the noun
cooking in the art of cooking. The tie appliesto two verbs to produce a gerund.
Gerunds are commonly used with insert (/ ) and with agenda (@ ):

lg= +~
+- +-+
|+
+- +-+

(g/1 2 3 45) ; (1+2*3+4*5H)
e
| 47| 47|
e

More generally, tie produces gerunds asfollows. u'v is au, av, where au and
av arethe (boxed noun) atomic representations (5!:1 p220) of u and v .

Moreover, mn ismn and mv is mav and u'n is au, n. See Bernecky and
Hui [12] p212. Gerunds may also be produced directly by boxing. Thus:

lh= "+ ; "*
+- 4o+
|+ *1
+- 4o+

h/1 2 3 45

47

The atomic representation of a noun (used so as to distinguish anoun such as ' +'
fromtheverb +) isgiven by the following function:

(ar=: [: < (,"0)"_: ]) "+



= (ar ' +)

-t -+
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N\

Evoke Gerund m:n

This conjunction is defined for three cases:

m- : 0 Append Appendstheresultsof theindividua verbs; the ranks are the
maxima over their ranks.

m : 3 Insert Insertsverbs between items. Equivalent to nt
m : 6 Train Resultisthetrain of individual verbs.

For example:
<+:'-:"%': 0a=: 12345

o e e e e e aoo - +

| 2 4 6 8 10|

|0.5 1 1.5 2 2.5]

| 1 0.5 0.333333 0.25 0.2

o e e e e e aoo - +

(+ b.0) ; (% b.0) ; (+% :0 b.0)
R S R S R S +

|0 002 _2_ _ |
S S S +

(+* ":3a) ; (+*a) ; (1+2*3+4*5)
oo - -+
| 47| 47| 47
oo - -+
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Atop u@ nmv lv rv

U@ y o uvy. Forexample, ++ @ x u@ y ~ u x v y. Forexample,
7 IS _14 (double the negation). 3+ @ 7 is_8 (doublethe
Moreover, the monadic usesof u@ difference).

and u&v areequivaent.

Because adverbs and conjunctions are (as stated more precisely inSection |1 E p67)

executed before verbs, phrases involving them are commonly used in trains
without parentheses. For example:

mean=: +/ % #
mean 1 2 3 4
2.5

f= +.@: + -.:@6 Addition table of doubled square and halved sgrt
f 1234

2.5 2.70711 2.86603 3

8.5 8.70711 8.86603 9

18.5 18. 7071 18.866 19

32.5 32.7071 32.866 33

Because a conjunction applies to the entity immediately to its right, expressions to
the right of conjunctions commonly require parenthesi zation. For example:

g=: *:@+/)
h=: *: @/
gl234
100
h1234
6770404

6770404

Compare the behaviour of @ withthat of @ . They differ only in the ranks of the
verbs that they produce.
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Agenda mdn m@dv nmv lv rv

m@ n isaverb defined by the gerund m with an agenda specified by n ; thatis,
the verb represented by the train selected from m by theindices n. If n is
boxed, thetrain is parenthesized accordingly. The case m@ v uses the result of
theverb v to perform the selection.

For example:
dor h=: +: @ (]1>9:) Double or halve (Case statement)
dorh ™ O prinmes=: 2 3 5 7 11 13 17 19

4 6 10 14 5.5 6.5 8.5 9.5

% rr @ * "0a= 210 1 2
1.41421 1 _ 1 4

g=: + -
x=: 1 23[ y== 6514

(x g@2: vy)
6 10 12
(] * <)y= 543210 Basis of factorial

20126 200

1. (] * <) @ (1: <]) "0y Case statement
2012 6 211

1. (] * $$xx)@(l: <])"0y Sdlf-reference for recursion
120 24 6 2 1 1

+-"%%@ (10 3;2 0)
(- +9% (=4

3+-"*"%@ (103,20 4
~12.8125



p155

At u@ v

@ isequivalentto @ except that ranks are infinite.

For example:

Applies product over sums to the entire lists

X * @+y Applies product over sumsto each item of thelist

' @ +b. O

* @+ b. O
00O
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&V ué&n
Bond

m&v y isdefinedas mv y; thatis, x m&v y o mlv”A:x vy
the left argument m is bonded with X U&N Y o Uu&n" X Y
thedyad v to produce a monadic

function.

For example:

10&'. 2 3 10 100 200
0.30103 0.477121 1 2 2.30103

baselOl og=: 10&".
baselOlog 2 3 10 100 200
0.30103 0.477121 1 2 2.30103

si ne=: 1l&o.
sine 0. 0 0.25 0.5 1.5 2
0 0.707107 1 10

Similarly, u&n y isdefinedas y u n; inother words, asthedyad u provided
with the right argument n to produce a monadic function. For example:

A&3 (1 2 3 4 5)
1 8 27 64 125

A& 3"0 (1 2 3 4 5)
1 1
4 8
9 27
16 64
25 125

Use of the bond conjunction is often called Currying in honor of Haskell Curry.



Thephrase x f@&0 y isequivalentto f~:x y, applythemonad f x timesto
y . For example:

fib=: (0 1,:1 1)&+ .*)@& & 0 1

fibi.10
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Compose u& nmv nv nv

U& v o u v y. Thus +: & 7 is X U y < (v x) u (v vy). For
_14 (doublethe negation). Moreover,  example, 3 +& 4 is 30, the sum of
the monads u& and u@ are factorials.

equivalent.

The monadic case is equivalent to the composition used in mathematics, but the
dyadic case opens up other possibilities. For example:

3 +&. 4 Sum of natural logarithms
2.48491
N3+ 4 Multiplication using natural logs
12
3 +&(10&".) 4 Sum of base ten logarithms
1.07918
10 ~ 3 +&(10&".) 4 Multiplication using base ten logs
12
3 +& M. 4 See the related conjunction under (&)
12

3 +& (108".) 4
12

Compare the behaviour of & withthat of & . They differ only in the ranks of the
verbs that they produce.
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Under u& v. nv nv nv

Theverb u & v isequivalent to the composition u & v except that the verb
obverseto v isappliedto the result for each cell. The obverseis normally the
inverse, as discussed more fully under the power conjunction ~:

3 +& ™. 4 Inverse of natural log isthe exponential
12

(M1 (M3)+H(M4)

12

(<b), <. b= 123; 2357 ; 'abcde
o e e e e e e e e oo o e e e e e e e e oo +
| +----- Hom e - +- - - +H +----- Hom e - +- - - +|
|11 2 3|2 3 5 7|abcde|||abcde|2 3 5 7|1 2 3|
| +----- Hom e - +- - - +H +----- Hom e - +- - - +|
o e e e e e e e e oo o e e e e e e e e oo +

each=: & > An adverb

(<]. & > Db),(<|]. each b) Reversal under open
o e e meeeaao oo o e e meeeaao oo +
| +----- oo - +----- H +----- oo - +----- +|
[13 2 1|7 5 3 2|edcbal||3 2 1|7 5 3 2| edchal |
| +----- oo - +----- H +----- oo - +----- +|
o e e meeeaao oo o e e meeeaao oo +

In mathematics, certain cases of under are called dual or, dual with respect to:

f= + & -. Dual with respect to boolean negation
fl~d=: 01

00

01
D= & -. The adverb dual with respect to negation

(+.D~d);(*./~d); (=D ~d); (~:/~d)
T I e
|0 0]0 0]0 1|0 1]
|0 1]0 1|1 0|1 O



Fom oo e e -

DW.=: & ". Dual with respect to natural logarithm
DAN=: & - Dual with respect to arithmetic negation
(3 + DAL 4),(3%4),(3 <. DAN 4) , (3 >. 4)

12 12 4 4
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Under U&. : v

u & : v isequivaentto u& (v"' ) .

+H&:"N. 2 3 4
24

+H&"™ 2 3 4
2 34
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Appose u&: v

& isequivalentto & except that the ranks of the resulting function are infinite;
therelation issimilar to that between @ and @ .

For example:

a=: 'abcd'" ; 'efgh
b=: "ABCD ; 'EFGH

a
Fom - - -+
| abcd| ef gh|
Fom - - -+

b
e
| ABCD| EFGH
e

a,&>»b
abcd
ef gh
ABCD
EFCGH

a.,& b
abcdABCD
ef ghEFGH

>Db. 0
00O

, &>Db. O
00O
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Roll ?7? 000 Deal

? y yieldsauniform random selection x ? y isalistof x itemsrandomly
from the population i .y . Therandom chosen without repetition from i .y .
seed used beginsat 775 (16807) and The corresponding use of ?. does not
is unaffected by theuse of 2. . affect the random seed.

Use of the fixed seed function ?. makes examples reproducible:

?. 6
0
?. 66 666666
042310414
6 ?. 6 A random permutation
512430
mean=: +/ %#
mean ?. 1000 # 6
2. 497
m=: ?. 448%$09 A random matrix for experimentation
m
16414
1066
8347
0046
-/ . * m The determinant of m
588
f= 2.@& %] - 1:
<36 f 9 Random 3 by 6 table in range zero to one with
resolution 9
o e o e e e e e e e e e e e eieaooo- +
|0.125 0.75 0.5 0.5 0.125 0|
| 0.75 0.75 1 0.375 0.5 0. 875]|
| 0 0 0.5 0.75 0 0.375|



The random seed (a beginning value for the pseudo-random number generator) is
set by the foreign conjunction using 9! : 1, and queried with 9!:0 .
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Alphabet/Ace a. a:

a. isalist of the elements of the alphabet; it determines the collating sequence
used in grading and sorting (/: and \:). Thecontent of a. aswell asthe
ordering of its elements may differ on different computing systems.

The number of elementsin the alphabet isgiven by $a., and a 32-column
display isgiven by an expression such as 8 32$a. . Theinclusion of certain
control characters (such as the carriage return) and non-printing characters make
such adisplay difficult to decipher, but the major alphabet is usually given by:

123{ 832% a.
| " #$9UR () *+, -./0123456789: ; <=>?
@ABCDEFGHI JKLMNOPQRSTUVWKYZ[ \ ]~ _
“abcdef ghi j kl mopqr st uvwxyz{|} ~

The index of the carriage return is commonly 13 (as may be tested by entering
13{a. ), and the indices of the space and other characters may be determined as
illustrated below:

a. i. 'aA +-*%
97 65 32 43 45 42 37

The ace (aunit, from Latin as) isdenoted by a: . It isthe boxed empty list <$0 .



pl163

Anagram | ndex A 10 _ Anagram
If T isthetableof al !I'n Theexpression k A. b permutes
permutations of order n arranged in itemsof b by the permutation of order

lexical order (i.e.,, /: T isi.!n), then #b whose anagram index is k .
k issaid to be the anagram index of
the permutation k{T .

A. appliedto acycle or direct
permutation yields its anagram index:
A 0321is5 asaeA 321
and A<3 1 and A0;2;:3 1.

For example:
(AL 0321, (A <31
55
A |. i.45
119622220865480194561963161495657715064383733759999999999
<: | 45x
119622220865480194561963161495657715064383733759999999999
tap=: i.@ A . Table of al permutations
(tap 3);(/: tap 3);({/\ tap 3);(/:{/\ tap 3)
+----- - +----- - +
|01 2012345012015 24 3|
[0 2 1] [0 2 1] |
10 2| |1 2 0] |
2 0| [2 0 1] |
0 1| |1 2 0] |
1 0] [1 0 2] |
+----- - +----- - +

Inparticular, 1 A. b transposesthelast twoitemsof b, and _1 A b reverses
thelist of items,and 3 A b and 4 A b rotatethelast threeitemsof b. For
example:



b=: ' ABCD

(032 1{b);(0321Ch);((<31)Chb):(3 4 Ab)
S

| ADCB| ADCB| ADCB| ACDB
| | | | ADBC]
S

(195 A b) : (19 |~ ! # b)
Fom oo+
| ADCB] 5|
| ADCB| |
Fom oo+



Boolean m b.

The monad is equivalent to a zero | eft
argument; that is,
mb. vy « 0 mb. y

pl164

00

If f isadyadic boolean function and
d=: 0 1, thend f/ d (or f/~d) is
its complete table. For example the
tables for or, nor, and, and not-and
appear asfollows:

(+./~;
d=: 01
e L L e
|0 1]1 0]0 O] 1 1]
|1 110 0|0 1|1 O]
e L L e

+:/~ *. [~

* /=)

If ordered by their tables, each of the
sixteen possible boolean dyads can be
characterized by itsindex k ; the
phrase k b. producesthe
corresponding function. Moreover,
negative indexing and array arguments
may be used.

m=16+k Specifies bitwise boolean
functions on integer arguments. An
argument atom is treated as a list of
length w of bits, where w isthe word
size of the underlying machine. For
example, 17 b. specifiesbitwise and.

Finally, 32 b. specifiesrotate, 33
b. specifiesshift,and 34 b.
specifies signed shift.

The following table lists all the possible boolean functions:



Ravelled

m Table Function

0O 16 16 00O0O 0
1 1517 0001 x *.vy
2 1418 0010 x>y
3 1319 0011 x
4 1220 0100 x<y
5 1121 0101 'y
6 1022 0110 x -~y
7 9 23 0111 x+. vy
8 8 24 1000 x + vy
9 7 25 1001 X =Yy
10 6 26 1010 -.vy
11 5 27 1011 x>y
12 4 28 1100 - X
13 3 29 1101 X <.y
14 2 30 1110 x*: vy
15 1 31 1111 1

32 rotate

33 shift

34 signed shift

Further examples:
(7 b./~; 8b./~; 1b./~; 14 b./~) d=: 01
LI e
|0 1|1 0|0 O] 1 1]
|1 10 0|0 1|1 O]
LI e

(1b/~; 3b/~; _15b./~) d negative indexing
S
|1 1]1 1]0 Of
|1 1]0 1]0 1|
S

(<"2) 201 ]|: 78115 b./~d array arguments
T g e

|0 1|1 0/0 O] 1 1]



|1 1/0 0/0 1|1 1]
S

12345 (17 b.) 67890
48

f=: (32#2)&#: { '.x'"

f 12345 67890 48

12345 (23 b.) 67890
12297

f 12345 67890 12297
XXXXXXXXXXXXXXXXXX., . XXXXXX. . . XXX
............... X. ... X..X..XX..X.
XXXXXXXXXXXXXXXXXXK, o XXXXXXXX. XXX

20 b./~i.10
01234567829
00224466838
01014545809
0000444488
0123012389
0022002288
01010101809
0O00O0O0OOOOO 88
0123456701
0022446600

23 b./\ 27i.10
1 37 15 31 63 127 255 511 1023

5 (33 b.) 12345

f 12345 385

5 (33 b.) _12345
134217342

f 12345 134217342
XXXXXXXXXXXXXXXXXX, . XXXXXX. .. XXX
..... XXXXXXXXXXXXXXXXXX, o XXXXXX.

5 (34 b.) _12345

bitwise and

bitwise or

bitwise less than table

cumulative bitwise or

shift

shift

signed shift



386
f 12345 386

XXXXXXXXXXXXXXXXXX, o XXXXXX. . . XXX

XXXXXXXXXXXXXXXXXXXXXXX, o XXXXXX.
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Basic Characteristics u b.

u b. y givestheobverseof u if y
is 1; itsranksif y is 0; andits
identity functionif y is 1.

For example:

A  F |
$1@}. @)

g=: +t&Q@*&3@:)
ly=: g5
77

g"_ly
5

gb _1
% @ Y&3) @ - &2)

% QY%&3)@-8&2) y
5

gb. O
000
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Characteristicor Eigenvalues c¢. 2 0 2

c. y Yyieldsthe characteristic,own,or 0 c. y isadiagona matrix with the
eigen values of itsargument, arranged  eigenvalues c¢. y onthe diagonal.

in ascending order on imaginary part Also, 1 c. y and 1 c. y arethe
within real within magnitude. An atom  left and right eigenvectors. If i=: _1
or list y istreated asthetable , .y . 01, then +/ . */ i c. yisy.

Not implemented in Release 4.01.



Cycle C.
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1 Permute

If p isapermutation of theatomsof i.n, then p issaidto be apermutation
vector of order n, andif n=#b, then p{b isapermutation of theitemsof b .

C. p yieldsalist of boxed lists of the
atomsof i . #p, caledthe standard
cycle representation of the permutation
p. Thus,if p=:4 5 2 1 0 3, then
C.pis(,2):4 0;5 3 1 becausethe
permutation p movesto position 2
theitem 2, to 4 theitem 0, to 0 the
item 4, to 5 theitem 3, to 3 the
item 1, andto 1theitem 5. The
monad C. isself-inverse; applied to a
standard cycle it givesthe
corresponding direct representation.

A given permutation could be
represented by cyclesin avariety of
ways, the standard form is made unique
by the following restrictions: the cycles
are digoint and exhaustive (i.e., the
atoms of the boxed elements together
form a permutation vector); each boxed
cycleisrotated to begin with its largest
element; and the boxed cycles are put
in ascending order on their leading
elements.

C. isextended to non-negative non-
standard cases by treating any
argument g asarepresentation of a
permutation of order 1+>./; q.

If p and ¢ are standard and cycle
representations of order #b, then p

C. b and ¢ C. b producethe
permutation of b . The arguments p
and ¢ can be non-standard in waysto
be defined. In particular, negative
integers down to - #b may be used,
and are treated as their residues modulo
#b .

If g isnot boxed, and the elements of
(#b) | g aredistinct,then q C. b is
equivalentto p C. b, where p isthe
standard form of q that is given by
p=:((i.n)-.n|q),n|q, for n=:#b.
In other words, positions occurring in
q are moved to thetail end. If g is
boxed, the elementsof (#b) | >j {q
must be distinct for each j , and the
boxes are applied in succession. For
example:

(21;301) C i.5
12304

(<21) C (<301) C i.5
12304

g=: C p=: 12304 a=
"abcde'
qg; (g C a ; (pC a ; (p

{ a)



Themonad C.!.2 computesthe
parity of apermutation p ; itis 1 or
_1 asthe number is even or odd of
pairwise interchanges necessary to get
p from theidentity permutation i . #p
(and 0 if p isnot apermutation). For

| +ee e 4

example: too--- to---- +
1 v= 2, (1.4) .2 4023 [WeeE e
2222 Foooes Foooes *
0123
1023
Cl.2x
01 1
Further examples:
]p=: 22 ?. 22 A random permutation of order 22
19 5108 14 16 20 4 0 18 151 9 12 3 2 11 7 17 21 13 6
C p Its cycles
S T o e o e o e e e e e e oo +
[15 2 10|16 11 1 5|21 6 20 13 12 9 18 17 7 4 14 3 8 0 19|
S T o e o e o e e e e e e oo +
* | #& C. p LCM of the cycle lengths
60
# ~ p&":(i.200) i.#p Size of the subgroup generated by p
60

Theverb CT computes the complete tensor of order n asasparse array; entry

(<i){CT n istheparity of theindex i .

Cl=: 3: '"(C!'.2p) (<"1 p=.

NNRFELEFELOO

R ONONLER
OHOI\JHI\JQ

3
I
| _
I
I
I
I

PR RRRP R

(i.'y.) A

i.y.)}1$. $~y. "



"1 0012 {~ > i.& > $~3

Determinant



Derivative ud. n

u d. n islike u D. n exceptthat u
istreated as a rank-0 function.

(1: + _3& + *:) d. 1
_3 2&p.

(1: + _3& + *:) d. 2
2"0

(1: + 3& + *:) d. 3
0" 0

Nodo L
%

(~ o * *r) do 1
(%* *:1) + "~ * +

(*. %*:) d. 1
((%* *:) - A * +) %0 00 0 1&p.

(. @*:) d. 1
. * YD

*d 1
0 0 0 0.33333333333333331&p.

%d. 1

= 3 2 10123

o
D
N
o R
N X
D
o |

0

pl168
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Derivative mD. n uD n nu

u D. n isthen-thderivativeof u, and u’v D. n is u withanassigned n-th

derivative v . For example:
(cube D. 1;cube D.2; (cube=: 7&3"0) D.3)y=: 2 3 4
foococooo foococooo o ocooo +

|12 27 48|12 18 24|6 6 6|
e cocococoaoc e cocococoaoc Feoeeaa +

The derivative applies to constant functions, polynomials, the exponential ~, the
integral powers ~&n, andthoseassignedby u'v D. n. Itasoappliesto
functions derived from these by addition, subtraction, multiplication, and division
(u+v, etc.); by the composition u@; and by theinverse u~: _1. Sincefunctions
suchas j. and - (negation) and % (squareroot) and 1&o. (sin) and 6&o.
(cosh) may all be so derived, they are also in the domain of the derivative. Others
are treated by approximation. The derivative of an arbitrary function may also be
treated by a polynomial approximation, (provided by the matrix divide), or by
approximations using the secant slope D

If theargument rank of u is a and theresult rank is r, then the argument rank
of u D.1 isaso a, butitsresultrankis r+a: theresultof u D. 1 isthe
derivative of each atom of the result of u with respect to each element of its
argument, giving what is commonly referred to as the partial derivatives. For
example:

volunme=: */"1
VOLUMVES=: */\"1
(vol une; vol une D. 1; VOLUMES;, VOLUMES D. 1) vy

S - - +
| 24|12 8 6|2 6 24|1 3 12|
| I |02 8§
| I |00 6
S - - +
determ nant=: -/ . *

per mnent=: +/ . *



(];(determnant D.1);(permanent D.1))nm=: *:i.3 3

| 0 1 4| 201 324 135|2249 1476 1017|
| 9 16 25| 132 144 36| 260 144 36|
|36 49 64] 39 36 9] 89 36 9

Theadverbs D=: 1 : 'x."0 D.1' and VD=: 1 : 'x."1 D.1' assgnranksto
their arguments, then take the first derivative; they are convenient for usein scalar
and vector calculus:

sin= 1&o.
x=: 0.5pl _0.25p1
(*/\ VD y);(sin x);(sin D x);(sin DD x)



1
. 405

in
in
. 405
. 487
. 498

| o
.50
%y
.50

f=:
g=:

log Di1 y
465 0. 287682

cr=: 10.10
cr log D:1/y
465 0. 287682
902 0. 327898
754 0.332779
0.5 0.333333

gD1ly
. 333333 0. 25

. 333333 0. 25

H@*:"1
H@*:\"1

u D n

0. 223144

.01 le_8

0. 223144
0. 246926
0. 249688

0. 25
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mu nmu Secant Slope

x u D 1 vy isthesecant slope of the
function u through the points y and
y+x . The secant slopeis generalized
tothecase x u D. n y inthemanner
of the derivative D. . The argument x
may be alist, giving several slopes.

In the general case, each item of x has
theshape {. $$"r y,where r isthe
rank of u, therefore specifying the
increment in each possible direction.
Anargument x of lower rank is
extended in the usual manner. For
example, x=: 1e_8 providesthe
same increment in each direction and,
because of the small magnitude, yields
an approximation to the derivative.



(fy); (LfD1ly); (10.11e8f D1y

[29]5 7 9] 5 0.61 8e_8§|
|| | 50 6.1 8e_ 7|
[ | 5e8 6. 1le7 8|

Fomm o R +
|4 13 29|5 0 O]
| |5 7 0]
| |5 7 9]



Razeln e.

e.y produces aboolean result that
determines for each atom of y
whether its open contains an item of
therazeof vy .

For example:

Jy=:"abc';"'dc';"'a
+- - o - - -+
| abc| dc| a|
+- - o - - -+

Y
abcdca

e. y
111011
001110
100001

f= ] e. ~&/

fy
111011
001110
100001

"cat' e. 'abcd'
110

]z=: 2 3%' catdog’
cat
dog

'cat e. z
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Member (In)

If x hasthe shapeof anitemof vy,
then x e. y is 1 if x matchesan

itemof y. Ingenera, x e. y o
(#y)>y i. x.

The fit conjunction provides tolerant
comparison, asin e.! .t .
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Member of
E.
- = Interval
Theonesin x E. y indicatethe
beginning points of occurrences of the
pattern x in vy .
For example
'co' E. 'cocoa'
10100
S #~ -. '**' E. s= '"Renove***nultiple**stars.’

Remove*nul ti pl e*stars.

] x=012,: 234

012
234

] y== 5] i. 57
0123401
2340123
4012340
1234012
3401234

x E. vy
1000000
0001000
0100000
0000100
0000O0O0O

($x) x&: ;. 3y
1000000
0001000
0100000
0000100
0000O0O0O
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Fix mf. uf.

If x isaproverb,then y=: x f. isequivalent toit, except that any names that
occur inthe definition of x are (recursively) replaced by their referents.
Consequently, any subsequent change in these referents that might change the
definition of x will not affect the definition of y .

If x isthe name of any entity (that is, a pronoun, proverb, pro-adverb, or pro-
conjunction), then ' x* f. isequivalent, but with all namesin its definition
recursively replaced by their referents.

x f. will not fix any part of x that contains $: .

For example:

sunkE: +/

mean=: sum % #

nor meE: - nmean

norma=: 2 345
1.5 0.50.51.5

N=: norm f.
N a
1.5 0.50.51.5

norm
- nean

N
- (+ %#H

sune: -/
norm a
2.5 3.54.55.5

N a
1.5 0.50.5 1.5

adv=: norm@
*: adv



norma :
adv

nor m@

"adv' f.
(- (-1 %#))@
"a' f.

2345
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Hypergeometric mH n 00O

The conjunction H. appliesto two numeric lists to produce a monad which is the
hypergeometric function defined in Section 15 of Abramowitz and Stegun [13]
p212; it isthe limit of the dyadic case, whose left argument restricts the number of

terms of the approximating series.

Asdiscussed in verson [14] p212, the conjunction is defined as follows:

rf=1: '"(,m)"_ .1/ i.@' Rising factorial
L1=: 2 : 'm rf %(*/) n. rf’

L2=: (i.@ *"~]) ('@.@)

H= 2:"'"(m L1n + . *L2) " 0

For example:
‘a b= 235 65

alLlb
(235" "1 i.@) %R(*/) 6 5" _ ~.1/ i.@

t=: 4 [ z=2 7

t alLlbz
11 1.71429 4.28571

t (aHb, aH b) z
295 295

8(1LH 1) i. 6

1 2.71825 7.38095 19.8464 51.8063 128. 619
(LH 1) i. 6

1 2.71828 7.38906 20.0855 54.5982 148. 413
A6

1 2.71828 7.38906 20.0855 54.5982 148. 413

erf = 1H 1.5@: * 2p_0.5& %" @ *: error function
n0lcdf=: -: @ > @ erf @ ((%0.5)&) CDF of normal 0,1



erf 0.5 1 1.5
0. 5205 0.842701 0.966105

n0lcdf 2 1.5 1 0.500.51 152
0. 0227501 0.0668072 0.158655 0.308538 0.5 0.691462 0.841345
0.933193 0.97725
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Integers .1 |ndex Of
Theshapeof i.y is |y, andits If rix istherank of anitem of x,
atoms arethefirst */|y non-negative then the shape of theresultof x i. y
integers. A negative element in y IS (-rix)}.$y . Eachatom of the
causes reversal of theatomsalongthe  resultiseither #x or the index of the
corresponding axis. For example: first occurrence among the items of x

s of the corresponding ri x- cell of y .
V& 284 The comparisonin x i. y istolerant,

i 2 5 and fit can be used to specify the
43210 tolerance, asin i. !. t .
98765

(i.4); (..4) (|234)'(i2 3.4): (i)
o e e a oo oo +- +
|0123|3210|O123|891011|0|
| | 4 5 6 7] 4 5 6 7| |
| | 8 91011 0 1 2 3| |
I I I ||
| |12 13 14 1520 21 22 23| |
| |16 17 18 19|16 17 18 19| |
I I
+

| 20 21 22 23|12 13 14 15|
oo oo S S
=: ' abcdef ghij kl mopgr st uvwxyz'
(Ai. "Now);(Ai. "now);(A{~Ai. '"now)
S S +---+
| 26 14 22| 13 14 22| nowy
S S +---+

me: 54 $ 12{. A
m(mi. "efgh );(1{m; (4{m

B
| abcd| 1| ef gh| ef gh|
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Integers i 0 _ Index Of Last
i .y isthelist of integersfrom -y to i: islike i. but givestheindex of
y; ingenera, i: a j. b produces  thelast occurrence. Thus:

thelist of numbersfrom -a to a in b

4 45

0). Thus: 455666337

i3 1234123i.122333
3 2 10123 4 45

i o 011222337
210 1 2

i: _2.5)4
2.51.250 _1.25 _2.5

i: 0
0
For example:

(3 #1.34) i: (i.2 4)
25

(3#1.34) i. (i.2 4)
03

(] #~ 1. @ =1i.~) 'eleenosynary' first occurrence of each letter
el nosynar

(] #~i.@ =1i:~) 'eleenosynary' last occurrence of each letter
| emosnary

(] #~ 1.~ =1i:~) "eleenosynary' letters that are unique

| nosnar
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| maginary j. 00O Complex

j.y o 01*y Xj.y o X+j.y
For example:

. 4
0j 4

3j 4

a=: i. 33
a;(j. 2*a);(aj. 2*a)

012 0 0j2 0j4 0 1j2 2j4
|3 45 0j6 0j8 0j10| 3j6 4j8 5j 10
|6 7 8/0j 12 0j 14 0j 16| 6j 12 7j 14 8j 16|

(+aj. 2*a);(|laj. 2*a)

| 0 1j 2 2j_4 0 2.23607 4.47214]
| 3j 6 4j_8 5j 10| 6.7082 8.94427 11.1803|
|6j 12 7j 14 8j 16| 13.4164 15.6525 17. 8885|

123j./] 4567
1j4 1j5 1j6 1j 7
2j4 2j5 2j6 2j7
3j4 3j5 3j6 3j7

j.1?. 2 3 4%$1000 A table of random complex numbers
131j 34 755j 53 458j 529 532j 671

218j 7 47j383 67866 679j417
934j 686 383j 588 519j 930 830j 846
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L evel Of L.

If y isopenorempty, L. y is 0; if
it is boxed and non-empty, the level is
one plus the maximum of the levels of
the opened elements.

For example

ly=: (<<2 3 4),<(5 6 ; <<i. 2 3)

Foooes 1 1101 2]]
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Level At u L: n

The conjunction L: appliestheverb u at the levels specified by n . Theright
argument n behaveslike that of the rank conjunction in several respects:

. It may have three elements, specifying levels for the monadic, left, and
right cases

. Thefull form of thelevelsused is 3$&. | . n . For example, a 2-element
list p, q isequivaentto q,p, q.

. Negative valuesare complementary: u L:(-r) y o u L:(0> (L.y)-

ryy

For example:

] y=8 (<<2 3 4),<(56 ; <<i. 2 3)
S TR S +
| +----- H Ao - - +|
|12 3 4[]|5 6] +----- + |
| +----- ] 1101 2]]
| [l 113 4 5]
| IR ESEEEE
| | e +
S TR S +

+. L: Oy Theadverb L: 0 may be caled |eaf
S S S +
| +----- H +----- I +|
|14 6 8/||10 12| +------ +| |
| +----- + | [0 2 4[]]
I | |16 8 10[]]|
| || |+ e + |
| R +
S S S +

2# L 0y
S S +



[T, e ——

1 1 + ||+ 1 1

1 1 1 25 1 1 1

1 1 1 1 1 1

1 1 1 14 1 1 1

|||||||+ 1 1 1 1 1 1
||||||+ 1 1 1 1 03 1 1 1
+||||+ 1 1 1 1 +||+ 1 1
1 2255 1 1 1 1 1 1 25 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1144 1 1 1 1 1 1 14 1 1 1
1 1 1 1 1 1 1 1 1 1
1 0033 1 1 1 1 1 1 03 1 1 1
+||||+ 1 1 1 1 +||+ 1 1
R ——— [T, e ——
6 1 1 1 1 6 1 1
1 1 1 1 1 1

6 1 1 1 1 6 1 1
1 1 1 1 1 1

5 1 1 1 1 5 1 1
1 1 1 1 1 1

5 1 1 1 1 5 1 1
_—— —+ (R e ——
_— — — + + -+
— + '  + — + 1
4 1 1 y 1 1 4 1 1
1 1 1 1 1 1

4 1 1 1 1 1 3 1 1
1 1 1 1 1 1

3 1 1 - 1 1 2 1 1
1 1 L 1 +|+ 1

3 1 1 1 1 4 1 1
1 1 # 1 1 1 1

2 1 1 1 1 3 1 1
1 1 2 1 1 1 1

2 1 1 1 1 2 1 1
— + 1  + — + |
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Explicit mon
Arguments '

Thename m denotes a noun left argument in an explicitly-defined adverb or
conjunction, and the name n. denotes a noun right argument in an explicitly-
defined conjunction. Seethenames u. v. x. y. and Explicit Definition (: ).

For example:
pow=: 2 : O
i=.0
t=.]
while. n.> do. Uses n. (nhoun right argument)
= 1+i
t=u. @ f. Uses u. (verbleft argument)
end.
)
0. pow 2
0. @0.@)
0. pow 3
0. @o0.@o0.@))
0. pow 3 x=: 1
31. 0063
0.":3 X
31. 0063
0. pow +

| val ue error: n.
| n. >i
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Comment NB.

Therest of the line following NB. isignored.

For example:
text=: '"i. 3 4 NB. 3-by-4 table’
;o text
B e T T +
[i.]3 4 NB. 3-by-4 tabl e|
B e T T +
. text Execute t ext
01 2 3
45 6 7
8 9 10 12



p182

Pi Times oo 00O Circle Function
0. y yieldstitimes y. Thus o. 1 Thefunction x&o. iseven or odd as
isapproximately 3. 14159 . x isevenorodd; (-x)&o. isits
inverse.
X 0.y X (-x) 0.y
Sort 1-(Sar y) 0 Sort 1-(Sar y) 0&0. @180.) « 2&o.
Siney 1 Arcsiney Radian arg/result
Cosiney 2 Arccosy "
Tangenty 3 Arctany !
Sort (Sgry)+1 4 Sort (Sar y)-1 480. @580.) o~ 6&0.
Sinhy 5 Arcsinhy Sinh is hyperbolic sine
Coshy 6 Arccoshy
Tanhy 7 Arctanhy
Sart - (1+Sary) 8 -Sot-(1+3gry)
RealPart y 9 y
Magnitude y 10 Conjugate (+y)
ImaginaryPart y 11 iy
AngleOf y 12 Ny
Examples:
rfd=: %180 @ o. Radians from degrees
sin=: 1&o.

SIN=: sin@fd
(rfd 0 90 180);(sin 0 1.5708);(SIN 0 90)
o e oo o ot -+

|0 1.5708 3.14159|0 1|0 1]
oo e e -+

The principal domain of the inverse of a non-monotonic function is restricted. The



limits on real domains of arcsine and arccos may be obtained as follows (as
multiples of m):

1p1* 1 20/ 11
0.50.5
1 0



Roots p. 1
p. ¢ o (mr)
p.p.c « C

If e isavector whose elements are al
non-negative integers, then p. <c, . e
gives the coefficients of the equivalent
polynomial:

(p. <c,.e)e&p.
(<c,.e)é&p.

>

p. 1001
o +

| 1] _1 0.5j0.866025 0.5j 0.866025|
o +

] nr=:
S N +
|24 2 0]
S N +

p. c=: 0 16 12 2

12345

X), ((<c,.i.4)p.
0 30

0 30

0 30

0 30

x=: 0

(c p. (nr

X),

c=: 33
C p. X
1 8 27 64 125 216

1
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10 Polynomial

There are three cases -- coefficients,
multiplier and roots; multinomial
(boxed matrix of coefficients and
exponents):

CpP. X o +Hc*xNi.#c
(mr) p. X o m* *[x-r

(<r)&p. o (1;r)&p.
(<c,.e)p.<y o c+ .*e*/

()Y

where misascdar; ¢ and r are
scalars or vectors, and e isavector or
matrix such that ($e) -: (#c), (#y) .
A scalar y isextended normally.

Multiplier/Roots from Coefficients

p. X),: 2*(x-4)*(x-2)*(x-0)



(x+1)"3
1 8 27 64 125 216

bc=: !'~/~i.5 Binomial coefficients

bc; (bc p./ x);((i.5 ~~/ x+1)
R o e e e e e e o - o e e e e e e o - +
[1T000021 1 1 1 1 111 1 1 1 1 1]
[T 10001 2 3 4 5 6|1 2 3 4 5 6|
[121001 4 9 16 25 36|1 4 9 16 25 36|
|1 3310/1 827 64 125 216|]1 8 27 64 125 216|
|1 46 4 1|1 16 81 256 625 1296|1 16 81 256 625 1296|
R o e e e e e e o - o e e e e e e o - +

c&p. d. 1 x First derivative of polynomial
3 12 27 48 75 108

(<1 1,. 50 p. 3 Coefficients/ Exponents
242

100001p. 3

242
p. <1 1,. 50 Coefficients/ Exponents to Coefficients
21000012
c=: 1123[ e= 42%2 1111202
C,.e Coefficients/ Exponents
121
111
212
302
(<c,.e) p. <y=:2.5 1 Multinomial
11.75

c+H .*e* (") y
11.75

Notethat (<c,.e)p.<y isa"proper" multinomial only if the elementsof e are
all non-negative integers. In general the powers are not so limited, asin the
weighted sum of square root and 4-th root:

] t=r <2 3,.1r2 1r4



(t p. 16), + 2 3 * 16 ~ 1r2 1r4

Thevariant p.!.s isastope polynomidl; it differsfrom p. inthat itsdefinition
Is based upon the stope ~!. s instead of on ~ (power).



Polynomial
Derivative

Applied to a polynomial (coefficients
or boxed roots), p.. producesthe
coefficients of the derivative of
polynomial. For example:

101

p184

Polynomial
Integral

x p.. y producestheintegral of
polynomial y with a constant term of

x . Thus:
5p. 466 4

54321
p.. 12345 l1p.. 26 12 20
2 6 12 20 12345
p.. 54321
4664
p.. 2; 1j1 1) 1
4 4
p.. p. 2; 1j1 1j 1
4 4

Further examples:

p.. 1&o. t. i. 11x derivative of sine
10 1r2 0 1r24 0 _1r720 0 1r40320 O
2&o. t. 1.10x cosine

10 1r2 0 1r24 O _1r720 O 1r40320 O

p.. 2&0. t. i. 11x derivative of cosine
O 10 1r6 0 _1r120 0 1r5040 0O _1r 362880
-@1&0.) t. i.10x minus sine
0O _101r6 0 _1r120 O 1r5040 O _1r 362880

- (1&0. t. i.10x)
O _101r6 0 _1r120 O 1r5040 0 _1r362880

p..M:(i.@) 8 %$1

1 1 1 1 1 111

1 2 3 4 5 670

2 6 12 20 304200

6 24 60 120 210 00O
24 120 360840 0 00O

120 720 2520 0 0O 00O



720 5040 O O 0 00O
5040 0 O O 0 00O
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Primes p:. O
Theresult of p: i isthei -th prime.
For example:
p: O
2
p: i. 15

2357 11 13 17 19 23 29 31 37 41 43 47

Theinverseof p: isthe number of primeslessthan the argument, often denoted

by T(n):

pi= p:":_1

pi i. 15
000122334444556

(] , pi ,: p:@i) i.15
01234567 8 910 11 12 13 14
00012233 4 4 4 4 5 5 6
2223557711 11 11 11 13 13 17

y=: (2731)-1

la=: piy
105097564

]b=: p: a
2147483647

b=y



Prime Factors

q: y isthelist of primefactors of a
positive integer argument y . For

example:

: 105600
-y
2

y
q

2 2

N

*1q:y
105600

$q 1
0

*1q: 1
1

qg: b. 1
*/

~. @: 700
257

+/"1@@: 700
221

__qg: 700
257
221
__Qg: !120x
2357 11 13 17 19
18842 1 1 1

22235511
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00O Prime Exponents

If x ispositiveand finite, x q: y is
the list of exponentsin the prime
decomposition of positive integer v,
based upon thefirst x primes; if x is
_, asufficient number of primesis
used.

If x isnegativeandfinite, x q: y IS
a2-row table of thelast | x primesand
exponents in the prime factorization of
y; If x is __, asufficient number of
primesis used. For example:

2 g: 700
20
10 g: 700
2021000000
_Qg: 700
2021

Distinct prime factors

Exponents in prime factorization



12 (+V& €;

-1 & e ; YM3& e)y

-V& e; >. V& e;

I S

| 1200| 0. 12| 300] 4|
S &

240

240

totient=: * -
totient 700

+ 1

700 +.

. @@ & Q:

i.700

<.V& e) vy

Completed list of exponents
Exponents, square, sgrt, cube root

For vectors of disparate lengths

Product, quotient, LCM, GCD

Euler's totient function



Angle r. 00O

Theresult of r. y isacomplex number of magnitude 1, whoserea and
Imaginary parts are coordinates of the point on the unit circle at an angle of y

Y o Ny XTI,y o X*r. vy

radians. For example:

0.

0.

r. 2
416147j 0. 909297

+. r. 2
416147 0.909297

| r. 2
y=: 1rd4 * o. i.7

format =: 8] 3&":
(format ,.y);(format +. r.y);(format +. 2 r.y)

Multiples of one-quarter Tt

------ T
0. 000| 1. 000 0. 000| 2. 000 0. 000|
0. 785| 0. 707 0. 707| 1.414 1. 414
1. 571 0. 000 1. 000| 0. 000 2. 000|
2.356] _0.707 0.707| _1.414 1. 414
3.142| _1.000 0.000] _2.000 0. 000|
3.927] _0.707 _0.707] _1.414 _1.414|
4.712| 0.000 _1.000| 0.000 _2.000|
------ T
3r. 2
~1.24844) 2.72789
*3r. 2
2

3

p187

Polar
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Symbol s Symbol
Symbols are a new datatype and are created by theverb s: . Symbols provide a
mechanism for searching, sorting, and comparisons more efficient than alternative
mechanisms such as boxed strings. Existing structural, selection, and relational
verbs are extended to work on symbols. Arithmetic verbs do not work on symbols.

Themonad s: produces an array of symbols.
Several types of arguments are acceptable:

. string with the leading character asthe
separator

. literal array where each row, excluding
trailing blanks, is the name of a symbol

. array of boxed strings

s:~: 1, theinverseof s:, is 5&s: .

Thedyad s: takesascalar integer left
argument and computes a variety of functions:

Left Right Function
0 0 the cardinality of the set of
symbols

0 1 the string length (the number of
characters used in the string
table)

0 2 the table of
symbols; the
columns are:

index in the
string table

1 lengthin bytes



hash value
color
parent

left

right

order #
predecessor
successor
10 bit flags

The details of this data may change from one version of Jto the next. 03 the string
table 04 thehashtable. _1 indicates free entries; non-negative values are indices
into the table of symbols. 05 the binary treeroot 06 the binary treefill factor 07
the binary tree gap 010 get the global symbols data, equivalentto 0 s: & >i . 8.
The details of this data may change from one version of Jto the next. 011 perform
an integrity check on the global symbols data 012 the number of queries required
for each symbol 1array of symbols astring of the symbol names each prefaced by a
leading ' *' _1string the symbols list for a string containing symbol names each
prefaced by the leading character 2array of symbols a string of the symbol names
each suffixed by atrailing zero character_2string the symbols list for a string
containing symbol names each suffixed by the trailing character 3array of symbols
alitera array of the symbol names padded with zero characters 3literal array the
symbols array for the literal array wherein each row, excluding trailing zero
characters, isthe name of asymbol 4array of symbolsaliteral array of the symbol
names padded with blanks_4literal array the symbols array for the literal array
wherein each row, excluding trailing blanks, is the name of asymbol 5array of
symbols an array of boxed strings of the symbol names_5boxed strings the symbols
array for the boxed array wherein each box is a string of a symbol name 6array of
symbols an integer array of the symbol indices (indices into the table of
symbols)_6indices the symbolsfor theindices 7array of symbols an integer array of
the order numbers for the symbolsi0global symbols data set the global symbols data
(asprevioudy returned by 0 s: 10) after performing an integrity check onit.
Incorrect global symbols data may cause misinterpretation of symbol arrays, or data
corruption, or a system crash, or the end of civilization as we know it.

Theinverseof ké&s: is (-k)&s:, for non-zerointeger k between _6 and 6.

© 0N Ol & WODN

The remainder of thistext isdivided into the following sections: Display,Annotated
Examples,Space and Time, andPersistence.



Display

The display of asymbol isthe character * (96{a.) prefaced to the symbol name;
the display of asymbol array issimilar to that display of numeric arrays, except that
columns are aligned on the | eft. See Annotated Examples below.

Annotated Examples
] t=2 s: ' zero one two three four five'
“zero one two three four “five

$t alist of 6 symbols
6

35%t amatrix of symbols
“zero "one “two “three "four
“five “zero "one “two “three
“four “five “zero " one “two

13531{t
"one three five three "one
|. t
“five “four “three "two "one " zero
2 ].t
“four "five “zero “one two three
102040¢#1
“zero "two two “four “four “four "four

<"O t symbols can be boxed
+--- - - I +---- - +- - - - +
| “zero| one| two| three| four| five|
S S T S S +
(2]i.#t) </. t
T o e e e e +
| "zero "two “four| one "three "five|
S o +
</~ relations work on symbols
100000
111100
101000
101100
111110
111111

t +t arithmetic functions don't work on symbols



| domai n error

| t +t

/.t symbols can be graded/sorted
541320

5s:t convert symbols to boxed strings
L g L
| zer o] one| two| t hree| four|five|
L g e

(/: t) -: /: 5s:t

[~ 1
“five "four “one ‘three "two ~zero

</~ /:~1
111111
011111
001111
000111
000011
000O0O01
t i. s: ' three one four one five nine'
314156
t e.~s: ' three one four one five nine'
111110
10{. t thefill for symbolsisthe 0-length symbol
“zero "one two “three “four “five = ° ° °
_10{.t
7 7 “zero “one "two “three “four “five
0s: O cardinality (current # of unique symbols)
8
a=: A AAPL AMAT AMD AMZN ATT BA CRA CSCO DELL F GE GV HWP
| BM | NTC

a=: a,;:"JDSU LLY LU MOT MSFT NOK NT PFE PG QCOM RVMBS T XRX
YHOO

b=: ;:'"NY SF LDN TOK HK FF TOR

c=: ;:"Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec'

d=: <;._1"' 00 01 02 03 04 05 06 07 08 09

e=: ;:.'open high | ow cl ose’



t=: }.@&>{" ',& >& >a;b;c;d;<e
$t
30 7 12 10 4
*[ $t
100800
24 (%)t

-+
cl ose]
-+

cl ose|

T o e e e e e e ok o m e e e e o m e e e e oo
-+

= s: t create awhole lot of symbols

By
30 7 12 10 4

24(%)y

"A NY Jan 00 open “A NY Jan 00 high "A NY Jan 00 I ow "A NY Jan 00
cl ose
"A NY Jan 01 open "A NY Jan 01 high "A NY Jan 01 low "A NY Jan 01
cl ose

0s: 11 system integrity check
1

0s: O cardinality
100808

(+/ %#) 0 s: 12 mean # of queries per symbol
1.31213

h=: 100808 {. 2 {"1 ] 0 s: 2 hash values

(+/ ~: h) % #h fraction of distinct hash values
0.999821

(+#/ ~ h |~ #0 s: 4) % #h fraction with respect to hash table
0. 831005

Spaceand Time

In the current implementation, asymbol y requires 4 bytes for an index, 8 or more
bytes in the hash table, 44 bytesin the table of symbols, and | en y bytes (times 2
if Unicode) in the string table, where | en=: #& @ 5&s:) , thelength of the



symbol name. (A symbol requires a single 4-byte entry in the hash table, but for
efficient hashing the system maintains at least 2*n entriesfor n symbols.)
Multiple occurrences of a symbol require just multiple indices; entries in the hash
table, the table of symbols, and the string table are not duplicated.

Computations on symbols generally require linear time. Specifically:
query (new) O (leny) * ~ 0s: 0)
query (old) A len vy)

l:y A */ $y)

i{y Q(*/$i) * */}.3y)

x <y etc. Ax > &*/ @) vy)

X i.y Ax + &*/ @) vy)
Persistence

The interpretation of symbols depend on the global symbolsdata 0 s: 10. For this
interpretation to persist across J sessions the global symbols data must be restored at
the beginning of a session. Thus:

((3':1) 0 s: 10) 1!:2 < synb.dat' to storethe global symbols data
10 s: (3!:2) 1!:1 < synb.dat’ to restore the global symbols data

See the cautionary statementsunder 10 s: x.
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An array with an interesting structure

n a4
5 g
® &
\nwr
= 7
T
nuu.L
af
eo
]
S5 -
| 282
3 S !
= —
QH\S/ -
c L£Eg
v,.nlum
o = —
- = e
) mwmmmm ¢
> 583 ,
>SS o)
n&% .
maw Q
55 S
L S V.
% € ORT
mmm R -
= > o3
% c - V
L o
O C C @2
wtﬂ A
m%.l o .__.mu.
o) phy o -~ .
% c© o mc__
hS. x ..@...L
5 62 0w~
=) o)
nwl S5 < % LL

|

i

+ —— - - -+
[T, R ——
1  + — + 1 1
1 1 n__.]n__. 1 1
1 1 1 1
1 1 1 @. 1 1 1
1  + — + 1 1
1 1 Voo 1 1
1  + — + 1 1
[T, U ——
1 1 - 1 1
[T, U
1 [ e —— 1
1 1 |__.[ |__. 1 1
1 1 _———— 1 1
1 1 1 @. 1 1 1
1 [ e —— 1
1 1 [ 1 1
1 1 1 1 . 1 1 1 1
1 1 1 | — 1 1 1 1
1 1 1 +@.||+ 1 1 1
1 1 1 1 1 1 1 1
1 1 [ 1 1
1 1 1  + — 4 1 1 1
1 1 1 1 1 O 1 1 1 1
1 1 1  + — 4+ 1 1 1
1 1 1 1 1= 1 1 1 1 1
1 1 1 D+ — 4+ 1 1 1
1 1 1 1 Voo 1 1 1 1
1 1 1  + — 4 1 1 1
1 1 [T S 1 1
1 Gt ———— — + 1
.__. + ——— - — — + .__.
. © ;
+ —— - - -+
t —_—— —  + 1
1 [ 1
1 1 1~ ] 1 1
1 [ 1
1 1 D+ — 4+ 1 1
1 1 1 n__. N n__. 1 1 1
1 1 1 —_ 1 1 1
1 1 1 < 1 1 1
1 1  + — 4+ 1 1
1 1 1 [ 1 1 1
1 1  + — 4 1 1
1 n__. + - —— + n__. 1
1 —_—— 1
1 1 @. 1 1
 t —_—— —  + 1
1 N\ 1 1
[ U |
+ —— - - -+
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|>]000
e
|@]0 0 1

|00200

oo+

|1& 0020 1

|>]0020 2
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Assign Taylor mt. 00O

Thefunction h=: u'v t. isequivaentto u except that the function produced
by h t. is v . For example, an explicit definition (such as the definition of exp
below) has no associated Taylor series, but one can be assigned.

y=: i. 5
Ny
1 2.71828 7.38906 20.0855 54.5982

Nty
11 0.5 0.1666667 0.04166667

exp=: 3 : 'My.'
exp y
1 2.71828 7.38906 20. 0855 54.5982

expt. vy
| dormai n error

| exp t.y

e=: exp (Y@) t.
ey
1 2.71828 7.38906 20.0855 54.5982

et. vy
1 10.50.1666667 0.04166667

R t. vy
1 1 0.5 _0.1666667 0.04166667

WD t. y
1 1 0.5 _0.1666667 0.04166667



Taylor Coefficient

u t. y istheyth coefficient inthe
Taylor series approximation to the

p191

ut. 00O

x u t.y istheproductof (x*y) and
ut. y.

function u . The domain of the adverb
t . isthe same asthe left domain of the
derivative D. . Seethecase mt. .

For example:

12 1&p.

1 3 3 1&p.
10%-i =: i
(f*g) t.

f=
g=:
X=:
]c=:
1510

6.2
1.00
1.00

" (c p.
1.61
1.61

(c p.
11111111
]d=:
4 12 21

f@ t. i

(d
1

p. x)=(f g
11111111

1&o.
280.
(" t.

Si n=:
COS=:
8.4":t=:
1. 0000 1.0000
0. 0000 1.0000
1. 0000 0.0000

*

t
1
0 _
1

R OR
oOr R
oOr R
P OR
oOr R
P OR

105100

X),:(f*g) x
2.49 3.71
2.49 3.71

. 8

5.38 7.59 10.49 14.20
5.38 7.59 10.49 14.20

x)=(f*g) x

22156 10

X)

i),(sint. i),:(cos t. i)

0.5000 0.1667 0.0417 0.0083 0.0014 0.0002

0. 0000 _0.1667 0.0000 0.0083 0.0000 _0.0002
_0.5000 0.0000 0.0417 0.0000 _0.0014 0.0000

oOr R



((sin*sin)+(cos*cos)) t. i
1000 _2.71051e.20 00 O

rf=: n%

n=: 0 1&p.

d=: 1 1 _1&p.
]fibonacci=: rf t. i. 20

0112358 13 21 34 55 89 144 233 377 610 987 1597 2584 4181

2 +/\ fibonacci
12358 13 21 34 55 89 144 233 377 610 987 1597 2584 4181 6765

(%-. - *:) t. i.20
0112358 13 21 34 55 89 144 233 377 610 987 1597 2584 4181
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Weighted Taylor ut: 00O

Theresultof u t: k is ('k)*u t. k. Inother words, the coefficients
produced by t: arethe Taylor coefficients weighted by the factorial. Asa
consequence, the coefficients produced by it when applied to functions of the
exponential family show simple patterns. For this reason it is sometimes called
the exponential generating function.

For example:
k=: i. 12
Ntk
111111111111
uEt: Kk Decaying exponential
1 11 11 11 11 11 1
sin = 1&o.
cos =: 2&o.
si nh=: 5&o.
cosh=: 6&o.
exp=: *
dec=: Y@
(exp t:,dec t:,sinh t:,cosh t:,sint:,:cos t:) k
11 1 11 1 1 11 1 1 1
11 1 11 1 1 11 1 1 1
0O 1.0 10 1 0 120 1 0 1
1 01 01 0 1 01 0 1 O
0O 1 0_10 1 0_10 1 0_1
1 01 01 0_1 01 0_1 O
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Taylor Approximation uT. n

u T. n isthen-term Taylor approximation to the function u .

For example:

6.2 ": " T. 8 x=: 2 % i.8
1.00 1.65 2.72 4.48 7.38 12.13 19.85 32.23

6.2 ": M X
1.00 1.65 2.72 4.48 7.39 12.18 20.09 33.12
NT.

3: 0"0

g=1p.&. @((") t.)@.
g +"™(g~ ga: )~ _ 11

)
(» =AT. ) i. 5
11111

Compare the conjunction T. withtheadverb t. .
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Explicit
Arguments

Thename u. denotesaverb left argument in an explicitly-defined adverb or
conjunction, and the name v. denotesaverb right argument in an explicitly-
defined conjunction. Seethenames m n. x. y. and Explicit Definition (:).

For example:

pow=: 2 : O
i=0
t=.]
while. n.> do. Uses n. (nhoun right argument)
= 1+i
t=u. @ f. Uses u. (verbleft argument)
end.

)

0. pow 2

0. @o0.Q@)

0. pow 3

0. @o.Q@o0.@))

0. pow 3 x=: 1
31. 0063

0.":3 X
31. 0063

0. pow +
| val ue error: n.
| n. >i
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Unicode u: Unicode

Unicode or 2-byte characters are a new datatype. Unicode arrays are created by the
verb u: . Existing verbs are extended to work on unicodes.

Themonad u: appliesto severa kinds Thedyad u: takesascalar integer left

of arguments: argument and applies to several kinds
of arguments:
Argument Result
1-byte characters sameas 2&u: Left Right Result
2-byte characters copy of argument 1 2-byte 1-byte
inteqers —_—T characters characters,
< ' high order
Theinverse of themonad u: is 3&u: b_ytes ae
discarded
2 1-byte 2-byte
characters characters;
high order
bytesare 0
3 2-byte integers
characters
4 integers 2-byte
characters;
integers must
be from O to
65535
S 2-byte 1-byte
characters characters;
high order
bytes must be
0 (and are

discarded)



6 1-byte 2-byte
characters characters;

pairs of 1-
byte
characters are
converted to
2-byte
characters

1&u: and 2&u: isaninverse pair, as
are 3&u: and 4&u:

2-byte characters can not be entered the keyboard. The display of an array x of 2-
byte charactersisthat of 1 u: x, thatis, discarding the high-order byte of each 2-
byte character.

Examples:

] t=: u: "W the people’
W the people

31:0 t
131072 the unicode datatype numeric codeis
131072

u: 97 98 99 + 0 256 512 1024
aaaa 2-byte characters have the same
bbbb display as 1-byte characters
cccce

‘a' = ur 97 + 0 256 512 1024
1000

] t=1 (2 4% abcdefgh') , u: 'wyz'
abcd 1- and 2-byte characters can be catenated together.
ef gh The 1-byte characters are promoted.
WXY Z

31:0 t

131072
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Explicit Arguments X. V.

Thenames x. and y. denote the left and right argumentsin an explicit
definition. Seethenames m n. u. v. and Explicit Definition (:).

For example:

info=: 3 : 0

(31:0 y.); (#%y.); ($y.);51:5 <y." : (info x.) ,& (infoy.) ) info
i .12 A-A-A--H----+ | 4] 1] 12]0.22] H+-4-4--+----+info 0.i.3 4 +-+-+--
e L EE T + | 8] 2| 3 4| 3.1415926535897931*i .3 4| +-+-
L R T +'x" info ;:'cogito, ergo sum' +----
------ R e B e e i It e T B
------------------------- + 112|0]|"x"|]]132]1]4|<;._1" cogito ,
ergo sum"' || | H-t-tt--- | bbb b oo +H o o+---

------- e



Extended Precision X:

Num/Denom

x: appliesto real numbers and 1 x: y isthesameas x: y; and 2
produces extended precision rational x: y produces the two extended
numbers. It appliesto integers and integers of the numerator and
produces extended integers. The denominator of the argument.

implied comparisonin x: istolerant.
Theinverse x: ~: 1 converts
rationals, including extended integers,
into finite precision numbers (floating
point or integer).

6r5

2 x: 1.2
6 5

x: 1.2 1.2 0 0.07
6r5 6r5 0 7r100

x: 3j4
| dormai n error
| x: 34

] pi = 0.1
3. 14159

X: pi
1285290289249r 409120605684

pi - 1285290289249%109120605684
1. 49214e 13

x:1.0 pi
884279719003555r 281474976710656

pi - 884279719003555%281474976710656
0



2 x: 1r2 3r4 5r6 _7r8

g w
AN

7 8

See also Section |1 G p69.
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Constant _ _
Functions — o= = =

Theresultsare 9 and 8 and 7 andsoonto 9.

For example:

x=: 1 23[ y=: 456
2.y

X 9y
9

The rank conjunction " applies to any noun to make a constant function of
specified rank. The particular constant functions illustrated above are therefore
special casesof theform i"_ . For example:

2"1i. 2 3 4
2 2
2 2

N

2pl"0 vy
6. 28319 6.28319 6.28319

1pl 1p_ 1 1x1"0 vy A constant function with a vector result
3.14159 0.3183099 2.71828
. 14159 0. 3183099 2.71828
. 14159 0. 3183099 2.71828

w w

000"'1y The zero vector in a space of three dimensions
000

a=: "' abcdef ghi j kl mopqr st uvwxyz'" _



A=:" ABCDEFGHI JKLMNOPQRSTUWKYZ' " _

S=: _

f= { a

f 586
fig

g=: { a,:A

g15;08;06
Fig
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Constants

The form of anumeric constant defined and illustrated in Part | p61is elaborated by

the use of further letters, asin 2r 3 for two-thirds, 2p1 for two 1, and 2e3p1 for
2000 1t The complete scheme of numeric constants obeys the following hierarchy:

The decimal point is obeyed first
The negative sign is obeyed next

e Exponential (scientific) notation
ad ar | Complex (magnitude and angle) in degrees or r adians, Complex
I humber
o x Numbers based on pi (0. 1) and on Euler's number (the exponential
/\1)
b Basevaue (using a to z for 10 to 35)

Moreover, digitswith atrailing x denote an extended precision integer, and digits
followed by an r followed by further digits denote a rational number. See Section

1 G p69.

For example, 2. 3 denotestwo and three-tenthsand _2. 3 denotes its negation;
but _2j 3 denotes acomplex number withreal part _2 and imaginary part 3,
not the negation of the complex number 2j 3 . Furthermore, symbols at the same
level of the hierarchy cannot be used together: 1p2x3 isan ill-formed number.

Thefollowing listsillustrate the main points:

2.3e2 2.3e_2 2j3
230 0.023 2j 3

2pl 1p_1
6.28319 0.31831

1x2 2x1 1x_1
7.38906 5.43656 0.367879

2e2j 2e2 2e2j2pl 2ad45 2ar0. 785398
200j 200 628.319j 6.28319 1.41421j 1. 41421 1.41421j 1. 41421



16b1f 10b23 _10b23 1le2b23 2b111. 111
31 23 _17 203 7.875

Negative integersfollowing p and x indicate the use of reciprocals. For example,

2p_2 istwo divided by Ttsquared, and 2x_2 istwo divided by the square of
Euler's number.
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Control Structures

Control words are used in explicit definition (: ), and are punctuation that
determine the sequence of execution. Matching control words and the enclosed
sentences make up a control structure. The following control words and structures
are available:

assert. p201 T

break. p202

conti nue. p203

for. p204 T do. B end.
for_xyz. T do. B end.

got o_nane. p205
| abel nane.

if. p206 T do. B end.
if. T do. B else. Bl end.

i f. T do. B
elseif. T1 do. Bl
elseif. T2 do. B2
end.

return. p207

select. p208 T
case. TO do. BO
fcase. T1 do. Bl
case. T2 do. B2
end.

throw. p209

try. p210 B catch. Bl catchd. B2 catcht. B3 end.



while. p211 T do. B end.
whilst. T do. B end.

Words beginning with B or T denote blocks, comprising zero or more ssimple
sentences and control structures. The last sentence executed ina T block is tested
for anon-zero valuein its leading atom, and determines the block to be executed
next. (Anempty T block result or an omitted T block teststrue.) The final result
isthe result of the last sentence executed that wasnot ina T block, and if thereis
no such last executed sentence, the final resultis i .0 0.

These control words and control structures are further detailed in the immediately
following pages.
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assert.

assert. T

An assertion faillureis signalled if the single sentence T isnot an array of all 1s.
Assertions are evaluated or not according to the flag controlled by 9! : 34 p223

and 9!:35 p223 .

For example:

cfi= 4: 0" 0 The y. -th combination of i . x
assert. O<:iy.
assert. y.=<.y.
assert. y.<2"x. v=. H#/\(i.x.)!I'x. mr. (y.<v)i. 1 (mx.) ci (y.-
mM{Oo,v) ) ci== 4: 0" 10 'mn= x.if. O=mdo. i.0 else. v=.
+H\ (m1)!(1-m}.i.-n k= (v>y.) i. 1

k, (1+k) +(x.-1, 1+k)ci (y.-k{O0, v)

end.
)
5 cfi 6
01
5 cfi 6+i.10
01
02
0 3
0 4
12
13
14
2 3
2 4
34

i.100) -: 100x cfi <:272100x
( )

5 cfi 33



| assertion failure:

| y. <2°X.
5 cfi 6.2

| assertion failure:

| y. =<.y.
5cfi "a
| domain error: cfi

| y.= <.y.

cfi

cfi
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br eak.

break. may beused withina for. p204, while. p211, or whilst. p211
control structure, and goes to the end of the innermost such enclosing structure.
Seealso continue. p203.

For example:

itn= 3: 0 Inverse triangular number
s=.0
for j.

i.2e4

do.
if. s>vy. do. j break. end.

S=.] +s
end.

)
x=: 10 100 1000 10000
itn"0 x

5 15 46 142

Jy=: 2&": 1 x
5 14. 651 45.2242 141. 922

2y
10 100 1000 10000
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contl nue.

conti nue. may beusedwithina for. p204, while. p211, or whilst.
p211 control structure, and goes to the top of the innermost such enclosing
structure. See also break. p202.

For example:

sunmeven=: 3 : O
s=.0
for j. i.y. do.
if. 2|j do. continue. end.

S=.] +s
end.
)
suneven 9
20
+H (* -.@2&)) i.9
20
suneven 1000
249500
+ (* -.@2&)) i.1000
249500

(suneven = 2& @. & -:) 1000
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for.

for. T do. B end.
for_xyz. T do. B end.

The B block is evaluated once for each item of thearray A that results from
evaluating the T block. Inthe for_xyz. form, thelocal name xyz issettothe
value of an item on each evaluation and xyz_i ndex is set to the index of the
item.

break. p202 goestotheend of the for. control structure, and cont i nue.
p203 goesto the evaluation of B for the next item.

For example:

fo=: 3: 0
s=. 0
for. 1. y. do. s=.>'s end.

)

fl=: 3 : O
s=.0
for_j. i.y. do.
if. 2|)] do. continue. end.

S=.] +s
end.
)
comb=: 4 : O All size x. combinationsof i .y.

z=.1 0O$k=.i.#c=.1,~(y.-x.)$0

for. i.x. do. z=.;k,.& >(-c=.+/\.c){.& ><1+z end. ) (fO =1)"0
?5$100 1 1 111 (f1 =2&8@.&-:)"0 ?5%$100

11111

3 conb 5

o O o
N
A wN



NFRPFPRPEFP,LPOOO
WWNDNWDNDN
ArbArPOPAP®

queens=: 3 : O solves the n queens problem
Z=.i.n,*n=y.
for. }.z do.
b=. -. (i.n) e"1,. z +"1 _ ((-i.){:%z) */ 101
z=. ((+/"1 b)#z),.(,b)#(*/$b)S$i.n
end.
)
queens 5
02413
03142
130214
14203
203114
24130
302141
31420
41302
42031
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got o_nane.

got o_name. goestothe matching | abel _nane. . These control words are
included to facilitate modelling of certain processes.

For example:
f== 3:0
if. y. do. goto_true. else. goto_false. end.
| abel true. 'true' return.
| abel false. 'false' return.
)
f 0
fal se
f 1l
true

f
true
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| f.

if. T do. B end.
if. T do. B else. Bl end.
if. T do. Belseif. T1 do. elseif. T2 do. B2 end.

The last sentence executed ina T block istested for anon-zero valuein its
leading atom, determining whether the B block after the do. or therest of the
sentence is executed. An empty T block result or an omitted T block tests true.

Seedsothe sel ect. p208 control structure.

For example:

plus=: 4 : 0 Addition on non-negative integers
if. y. do. > x. plus < y. else. x. end.

)

plus"0/~i.5

0
4
5
6
7
8

rwN RO
arwN P
oUAWN —
Noahwn

sel=1: "x. #['

qui cksort=: 3 : O
if. 1 > #y. do. vy.
el se.
(qui cksort y.<sel e),(y.=sel e),quicksort y.>sel e=.y.{~?#y.
end.

)

qui cksort 15 2 9 10 4 0 13 13 18 7
0247910 13 13 15 18

test=: 3 : 0
if. O<y. do. 'positive'



el seif. O0>y. do. 'negative

el sei f. do. 'zero
end.
)
test& > 5 2.71828 0
Fomm e m oo Fomm e m oo +----+
| positive| negative| zer o]
Fomm e m oo Fomm e m oo +----+
test& > "' ; 01 _2;
Fomm e m oo Fom e e e +



return.

p207

return. exitsaverb, adverb, or conjunction.

The result of an explicit definition is the result of the last executed sentence that
was not in atest block. If there is no such executed sentence, theresultisi. 0 0

For example:

f= 3: 0
try.

if. O<:y. do. 'positive'

cat ch.

t=."' caught'
end.
it is ',t

)

f 7
positive

f _12
it is negative

f ' dei pnosophi st
it is caught

(i.00) -: 3 : "return.

g=: 3 : 'if. 13=|y. do.

g 13
tri skai dekaphobi a

g5
(i.00) -: gb

return. else. t=."negative' end.

999

"'triskai dekaphobia'' end.'
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sel ect.

select. T

case. TO do. BO
case. T1 do. Bl
fcase. T2 do. B2
case. T3 do. B3
end.

Theresult R of T iscompared to the elementsof theresult R of Ti , andthe
Bi block of thefirst case. or fcase. withamatch isevaluated. Evaluation of
the sel ect. control structure then terminatesfor a case. , or continues with
thenext B(i +1) block for an fcase. (and further continuesif itisan

f case.).

The comparisonis R e. &oxi f open R where boxi f open=: <*: (L. =0:) ,
and acase with an omitted Ti isconsidered to match.

For example:
fo=: 3: 0
select. vy.

case. 1;2 do. 'one two'

case. 3 do. 'three'

case. 4;5 do. 'four five

case. 6 do. 666
end.
)

fO& >123 456
S R S R +----- S S +---+
| one two| one two|three|four five|four five| 666|
S R S R +----- S S +---+

(i.00) -: fO 7

1



select. vy.
case. 'a' do.
case. 'b' do.

case. do.
end.
)

fl1& > "a' ;
B T e +
[0]0]0 1]0 1 2|
B T e +
f2=: 3 : 0
t=. "'
select. vy.

case. 1 do.

fcase. 2 do.

case. 3 do.

fcase. 4 do.
end.

)

f2 1
one

f2 2
two three

f2 3
t hr ee

f2 4
f our

' - f2 5

i.1

i.2

i.3
(Ial’lbl)’
t=.t,'one '
t=.t, " two '
t=.t,"'three
t=.t,"' four
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t hr ow.

t hrow. cutsthe stack back tothe catcht. sectionof a try. andresumes
execution there; a t hrow. executed outsideof a try. witha catcht. causes
areturn to immediate execution.

For example:

main= 3 : 0
try.
sub vy.
cat cht.
select. type_jthrow_
case. 'aaaa' do. 'throw aaaa’
case. 'bbb'" do. 'throw bbb’

case. 'cc' do. '"throw cc’

case. do. throw NB. handl ed by hi gher-1level catcht.
(i f any)

end.
end.
)
sub=: 3 : 0
if. y.<0 do. type jthrow =: 'aaaa' throw. end. if. y. <4 do.
type_jthrow =: '"bbb' throw end. if. y. <8 do. type_jthrow =:

‘cc' throw end. (":y.)," not thrown' ) main _4 throw aaaa main 1
throw bbb main 5 throw cc main 88 88 not thrown
A throw cancommunicate information back toa cat cht. through the use of a

global namein alocale, asillustrated in the examples above.
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try.

try. BO catch. Bl catchd. B2 catcht. B3 end.

The try/catch control structure may contain one or more distinct occurrences of
catch. catchd. catcht. , inany order. For example:

try. BO catch. Bl end.
try. BO catcht. Bl catchd. B2 end.
try. BO catcht. Bl catch. B2 catchd. B3 end.

The B0 block is executed and:
e catch. catcheserrors, whatever the setting of the debug flag 13!: 0 p225

e catchd. catcheserrors, but only if the debug flagisO
e catcht. catchesa throw. p209

For example:
f==4:0
try.
try. 3+y. catch. *:x. end.
cat ch.
'x and y are both bad'
end.
)
13 f 7
10

13 f 'prinogeniture
169

‘sui' f 'generis'
x and y are both bad
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whi | e.

while. T do. B end.
whilst. T do. B end.

The last sentence executed inthe T block istested for a non-zero valuein its
leading atom. If true, the B block is executed. The T block isthen retested, and
so on, continuing until the T block testsfalse. (An empty T block result or an
omitted T block teststrue.)

whi | st. differsfrom while. onlyinthatit skipstest thefirst time.

break. p202 goesto the end of the whil e or whil st. control structure and
continue. p203 goesto the top.

For example:

exp =2 4 : 0 Exponentiation by repeated squaring
z=.1
a=. Xx.
n=.y.
while. n do.
if. 2|n do. z=.z*a end.
a=.*:a
n=.<.-:n
end.

3 exp 7



2x exp 128
340282366920938463463374607431768211456
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The conjunction ! : appliesto integer scalar left and right arguments to produce

verbs, with the exception that the case 5! : 0 produces an adverb. These verbs

behave like any other verb: they may be assigned names, may serve as arguments
to adverbs and conjunctions, and must be used with an argument even though (as

in 6!:0 '') it may have no significance. Where these verbs take names as
arguments, the names are boxed, asin 4!:55 'a' ;"' bc'
and bc . A bracketed left argument indicates that it is optional.

0!: p215Scri pts

1!: p216Fi |l es

2! p217Host

3!: p218Conver si ons

4! . p219Nanes

5! p220Represent ati on

6! : p221Ti e

7! p222Space

9!: p223d obal Paraneters
11!: p224W ndow Dri ver
13! p225Debug

15!: p226Dynam ¢ Link Library
18! : p227Local es

128!: p228M scel | aneous

to erase the names a



Scripts

o!:

o!:

o!:

3y
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O!:

The script y isexecuted according to the digits (zero or
one) in the 3-digit decimal representation of k :

1st digit 2nd digit 3rd digit
0 Fromfileor noun Stop on error Silent
1 From noun Continue on error  Display

For example, 0!: 111 abc executesthenoun abc,
completes, and displays.

Sessions begin with (silent, stop) execution of
Ol:0<'profile.ijs’

The script y isexpected to be a sequence of tautol ogies;
0!:2 y islike 0!: 1 y but stopsif any result is other than
al 1.

Like 0!':2 y, butproducesa 1 or 0 result according to

whether the script passes (contains only tautol ogies) or
fails.



Files
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1!:

Except as otherwise noted, afile may be specified by a name (such as
<'sub\ abc. q' ) or by aninteger file number obtained from open (1!: 21

<'sub\abc. q').

11:0 vy
1M:1y
x 11:2y

Directory. y isastring of the path search expression (a
boxed string is also accepted); the result is a 5-column table
of the file name, modification time, size, permission, and
attributes, individually boxed. For example, try 1!:0

'*_ *'_ The permission and attribute columns are system
dependent. For example, in Windows:

11:0 "j.exe
S e e S - S +
|j.exe| 1998 2 2 14 33 46| 676864| rwx|----- a|
S e e S - S +

Permission is a 3-letter string indicating the read, write, and
execute permissions. Attributes is a 6-letter string indicating
read-only, hidden, system, volume label, directory, and
archive.

Read. y isafile name or afile number (produced by
1!:21); theresult isastring of the file contents., e.g. 1!:1
< abc. g . Thefollowing valuesfor y are also permitted:

1 read from the keyboard (does not work within a script)
3 (Unix only) read from standard input (st di n)

Write. x isastring of the new contents of thefile; y isa
file name or file number (produced by 1!:21). The
following valuesfor y arealso permitted:

2 screen output.
4 (Unix only) standard output (st dout )
5 (Unix only) standard error (st derr)



x 11:3 y Append. Like x 1!:2 vy, but appends rather than replaces
1:4 y Size

11:5y Create Directory. y isa(boxed) directory name

[x] 11:6y Query/Set Attributes.

[x] 11:7y Query/Set Permissions.

1111y Indexed Read. y isalist of aboxed file name (or number)

and a boxed index and length. The index may be negative.
If the length is elided, the read goes to the end. For
example:

11:11 '"abc. x' ;1000 20
f=: 11:21 <" abc. x'
11:11 f, 1000 20

x 11:12 y Indexed Write. x isthestring to bewritten; y isalist of
a boxed file name (or number) and a boxed index.

11:20 y File Numbersand Names. A 2-column table of the open
file numbers and names.

11:21y Open. Open file named y, creating it if necessary; result is
afile number.

11:22 y Close. Close file named or numbered y. Any locks are
rel eased.

11:30 y L ocks. A 3-column integer table of the file number, index,
and length of filelocks. The argument y isrequired but
ignored.

11:31y Lock. y isa3-element integer vector of the file number,

index, and length of the file region to be locked; theresult is
1 if the request succeeded, and O if it did not.

11:32y Unlock. y isa3-element integer vector of the file number,
index, and length of the file region to be unlocked.

11:43 y Query Current Working Directory. Query the current
working directory (Posix get cwd).

11:44 y Set Current Working Directory. Set the current working
directory (Posix chdir).



1!1:45 y Profile. The default profile.

In Windows, 1!:45 returns profile.ijs inthepath of
theJFront End (j . exe or jconsol e. exe). For example:
c:\j501la\profile.ijs.

In Unix, 1!:45 usesenvironment variables and the J
version to determine the default profile:

. Theversionisthetextin 9!:14 '' uptothefirst
/ . If 91:14 ' returned j 501a/ 2002- 07-
05/17:50, thentheversionis j 501a .

. If HOVE/ version/profile.ijs exists, thenitis
the default profile. For example, if HOVE was
/ home/ eri ¢, then
/ hone/ eric/j50l1al/profile.ijs wouldbethe
default profileif it existed.

. If that file doesn't exist, environment variable
JPATHver si on (for example, JPATH 501a), if itis
defined, isthe default profile.

1!:55 vy Erase File/Directory. e.g., 1!:55<' careful"



Host

21:0y

21:1y

21: 2y

21:3y

21:5y

21:55 y

p217

2! :

Host. Thelist y isexecuted by the host system, and the
result isreturned. For example, 2!:0 'dir *.exe' . Not
available for Windows or Macintosh.

Spawn. Like 2!: 0, butyields '* without waiting for the
host to finish. Any output isignored. For example, 2!:1
can be used to invoke atext-editor. Not available for
Windows or Macintosh.

Host 10. (Unix only.) The host command line y is passed
to / bi n/ sh for processing, connecting two file numbersto
the command's standard input and output. The result isa 3-
element list of the processid of the task started and thefile
numbers associated with its standard input and output.
These file numbers also appear in theresult of 1!:20. In
this case, instead of appearing with a name they appear with
the command line, prefixed by > (standard input) or <
(standard output). The files associated with the process
should be closed with 1!:22 when no longer in use. See
also 2!:3 for averbtowait for processes to complete.

Wait. (Unix only.) Wait for processid y toterminate. The
result is the status code returned by the process.

Getenv. The value of the shell environment variable named
y. If the named variable is undefined, the result is 0.

Terminate Session. y isaninteger return code



Conversions

3!

64

0y Type. Theinternal type of

thenoun y , encoded as
follows:

boolean

literal

integer

floating point

complex

boxed

extended
integer

128 rational

[x] 3!':1 y Convert toBinary Representation. In standard byte order, the
bytes of aword are listed from most significant to least significant; in reverse byte
order, the bytes are listed from least significant to most significant. For example,
the 4-byte integer 265358979 is 0f d10e83 in standard byte-order and 830ed10f

in reverse byte-order. The PC is areverse byte order machine.

1024
2048
4096
8192

p218

3!

Sparse boolean
sparse litera

Sparse integer
sparse floating point

16384 sparse complex
32768 gsparse boxed
65536 symbol
131072 unicode

Thedyad x 3!:1 y appliestoanarray y and produces its binary representation,
according to the atom x :

X
00
01
10
11

word size byte order

32 bits standard
32 bits reverse
64 bits standard
64 bits reverse

Themonad 3!: 1 producesthe binary representation in the word size and byte
order of the current machine. 3! : 2 yConvert from Binary/Hex Representation.
Inverseof 3!:1 andof 3!:3; worksonanargumentin either word sizeand in



either byte order. [ x] 3!:3 yHex Representation. Like 3!:1, buttheresultis
aliteral matrix of the hexadecimal representation. For example, under Windows:

(3':3 x); 31:3 x,1p1l [ x== 1230 _1

| 04000000| 08000000
| 00000000| 00000000
| 05000000| 06000000
| 01000000| 01000000
| 05000000| 06000000
| 01000000| 00000000
| 02000000| 0000f 03f |
| 03000000| 00000000
| 00000000| 00000040|
| ££fffff|00000000|
| | 00000840
| | 00000000
| | 00000000
| | 00000000
| | 0000f Obf |
| | 182d4454|
| | f b210940]

31:4y
3!:5 ylnteger/Floating Conversion. If ic=: 3!':4 and fc=: 3!:5 , then

2 icy Jintegersto binary long integers

_2 ic y bhinarylong integersto Jintegers

1 icy Jintegersto binary short integers

_1 ic y hinary short integersto Jintegers

0 ic y binary unsigned short integersto Jintegers
2 fc y Jfloatsto binary doubles

_2 fc y binary doublesto Jfloats

1 fc y Jfloatsto binary short floats

_1 fc y binary short floatsto Jfloats

All ranks areinfiniteand all inversesof k& ¢ and k&fc exist.3!:6 yLock
Script. Converts plain script text into locked script text.
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Names 4! -

41:0 y Name Class. Class of (boxed) name:

2 invalid
_1 unused
0 noun
1 adverb
2 conjunction
3 verb
6 locale
[x] 4':1y Name List. Result is avector of boxed names belonging to
theclasses 0 to 3 and 6, asdefined under 4!:0 above.

The optional left argument specifiesthe initial letters of
names to be included.

41:3 y Scripts. List of script names that have been invoked using
o!:
414 y Script Index. Index (in 4!:3 ') of the script that

defined y, or _1 if y wasnot defined from a script.

al:5y Names Changed. 4!:5]0 turnsoff data collection;
41 :5]1 turnsit on and producesalist of global names
assigned since the last execution of 4!:5 .

41:55 vy Erase.
41:56 vy Erase All. Erase all names and all locales.
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Representation 5!1:

x 5!':0 Define. 5!: 0 isan adverb and provides acomplete inverse
of 5!:1. Thatis, (5!:1 <" f') 5!/:0 equals f forall f

S5!:1ly Atomic. The atomic representation of the entity named y
and is used in gerunds. The result is a single box containing
acharacter list of the symbol (if primitive) or a two-element
boxed list of the symbol and atomic representation of the
arguments (if not primitive). "Symbol-less' entities are
assigned the following encodings:

0 Noun
2 Hook
3 Fork
4 Bonded conjunction
7 Defined operator (pro-adverb or pro-conjunction)
For example:
plus=: +
5/:1 < plus’
+- +
| +|
+- +
noun=: 3141509
51:1 <" noun'
S +
| +-4----------- +|
110|314 15 9|]
| +-4----------- +|
S +
i ncrenent=: 1&+
51:1 <'increment'
R +
| +-4--------- +|



51

51

51

5y

nub=: (i.@ =i.~) # ]

[+ nee oo b4 # ]
[ 4=t =] o] ]

[T T@# | (1.1~

| | +--+-+-+]| | +--+-+||

||
||
||
. +-+- +

Tree. A literal matrix that represents the named entity in
tree form. Thus:

51:4 <' nub'
+-
+- @-+- #
+--- - =
N
--+- H
+ ]

Linear. The linear representation is a string which, when
interpreted, produces the named object. For example:

515 <' nub’
(i.@ =i.~) #]

5'5<a [ a=: 0. i. 34
3.14159265358979324*i . 3 4

lr=: 3 : '"5l:5 < 'y, """
| r 100008 x'
10000%' x'



5!:6y Paren. Like the linear representation, but is fully
parenthesi zed.

51:6 <' nub'
((ih.@) =(i.~)) #]

X Sti7y Explicit. The left argument is 1 (monadic) or 2 (dyadic);
the right argument is the boxed name of averb, adverb, or
conjunction. For example:

perm=: 3 : 0

z=. i.10

for. i.y. do. z=.,/(0,.1+z){"2
\:"1=i.>:{:%$z end.

)

1 (5':7) <perm +-4---------- S
------------------ + |01 10 |z=i.120]| +-+--
-------- e
| 1165536 2 1 |for. | +-+---------- S LR
------------------- +|2/2 11 |i.y. | +-+-----
----- e
| 3] 131072 6 1|do. | +-+---------- A
------------------ + 141 11
| z=.,/(0,.1+2){"2 1\:"1=i.>:{: $z|
S SR o mm e e oo +
|5/32 3 1 | end. |
S SR o mm e e oo +

Theresult of 5!:7 isa3-column boxed matrix. Column O
aretheboxedintegers 0 1 2 ... n-1.Column1lare
boxed 3-element integer vectors of control information:
control word code, goto line number, and source line
number. Column 2 are boxed control words and sentences.

Theresultof 5!:7 isa 0 3 empty matrix if the named
object is not an explicit definition, or is undefined for the
specified valence.

For al but the noun case, the default displays established by 9! : 3 provide
convenient experimentation with all representations. For example, 9!:3 (6 4 2)



specifies that the paren, tree, and boxed representations are all to be displayed.



Time

6!:0 vy

6!:1y
[x] 6!:2 Yy

6!:3 vy

6!:8 vy
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6! :

Current. The current timein order YMDHMS (with
fractional seconds):

6!/:0 "'
1998 3 10 23 21 14. 468

Session. Seconds since start of session

Execute. Seconds to execute sentence y (mean of x times
with default once). For example:

a=: ?50 50%$100

6!:2 "% a'
0. 091

10 (6!:2) "% a' Mean time of 10 executions
0.0771

ts=: 6!:2 , 7!:2@ Time and space

ts "% a'
0. 08 369920

Delay. Delay execution for y seconds. For example, 6!: 3
(2.5)

Query Clock Frequency. Return the clock frequency, the
number of clock counter values per second. (In Windows,
theresult of Quer yPer f or manceFr equency.) The
argument y isignored.

6!:8 "'
1.19318e6



6!:9 vy

6!:10 vy

Query Clock Counter. Return the current clock counter
(elapsed time) value. (In Windows, the result of

Quer yPer f or manceCount er.) Theargument y is
ignored.

61:9
08486€9
10 [\

767

e

~/\ 6!:9"1 (101 0)$0
6

DOOOOOOOO OO O O
OO0 O0OONNO NN
DOOOOOOO OONO
OO NNNOOOOO OO,
O~NOO O NO OO O
OO0 ~NOONONO OIDN
OO ~NONONO 00N
DO OOO OO OO O
ONNNNOOOOO OO
OO OONO0O NN

Performance Monitor Data Area. Literal (character)
vector y isto hold the fixed-sized records of "packed"
performance monitor data; the old PM dataarea (if any) is
released. The PM counter (see 6!:12) issettoO.If y is
an empty vector, no PM datawill be collected.

x IsaZ2-element vector of control parameters;, 0 0 is
assumed if it is elided.

0o{x - what to record
0 - entry and exit
1 - entry and exit and all lines
1{x - action on running out of spacein y
0 - "wrap", discard the oldest record
1 - "truncate", discard the newest record

The result is the number of records that will be heldin y.



6!:11y Unpack PM Data. Unpack the PM data, resulting in a
boxed vector of data columns:

0 name

1 locale where nameis found

2 vaence

3 linenumber (_1 for entry; _2 for exit)
4 spacein use (bytes)

5 time (seconds)

6 list of names

Columns 0 and 1 areindices into column 6. Columns0to 5
have the same number of (corresponding) elements.

y areindices of the rows to be unpacked, where O isthe
oldest row (and _1 isthe newest row). All rows are
selected if y isthe empty vector. Rowsin the result are
always arranged from oldest to newest and no row is
selected more than once.

6!:12 y Add y tothe PM Counter. PM datais recorded if the PM
counter is greater than 0 and a PM data areais extant. (A
non-empty PM data area must be specified before the PM
counter can be changed.) The result is the value of the PM
counter after the operation.

6!':13 y PM Statistics. Produces a 6-element vector of the
following information:

O - what to record
0 - entry and exit
1 - entry and exit and all lines
1 - action on insufficient space
0 - wrap
1 - truncate
2 - the maximum number of records
3 - current number of records
4 - whether records have been |ost
5 - current value of the PM counter



If no PM data area has been specified the result is 6$0.
Theargument y isignored.

Further Examples:
sum=:  +/

avg=: 3 : 0
n=. #y.
S=. sumy
s %n

)

1 (6':10) 1le5%' x'
3570
(6!:12) 1
1
avg"1l ? 3 10%$100
65 64.4 64.3
(6!:12) 1
0

x=. 6!:11 "'

$& > x
S
| 21| 21| 21| 21| 21| 21] 3|
S

[: > 6{. x

021 _1 1152 22582.5
021 0 4224 22582.5
021 1 576 22582.5
121 _1 128 22582.5
121 _2 64 22582.5
021 2 128 22582.5
021_2 0 22582.5
021 _1 128 22582.5
021 0 4224 22582.5
021 1 576 22582.5
121 _1 128 22582.5
121 _2 64 22582.5
021 2 128 22582.5
021_2 0 22582.5
021_1 0 22582.5



021 0 4224 22582.5
021 1 576 22582.5
121 _1 128 22582.5
121 _2 64 22582.5
021 2 128 22582.5
021_2 0 22582.5

5[\ 2 - ~/\ > 5{x
.52571e_ 5 2.09524e_5 1.50857e_5 1.67619e_5 9. 21905e_6
.28571e_5 9.21905e_6 1.59238e_5 1.59238e_5 1.34095e 5
.00571e_5 1.00571e_5 5.61524e_5 7.54286e_6 1.59238e 5
.50857e_5 1.42476e_5 1.00571e_5 8.38095e_6 5.61524e 5

i R N

> {: x
e
| avg| sum base|
I R e -

(6!:10) 1e5%' x' NB. entry and exit only
3570

(6!:12) 1
1

avg"l ? 3 10%$100
38.8 61.9 61.7

(6!':12) 1
0

Xx=. 6!:11 "'

[: > 6{.x
021 1 832 22681.5
121 1 4928 22681.5
121 2 64 22681.5
021 2 128 22681.5
021 1 128 22681.5
1 21 1 4928 22681.5
121 2 64 22681.5
021 2 128 22681.5
021 1 0 22681.5
1 21 1 4928 22681.5
121 2 64 22681.5
021 2 128 22681.5

5[\ 2 - ~/\ > 5{x
.12381e_ 5 1.50857e_5 6.70476e_5 9.21905e_6 3.52e 5
1. 00571e_5 0. 000108952 7.54286e_6 3.93905e_5 1.08952e 5

\‘



6. 03428e_5 0 0 0 0

6!:13 "'

0 0 3570 12 0 O
sumab_ = +/
sumz_=: sum.ab_
avg_q_ = 3: 0

tally=. #

S=. sumy

n=. tally y.

S %n

)

(6!':10) 1e5%' x'

3570
(6':12) 1

1
avg_q_ i.12

5.5
(6':12) 1

0
x=: 6/:11 "'
(>{&/0 6{x) ,. " " ,. (H&&/1 6{x) ,. " " ,. " ,. >3{x

avg_q_ q _1

sum qg _1

sumab_ab 1
sumab_ab 2
sum q
tally q
tally q
avg_q_ ¢

> 6{x
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Space 7
710y Current. Space currently in use.
711y Session. Total space used since start of session.
71:2y Execute. Space required to execute sentence y. For
example:
7':2 ', /x" [ x=: 3000 2 5% kerygnatic'
33888
71:3y Free Space. Information on the state of the J memory

manager, currently a 2-column table of the block sizes and
number of free blocks for each size. The definition of the
result of 7!:3, aswell asthe availability of 7!:3 itsalf,
are subject to change. For example:

73

32 950

64 1135

128 554
256 157

512 74
1024 40

71:5y Space. The space in bytes needed by the named objects vy .
For example:

Hlbert=: %@ > @ (+~) @ i.
7':5 <" hilbert' 896 7!:5

<'name_w t hout val ue' |value error:
nane_wi t hout value | 7!:5

<'nane_w t hout _value' sp=: 3 : "7!:5 < 'y, '""
sp 'chiaroscuro’ 64 sp i.1000 4096 sp o.i.1000
8192 x=: o0.y=: 1.1000 7!:5 ;:'"x y hilbert"’

8192 4096 896
Seeadso 9!:20 p223 and 9!:21 p223.
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Global Parameters 9l
9!:(2*n) queriesaparameter and (if available) 9!: (1+2*n) setsit.
9r:0 Random Seed. Queries and sets the random seed used in

y
oftly pseudo-random number generation intheverb 2 (Roll «
Deal). Theinitia valueis 775.

91:2y Default Displays. The representation(s) to used for default

of:3y displays of non-nouns. The representations are as defined in
5! : n: 1 atomic, 2 boxed, 4 tree, 5 linear, 6 paren.

91:6 vy Box-Drawing Char acters. The eleven characters used to

o7y draw boxes (initially +++++++++| -).

9!:8 y Error Messages. e.g. replace English messages (default) by

ol:9y French.

9!:10 y Print Precision. The print precision in default output

9O:11y (initially 6). The precision in particular cases can be set
using fit, thus: ": 1. p

ol:12y System Type.

0PC 5 Unix

1 PC386 6 Windows32 (95/98/2000/NT)

2 Windows 7 Windows CE

3 Macintosh _1 Other

4 OS2

9!: 14 yJ Version. For example:

9l:14 "'

4.01/ 1998- 03-15/10: 24

91:16 vy
9!: 17 yBoxed Display Positioning. y is r, ¢ specifying row and column
positioning: O (top, left); 1 (centre); 2 (bottom, right) 9! : 18 y



9!:19 yComparison Tolerance. Queries and sets the comparison tolerance. See
Equal (=). Thetolerancein particular cases can be set using fit, thus: =! .t .
91:20 vy

9!:21 yMemory Limit. An upper bound on the size of any one memory
alocation. The memory limitisinitially infinity. 9! : 24 y

9!: 25 ySecurity Level. The security level iseither O or 1. It isinitialy O, and
may be set to 1 (and can not be reset to 0). When the security level is 1, executing
Window driver commands and certain foreigns (! : ) that can alter the external
state cause a " security violation™" error to be signalled. The following foreigns are
prohibited: dyads 0!: n, 1!:n except 1!:40, 1!:41, and 1!:42, 2!:n, 8!:n,
14!:n, 15!:n, and 16!:n.9!:26 vy

9!1:27 ylmmex Phrase. See 9!:28 and 9!:29.9!:28 y

9!: 29 ylmmex Flag. If the immediate execution flag is 1, then on entry into
immediate execution, the immediate execution phrase (9! : 27) is executed and
theflagissetto0.9!:32 y

9!: 33 yExecution Time Limit. The execution time limit is a single non-negative
(possibly non-integral) number of seconds. The limit is reduced for every line of
Immediate execution that exceeds a minimum granularity, and execution is
interrupted with a"time limit error" if anon-zero limit is set and goesto 0. Current
limitations:

. Theresolution is milliseconds.

« Under Windows the limit is on elapsed time while Jis running, instead of
the task processor time asis intended.

« Under Windows the granularity is approximately 1.5 seconds.

Examples:
91:32 "' guery execution time limit; noneis set
0
91:33 ]5.25 set limit to 5.25 seconds
91:32 "' current setting
5.25
# % ? 100 100 $ 1le6 below granularity
100
91:32 "' [imit unchanged
5.25

"L10#, " # % ?(2#100) $1e6'  above granularity
100 100 100 100 100 100 100 100 100 100



91:32 ' limit reduced
2.226

" 104, ;' # % ?(2#100)$1e6'  limit exceeded
Itime limt
| # %2100 100$1000000
91:32 '
0

9l: 34

9!:35 zAssertions. 1if and only if assertions are to be evaluated, with a default
setting of 1. Seethe assert. p201 control word. 9!: 36 y

9!: 37 yOutput Control. A 4-element vector that controls session manager
output:

end-of-line sequence 0 linefeed; 1 carriagereturn; 2 carriage return line feed
maximum line length Output lines are truncated at this length and “..." appended.

maximum line before If the total number of output lines exceeds the sum of
"maximum lines before” b and "maximum lines after” a
then thefirst b linesare output, followed by alineof "...",
followed by thelast a lines.

maximum line after See above.

The default for the end-of-line sequenceis 0 for Unix, 1 for Macintosh, and 2
for others (including Windows); the defaults for the other output controls are 256
0 222.9!:38 y

9!:39 yLocaleHash Table Size. A 2-element vector that controls the default
hash table sizes for named and numbered locales, with adefaultof 3 2. A
specified sizeof i indicates atable requiring approximately the same space as

i . 276+ . A larger hash table size improves performance; regardless of the hash
table size, alocale may contain an effectively unlimited number of names.

Thefollowing table lists theinitial hash table sizes:

Category Index # Entries
named locales 3 499
numbered locales 2 241

table of al named locales 3 499
explicit definitionlocals 1 113



base 5 2029
z 7 8179

The hash table size of alocale can be individually specified when the localeis
created, usingthedyad 18!:3 p227.9!:40 y

9!: 41 yRetain Comments and White Space. Specifies whether comments and
non-essential white space are retained in explicit definitions. The defaultis 1
(retain comments and white space). A setting of 1 can result in explicit definitions,
even commentless ones, requiring double the amount of storage.
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Window Driver 11! :

11!:0 vy Window Driver. See help files.
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Debug 13! :

See Section I1.J p72 and the script syst eml nmai n\ debug. i j s.

The conjunction
13!: 16
controls tracing.

u 13!:16 n
(r,c) 13!:16 n

The right argument

n

specifies the maximum level of function call to be traced:
0

means no trace;
1
means immediate execution only;

means trace everything; etc. The left argument can be averb to be used for
displaying arraysin the trace (and is not itself traced during tracing). It may also be
integers

r,c

whence the system default display is used, clipped to

r

rows and

Cc

columns. (Two numbers suffice as clipping parameters because the output of an n-
dimensional array is 2-dimensional on the screen.) Finally, it may be the empty
vector, whence the current trace level and display controls are shown. Theresult is
i.00



For example:

trace=: 13!:16

lr = 3 : "51:5<""y."""  Linear display of an array
_ _ trace _ Trace everything; display everything
9 trace 1 Trace immediate execution only; display
maximum of 9 rows
trace n Sameas _ _ trace n
lr trace n Linear display of trace output

Tracing provides information on results
within

aline; the action labels

0 nonad

1 nonad

9 paren

etc., are from the parse tablein
Section I1.E p67
, and reflect the activities of the interpreter with high fidelity.

__(13!1:16) _ Trace everything; display everything

i.4 input sentence
--------------- 0 monad ------ action
i verb
4 argument
0123 result
0123 result of input sentence

(i.24) + .* *: 5 * 10 20 30 40 input sentence

--------------- 2 dyad -------

5 left argument
* verb

10 20 30 40 right argument

50 100 150 200 result



i verb

2 4 argument

0123 | result

4567 |

--------------- 8 paren ------

0123

4567

--------------- 3 adverb -----

+

/

+/

--------------- 4 conj -------

+/

+ o

--------------- 1 nmonad ------ Wordsto theleft of *: are parsed

*: first because an operator may "grab"

50 100 150 200 averb.

2500 10000 22500 40000

--------------- 2 dyad -------

0123 | left argument

4567 |

+ o verb

2500 10000 22500 40000 right argument

175000 475000 result

175000 475000 result of input sentence

131:0 y Reset. Reset stack and disable (0) or enable (1) suspension.
Nearly all thefacilitiesinthe 13!: family require that
suspension be enabled; all the examples below assume that
suspensionisenabled: 13!:0 ]1 . Only named definitions
(verb, adverb, or conjunction) can be suspended.

131:1y Display Stack. Only named definitions (verb, adverb, or
conjunction) are put on the stack. Seeaso 13!: 13 and
13!:18.

131:2 y Query Stops.



13!:

Set Stops. Explicit stops are requested by name and line
number in the argument y, which contains zero or more
stop specifications separated by semicolons. Each stop
specification indicates a name, line numbers (if any) for the
monadic case, a colon, and line numbers (if any) for the
dyadic case. An asterisk indicates "all”, and atilde indicates
"except for". For example:

13!:3 'f O f monadicline0
131:3 'f 2 f dyadicline2
131:3 "f 0 2: 1" f1 monadic 0 2, dyadic
f monadic 0 and g all
131:3 'f 0; . :
J dyadic
131:3 ' * 0: 0" gnonadlc 0 and dyadic

13!:3 "a* *:*; ~ab* *:*'  All monadic and dyadic
whose names begin with
a, except for any
beginning with ab

131:3'f 1.0 Stopat f monadline
1, dyad line O

fo
| stop: f
| 11
| f[1]

131:0 ]1 Clear stack and enable

suspension

3f 4
| stop: f
| 20
| f1[:0]



13!:

13!:

13!:

5y

Run Again. Resume execution at the current line. For
example:

g=: 3 : ("t= 2*y.'; "1+t")
3 4,g 'abc’
| domain error: g
| t=.2 *y.
| 9 0]
y. Six-space indent
indicates suspension
abc Local valueof vy.
y.=. 25 Redefine local value of
y.
131:4 "' Run again
3451

Run Next. Resume execution at the next line. For example:

h=: 3 : ("t=. 2 3*y.'; "1+t")
34,h567
| length error: h
| t=.2 3 *y.
| h[ O]
t=. 99 six-space indent
indicates suspension
131:5 "' Run next
3 4 100

Exit and Return. Exit the verb/adverb/conjunction at the
top of the stack, returning result y . For example:

g=: 3 : ("t=. 2*y.'; "1+4t")
3 4,9 'abc’

| domain error: g

| t=.2 *y.

| 9[ 0]
131:6 [9 Exit g withresult 9
349
h=: 2&*
3 4,h "abc’
| domain error: h
| h[ 0]
13!:6 [97 Exit h withresult 97
3 4 97



131: 7y

[x] 13!':8 vy

[x] 13!':9 vy

13!:
13!:

11y
12 vy

Continue. Resume execution at line number y

Signal. Signal error number {.,y (aninteger between 1
and 255) with optional text x

Rerun. Resume execution by rerunning the tacit verb at the
top of the stack with the specified arguments. Thus:

plus=: +
pl us/ "' abc’
| domai n error: plus
| pl us[:0] *
13!/:13 ' See below re
interpretation of stack
e R +- -+ +
| plus| 3| Of 3| +[ | +-+-+[ | *]
| | L1 | [llblel]l ||
| I O e O
e R +- -+ +
2 (13!':9) 3 Rerun, getting another
error
| domai n error: plus
| plus[:0] !
131:13 ' Note left and right args
(a" and 5)
S T T T T +- - +- +
| plus| 3] O] 3| +[ | +-+-+ | *]
I I O B I I =YY I R
I I I I T B
S T T T T +- - +- +
1(13':9) 5 Rerun
6

Error Number. Last error number
Error Message. Last error message



131113 y Stack. Produces a 9-column matrix of information on the
(named) verbs/adverbs/conjunctions on the stack:

0 Name
Error number or O if not in error
Line number

Name class: 3, 1, or 2, denoting verb, adverb, or
conjunction

4 Linear representation of the entity
5 The name of the defining script

6 Argument(s) individually boxed
7
8

w N P

Locals as a 2-column matrix of name and value
*if begins a suspension; a blank otherwise

In columns 6 and 7, nouns are included per se, and verb,
adverb, and conjunction are represented by their linear
representation. For example:

mean=: sum % #
sune: plus/
plus=: 4 : 'Xx.+y.'
mean ' abcd’

| domai n error: plus

| X. +y.
| pl us[: 0]
131:13 "' Note tacit definitions
have no locals
T +4-- - - - - S N +- +
| PlUS| 3] 03] 4 "X, +y. ' [+ 4= | +-- -] *]
I |1 [[lcldl [Ix.[cl] |
. [ [t [t
I |1 | | [Ty 1dl| |
I |1 | | | +--+-+ |
T +4-- - - - - S N +- +
| sum | O] O] 3| pl us/ | [ +----+ ||
I |1 | || abcd] | ||
I |1 | [ +----+ ||
T +4-- - - - - S N +- +
| mean| 0| O] 3| sum % # | | +----+| |
|1 I

I
||| abed] | I



131:14 y
131:15 y
131:16 vy
131:17 y
13!:18 vy

Query Latent Expression.

Set Latent Expression. The latent expression is executed
when execution is about to be suspended; error messages

are suppressed; any continuation must be programmed in

the latent expression.

Trace. See below.
Query. Issuspension enabled? (Set by 13!:0)

Stack Text. Like 13!: 1, but givesthe stack asaliteral
matrix.

A debug suspension is an immediate execution state with a non-empty execution
stack. Another debug suspension is created when a named object (verb, adverb, or
conjunction) isinvoked in a debug suspension and it too suspends.

Four verbs are provided. They are part of the debug facility in the J devel opment
environment and usually are not invoked directly. Their behaviour and
availability are subject to change without notice.

131:19 y

[x] 13!':20 y
[x] 13!':21 vy
[x] 13!':22 vy

Cut Back. Cut back one stack level, stopping at the line at
the next stack level.

Step Over. Run the current line (or line x if specified) to
completion, stopping at the next line.

Step Into. Run the current line (or line x if specified),
stopping at the next line.

Step Out. Run the current object to completion, starting
with the current line (or line x if specified), stopping at the
next line.



Dynamic Link Library

See help filesand the script system mai n\dl | .ij s.
x 15!:0 y Call DLL Function

15!:1 y Memory Read
x 15!:2 vy Memory Write

15!:3 vy Allocate Memory

15!:4 y Release Memory

p226

15!:
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L ocales 18! :

See also Section I1.1 p71 and the "Locales" lab under menu item St udi o] Labs...
| Local es.

18!:0 vy Name Class. Give the name class of the locale named vy,
with 0 for named, 1 for numbered, 1 for non-existent,
and _2 forillegal name. Thus:

18!:0 ;:"base j z 45bad asdf O
000 _2 11

[x] 18!:1y Name List. Give the names of named (0) or numbered (1)
locales. The optional left argument specifies theinitia
letters of names. Thus:

18!:1 [0 All named locales
S P IR U S P +- +

| base|j|jcfg|jnewser| newser| z|
A T T U S A +- +

asdf _bb_=: 'sesqui pedal i an’

"jb' 18!:1 [O All named locales beginning in j or

b
s s TS +
| base| bb|j|jcfg|jnewser|
s s TS +
18!1:3 "' Create a numbered locale
+- +
| O
+- +
18!:1 i.2 All named and numbered locales
LA TS U S Fom e oo - +- +

| O] base|j|jcfg|jnewser| newuser| z|



[x] 18!:2 y

[x] 18!':3 vy

S N +- +

Path. The monad gives the (search) path for locale y ; the
dyad sets the path for locale y to x . The path of alocale
isinitially , <,' z' , except that the path of locale z is
empty initially. If aname sought in locale f isnot foundin
f , thenitissought inthelocalesinthe path of f (but not
searching their paths). For example:

(;:'acdb') 18':2 < f'
18!:2 < f'

+- - - -+

| al cd] bj

+- - - -+

The path of locale f issetto a, cd, and b.

Create. If y isthe empty string, then create a previously-
unused numbered locale. If y isaname, then (re-)create
the named locale; an error is signalled if the named locale
already exists and is non-empty. The result is the name of
the created locale.

x specifies the size of the hash table for the locale,
requiring approximately the same spaceas i . 226+x . If x
is elided, then the defaults specified in 9! : 39 p223 are
used. A larger hash table size improves performance;
regardless of the hash table size, alocale may contain an
effectively unlimited number of names.

181:3 "' Create anumbered locale
+- +
| Of
+- +
18!1:3 "' Create another one
+- +
| 1
+- +
18!:1 [1 Names of numbered locales
+- +-+
| Of 1]

+-+-+



18!:

18!:

18!:

5y

55 y

Switch Current. Switch the current localeto y at theend
of the currently executing named verb. Initialy the current
localeis base .

Current. The name of the current locale. For example:

18!:5 "'
oo -+

| base|
+----+

Erase. Eraselocale y (onceit finishes execution). A
numbered locale, once erased, may not be reused; a named
locale may be reused at will.



Miscellaneous

128!':0 vy

128!': 1y

p228

128! :

QR. Produces the QR decomposition of a complex matrix
y (inthe domain of matrix inverse % ), an Hermitian
matrix and a square upper triangular matrix, individually
boxed.

x=: + . * Matrix product

A= j./?. 2 7 4%10 A random complex
matrix

$A
7 4

"QR = 128!:0 A

$Q
7 4

$R
4 4

> /|,(=1.4) - (#:Q x Q Q isHermitian
6. 33846e_16

0~:R R is upper triangular

1
1
1
1

coooRr
OO R PR
OR R PR

A-: QX R

|_\

R Inv. Invert square upper triangular matrix.



x 128!:2 vy Apply. x 128!:2 y appliestheverbinstring x to y .

For example

'4/' 1281:2 0.2 5
579 11 13

"4/' 1281:2"1i.2 5
10 35

"4+/"1' 1281:2 0.2 5
10 35

("Lt 1) 1281:28&.><i.2 5
RS U S R S R +
|57 9 11 13|56 7 8 914 3 2 1 Q]
| |01 23 4/9876 5|
RS U S R S R +

2 3 128!:2i.2 5
| syntax error
| ‘2 3 128!:2i.2 5

'@ 128!':2 1.2 5
| syntax error
| '@ 128!:2i.2 5

Theranksof 128!:2 are 1 _ , thatis, apply thelistsin
the left argument to the right argument in toto.
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Appendix B. Special Code

Many primitives contain special code for certain arguments to effect time and/or
Space savings not available to general arguments. Moreover, some phrases are
"recognized" and are supported by special code. For example, the dyad of the hook
($,) isexactly the reshape of APL (denoted by p); itsimplementation avoids
actually ravelling the right argument, and in so doing saves both time and space:

ts=: 6!:2, 7!:2@
x=: 11 13 17 19 23
y=: 29 7 23 11 19%' sesqui pedal i an'

(x ($) y) -: x8$, vy

ts 'x ($,) y'

0. 00773981 2.09818e6
ts 'x $, vy’

0. 0170125 3. 14662e6

Instances of such special code are listed below:

= dyad word-parallel operation on Boolean arguments for

the following verbs:
= << <> > 4+ xR RN~
!

<.@ both avoids non-integer intermediate results on
extended precision integers

> @ both avoids non-integer intermediate results on
extended precision integers

+ dyad aso * and - ; onWindows, assembly code for

integer arguments for the vector-vector, vector-
scalar, and scalar-vector cases

A dyad x~y works by repeated multiplication if x isreal
and y isintegral



n&| @

m& @ né&")

mb./

dyad
monad
dyad
monad
dyad
both

both

both

dyad
monad

monad

monad
monad
monad

both

avoids exponentiation for extended precision
arguments

avoids exponentiation for extended precision
arguments

special code

special code in general; special code for square
matrices; special code for arrays of 2-by-2
matrices; see the J4.05 release notes

aso ($,)"r ;dso{, {., }., e., ; avoids
ravel; see the J 4.06 release notes

also | ; specia code for vector or matrix right
arguments; see the J5.01 release notes

aso f;. 1 f;.2 f;._2; avoidsbuilding
argument cellsfor several verbs: < $ , # [ ]
{. {: <@. <@: ;ds0 <&} . <@}. etc.;
special code for sparse Boolean |eft argument; see
the J 4.05 rel ease notes

aso f;. 3 ; specia codefor matrix right
arguments

gpecial code for Boolean left arguments

aso (# i.&#) , etc.; avoids i. on Boolean
arguments; see the J 4.06 release notes

aso (#: i.8&*/)) , etc.; specia code for non-
negative integer vectors; seethe J4.05 release
notes

aso < < > > 4. 4+ x x  *: ~ - word-
parallel operations on Boolean arguments

aso * and - ; on Windows, assembly code for
integer arguments

aso,. ,.&>; ;lineartime; seethe J4.05
release notes

gpecial code for bitwise Boolean functions; see
the J5.01 release notes



fl@

#l .

[\
2 fl\y

mb./\

+\.

mb./\.

<'1@ { ]

monad
dyad
both

dyad

monad

monad
monad

dyad
dyad

monad
monad
monad
monad

dyad

dyad

dso f/@, f/& f/&, ; avoidsravel; seethe
J4.05 release notes

avoids building argument cells

aso \: ; specia codefor severa datatypes,
special code for arguments with 5 items or less;
see the J 4.05 release notes

special code when the left and right arguments
are the same boolean, literal, integer, or floating
point vector; alsofor /:"1 when theleft and
right arguments are the same boolean, literal,
integer, or floating point arrays; alsofor \: ;
see the J5.01 release notes

special code for boolean, literal, integer, or
floating point vectors; alsofor /:~"1 and
/:"1~ ;asofor \: ; seetheJ5.01 release
notes

aso +. *. ~:; word-paralel operations on
Boolean arguments

aso * and - ; on Windows, assembly code for
integer arguments

aso ] and , ; seetheJ5.01 release notes

also 2 f~/\y; specia codefor atomic f and
vector y ; seethe J4.06 release notes

special code for bitwise Boolean functions; see
the J5.01 release notes

aso < < > > 4.+ *, *: ~:: word-
parallel operations on Boolean arguments

aso * and - ; onWindows, assembly code for
integer arguments

special code for bitwise Boolean functions; see
the J5.01 release notes

special code for right arguments of severa data
types; special code for integer left arguments,
special code for indexing first two axes

avoids <"1 if left argument isinteger array



a=: c}x,y,:z

y= X i}ty
f'r

. &1@ <

both

dyad

monad
dyad
monad

monad
dyad

avoids catenation and lamination;in-place if ¢ is
Booleanand a is x or y; seetheJ4.05
release notes

in-place

numerous verbs have integrated rank support:
=< <, <> > > 4+ 4+ 4 x K K -

%N~ |1 |.1:%, ,. ,: #! ] {{
{: . Yy 0/ 1/ \V\.\: b.e i. i: 0. p.
p:

special code for Boolean, integer, floating point,
or literal vectors or scalars, for the following
functions, where conp isoneof = ~; < < >:
> (= and ~: only for litera). SeetheJ5.01
release notes.

. &0@ conp comp i. O:
. &l@ conp conp i. 1:
I &@ conp comp i: O:
I &1 @ conp conmp i: 1:

+/ @ conp [: +/ conp

aso ?. ; specia codeif argument isidentically
2

also 2. ; specia codeif left argument is much
smaller than right argument

special code for Boolean and literal vector
arguments

also i: ; specia casefor length-1 arguments

aso e. and i: ; special codefor several data
types; special codefor i.!.0; specia codefor
themonad i.~ or x i. x; specia codefor
arguments with many identical columns (see the J
4.05 release notes)
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Appendix C. System Limits

error number  (right argument of 13!: 8) lessthan 256
print precision lessthan or equal to 20
tolerance less than or equal to 2 _34



Index

abbreviated
abbreviation(s)
Abramowitz
abs

ace
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Sample Topics p31 - Sample 1. Spelling p32 - Sample 2.
Alphabet and Numbers p33 - Sample 12. Sorting p43 - H. Frets
and Scripts p70 - J. Errors and Suspensions p72 - Vocabulary
p74 - < Box - Less Than p77 - : Power p100 - |. Reverse -
Rotate (Shift) p110 - |: Transpose p111 - ;. Cut p122 - /: Grade
Up - Sort p132 - \: Grade Down - Sort p135 - p140 - } Item
Amend - Amend p142 -} Item Amend » Amend p143 - }.
Behead - Drop p144 - }: Curtail - p145 - " Rank p147 - " Rank
p148 - a. Alphabet p162 - s. Symbol p188

Intro 12. Reading and Writing p13 - Intro 22. Recursion p23 -
Intro 25. Permutations p26 - Intro 26. Linear Functions p27 -
A. Nouns p63 - J. Errors and Suspensions p72 - Vocabulary
p74 - :: Adverse p117 - A. Anagram Index - Anagram p163 - C.
Cycle-Direct - Permute p167 - Foreign conjunction p214

|. Alphabet and Words p61 - Vocabulary p74 - {. Head - Take
p139 - {:: Map - Fetch p141 - a. Alphabet p162

Intro 25. Permutations p26

Intro 9. Vocabulary p10 - I11. Definitions p73

H. Hypergeometric p174 - References p212

Monad-Dyad p115 - [: Cap p137

|. Alphabet and Words p61 - Vocabulary p74 - a. Alphabet
p162

acknowledgments Acknowledgments p213



file:///C|/setup501/pdf/dictionary/d522.htm

ACM
actuarial
adverbial
adverse

agenda(s)

agree(s)

agreement(s)

algebra
algebraic
alphabet

al phabeti zed
ambivalence
ambivalent
amend(s)

amendment(s)
anagram(s)

antibase
APL

References p212

Sample 28. Polynomials. Stopes p59
E. Parsing and Execution p67
Vocabulary p74 - :: Adverse p117

Intro 21. Gerund and Agenda p22 - Intro 23. lteration p24 -
Vocabulary p74 - * Signum - Times p89 - $: Self-Reference
pl104 - | Magnitude - Residue p109 - " Tie (Gerund) p151 - @.
Agenda pl54

Sample 13. Compositions | p44 - B. Verbs p64 - E. Parsing and

Execution p67 - = Self-Classify - Equal p75 - *: Square - Not-
And p91 - %. Matrix Inverse - Matrix Divide p96 - ~: Nub
Sieve - Not-Equal p108 - . Determinant « Dot Product p112

B. Verbs p64 - = Salf-Classify - Equal p75 - * Signum - Times
p89 - %: Square Root - Root p97

[l. Grammar p62 - $. Sparse p103
$. Sparse p103

Sample Topics p31 - Sample 2. Alphabet and Numbers p33 -
Sample 8. Classification p39 - Sample 12. Sorting p43 - 1.
Alphabet and Words p61 - Vocabulary p74 - /: Grade Up - Sort

p132 - \: Grade Down - Sort p135 - a. Alphabet p162
Sample 12. Sorting p43
Intro 2. Ambivalence p3

Introduction pl - Intro 2. Ambivalence p3

Vocabulary p74 - $. Sparse p103 -} Item Amend - Amend
pl42 -} ltem Amend « Amend p143

$. Sparse p103

Intro 25. Permutations p26 - Vocabulary p74 - A. Anagram
Index - Anagram p163

Vocabulary p74 - #: Antibase 2 - Antibase p126
Dictionary p60 - References p212 - Special Code p229




appose Vocabulary p74 - &: Appose p160

approx Intro 29. Secondaries p30

approximate(s)  Sample 23. Polynomials p54

approximated Sample 26. Polynomia Roots | p57 - %. Matrix Inverse -
Matrix Divide p96

approximately Sample 26. Polynomial Roots | p57 - * Exponential - Power
p98 - 0. Pi Times - Circle Function p182 - 9!: Globa
Parameters p223 - 18!: Locales p227

approximating  H. Hypergeometric p174

approximation(s) Sample 25. Polynomialsin Terms of Roots p56 - Sample 26.
Polynomial Roots | p57 - Sample 27. Polynomia Roots |1 p58
- G. Extended and Rational Arithmeti p69 - Vocabulary p74 -
%. Matrix Inverse - Matrix Divide p96 - ~: Power v p101 - D.
Derivative p169 - D: Secant Slope p170 - t. Taylor Coefficient

pl9l - T. Taylor Approximation p193

arc(s) Sample 20. Directed Graphs p51

arccos 0. Pi Times - Circle Function p182

arccosh 0. Pi Times - Circle Function p182

arcsine 0. Pi Times - Circle Function p182

arcsinh 0. Pi Times - Circle Function p182

arctan 0. Pi Times - Circle Function p182

arctanh 0. Pi Times - Circle Function p182

arithmetic Introduction pl - Intro 2. Ambivalence p3 - Intro 5. Forks p6 -
Sample 16. Partitions | p47 - G. Extended and Rational
Arithmeti p69 - <. Floor - Lesser Of (Min) p78 - >. Celling -
Larger of (Max) p81 - + Conjugate - Plus p86 - - Negate -
Minusp92 - .. Even p113 - &. p158 - s:. Symbol pl188

ascii |. Alphabet and Words p61

assert(s) . Explicit / p114 - Control structures p200 - assert. p201 - 9!:

Global Parameters p223




assertion(s)

assignment(s)
atom(s)

atomic

atop

axe(s)

Intro 28. Identity Functions and Neutrals p29 - $. Sparse p103 -

: Explicit / p114 - assert. p201 - 9!: Global Parameters p223

Introduction pl - Intro 1. Mnemonics p2 - =. Is(Local) p76

Intro 9. Vocabulary p10 - Intro 20. Rank p21 - A. Nouns p63 -

F. Trains p68 - G. Extended and Rational Arithmeti p69 - >

Open - Larger Than p80 - ~: Power pl100 - : Explicit/ pl114 -,

Ravel - Append p118 - ,. Ravel Items - Stitch p119 - # Tally -

Copy p124 - #: Antibase 2 - Antibase p126 - { Catalogue -

From p138 - {. Head - Take p139 - p140 - {:: Map - Fetch p141

-1 Item Amend - Amend p142 - }. Behead - Drop p144 - b.
Boolean / p164 - c. Characteristic Values p166 - C. Cycle-

Direct - Permute p167 - D. Derivative p169 - e. Raze In -

Member (In) p171 -i. Integers - Index Of p175 - Control

structures p200 - if. p206 - while. p211 - 3!: Conversions p218

<Box - LessThan p77 - $. Sparse p103 - :: Adversepll7 -,

Ravel - Append p118 - ,: Itemize - Laminate p120 - #. Base 2 -

Base p125 - " Tie (Gerund) p151 - 5!: Representation p220 - 9!:

Global Parameters p223 - Special Code p229

Intro 8. Atop Conjunction p9 - Intro 20. Rank p21 - VVocabulary

p74 - @ Atop p153

Intro 20. Rank p21 - A. Nouns p63 - B. Verbs p64 - $. Sparse

p103 - |. Reverse - Rotate (Shift) p110 - |: Transpose p111 - {_

Catalogue - From p138 - Special Code p229

Intro 20. Rank p21 - Intro 28. Identity Functions and Neutrals

p29 - Vocabulary p74 -/ Insert - Table p130 - " Rank p148 - "

Evoke Gerund p152 - @: At p155 - &: Appose pl160 - b..

Boolean / p164 - Basic p165 - g: Prime Factors - Prime

Exponents p186 - Special Code p229
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backspace
barchart(s)

bident(s)
binary

binomial(s)

bits
bitwise
bold
boole
boolean(s)

box

Intro 10. Housekeeping p11

Intro 12. Reading and Writing p13 - Sample 8. Classification
p39 - Sample 9. Digoint Classification (Graphs) p40

E. Parsing and Execution p67

#. Antibase 2 - Antibase p126 - s. Symbol p188 - 3!:
Conversions p218

Intro 3. Verbs and Adverbs p4 - Intro 15. Defined Adverbs pl16
- Intro 22. Recursion p23 - Intro 28. Identity Functions and

Neutrals p29 - Intro 29. Secondaries p30 - ! Factorial - Out Of
pl27 - p. Polynomia p183

b. Boolean / p164 - 3!: Conversions p218
b. Boolean / p164 - Special Code p229
E. Parsing and Execution p67

Intro 1. Mnemonics p2

Intro 1. Mnemonics p2 - Sample 9. Digjoint Classification
(Graphs) p40 - Sample 11. Classification Il p42 - Sample 20.
Directed Graphs p51 - G. Extended and Rational Arithmeti p69
-Vocabulary p74 - = Self-Classify - Equal p75 - +. Read /
Imaginary - GCD (Or) p87 - *. Length/Angle - LCM (And)
p90 - -. Not - Less p93 - : Power p100 - $. Sparse p103 - ~:
Nub Sieve - Not-Equal p108 - ;. Cut p122 -/ Insert - Table
p130 - &. p158 - b. Boolean / p164 - e. Raze In - Member (In)
pl71 - 3!: Conversions p218 - Specia Code p229

Intro 27. Obverse and Under p28 - Sample 10. Classification |
p4l - Sample 16. Partitions | p47 - Sample 17. Partitions |1 p48
- A. Nouns p63 - F. Trains p68 - VVocabulary p74 - < Box - Less

Than p77 - > Open - Larger Than p80 - |: Transpose p111 - ":
Default Format - Format p150 - s: Symbol p188 - 5!:
Representation p220 - 9!: Global Parameters p223




boxed

boxes

break(s)

byte(s)

Intro 2. Ambivalence p3 - Intro 6. Programs p7 - Intro 10.
Housekeeping pl11 - Intro 16. Word Formation p17 - Intro 19.
Tacit Equivalents p20 - Intro 22. Recursion p23 - Intro 25.
Permutations p26 - Sample 2. Alphabet and Numbers p33 -
Sample 25. Polynomialsin Terms of Roots p56 - |. Alphabet
and Words p61 - A. Nouns p63 - B. Verbs p64 - H. Frets and
Scripts p70 - Vocabulary p74 - = Self-Classify - Equal p75 - =.
Is(Local) p76 - <Box - Less Than p77 - > Open - Larger Than

P80 - $. Sparse p103 - |: Transpose p111 - : Explicit/ pl14 - ;
Raze- Link p121 - ;: Word Formation - p123 - !: Foreign p129
-/ Grade Up - Sort p132 - \: Grade Down - Sort p135 - {
Catalogue - From p138 - {. Head - Take p139 - {:: Map - Fetch

pl41 - ": Default Format - Format p150 - ~ Tie (Gerund) p151 -
@. Agendapls4 - a. Alphabet p162 - C. Cycle-Direct -
Permute p167 - L. Level Of p178 - p. Polynomial p183 - p..
Poly. Deriv. - Poly. Integral p184 - s. Symbol p188 - S. Spread

p189 - Foreign conjunction p214 (only first 40 listed)

Intro 14. Partitions p15 - A. Nouns p63 - C. Cycle-Direct -
Permute p167 - 9!: Global Parameters p223

Negative Sign / Infinity p83 - : Explicit / p114 - Control
structures p200 - break. p202 - continue. p203 - for. p204 -
while. p211
$. Sparse p103 - s: Symbol p188 - u: Unicode p195 - 3!:
Conversions p218 - 6!: Time p221 - 7!: Space p222

Intro 25. Permutations p26 - C. Adverbs and Conjunctions p65
- Vocabulary p74 - . Power p100 -/ Insert - Tablepl30 -}
Item Amend - Amend p142 - C. Cycle-Direct - Permute p167 -
References p212 - System Limits p230

Vocabulary p74 - c. Characteristic Vaues p166




calculus

cardinality
caret
cartesian

category
catenated
catenation
ceiling

celsius
characteristic(s)

circle

circular
circumference
clipped
coeff(s)

Sample 28. Polynomials: Stopes p59 - * Exponential - Power
p98 - D. Derivative p169

s: Symbol p188
Intro 9. Vocabulary p10

Intro 28. Identity Functions and Neutrals p29 - { Catalogue -
From p138
9!: Global Parameters p223

B. Verbsp64 - ,: Itemize - Laminate p120 - u: Unicode p195
Specia Code p229

Intro 28. Identity Functions and Neutrals p29 - D._
Comparatives p66 - Vocabulary p74 - <. Floor - Lesser Of
(Min) p78 - >. Celling - Larger of (Max) p81

Intro 12. Reading and Writing p13
Intro 20. Rank p21 - Intro 28. Identity Functions and Neutrals

p29 - Vocabulary p74 - " Rank p148 - Basic p165 - c.
Characteristic Vaues p166

Intro 9. Vocabulary p10 - Vocabulary p74 - * Signum - Times

p89 - %. Matrix Inverse - Matrix Divide p96 - 0. Pi Times -
Circle Function p182 - r. Angle - Polar p187

Intro 9. Vocabulary p10

Intro 9. Vocabulary p10

13!: Debug p225

Intro 22. Recursion p23 - Intro 29. Secondaries p30




coefficient(s)

commutative
commute(s)
commuted
comparative(s)
compared

comparisons

component(s)
compose
composition(s)

conj

conjugate(s)

Intro 3. Verbs and Adverbs p4 - Intro 4. Punctuation p5 - Intro

15. Defined Adverbs pl16 - Intro 21. Gerund and Agenda p22 -
Intro 28. Identity Functions and Neutrals p29 - Intro 29.
Secondaries p30 - Sample 23. Polynomials p54 - Sample 25.
Polynomiasin Terms of Roots p56 - Sample 26. Polynomial
Roots | p57 - Sample 27. Polynomia Roots |1 p58 - Sample 28.

Polynomials. Stopes p59 - Vocabulary p74 - #. Base 2 - Base
p125 - ! Factorial - Out Of p127 - /. Oblique - Key p131 - p.
Polynomial p183 - p.. Paly. Deriv. - Poly. Integral p184 - t.
Taylor Coefficient p191 - t: Weighted Taylor p192

Intro 3. Verbs and Adverbs p4

~ Reflex - Passive p105

F. Trains p68

D. Comparatives p66

Sample 27. Polynomia Roots || p58 - E. Parsing and
Execution p67 - select. p208

G. Extended and Rational Arithmeti p69 - = Self-Classify -
Equal p75 - s: Symbol p188

[11. Definitions p73

Vocabulary p74 - Compose p157

Sample 13. Compositions | p44 - Sample 14. Compositions ||
p45 - Sample 23. Polynomias p54 - C. Adverbs and
Conjunctions p65 - Compose p157 - &. p158 - D. Derivative

p169
E. Parsing and Execution p67 - : Explicit / p114 - 13!: Debug
p225

Sample 2. Alphabet and Numbers p33 - Vocabulary p74 - +
Conjugate - Plus p86 - 0. Pi Times - Circle Function p182




conjunction(s)

conjunctival
constants

control(s)

Introduction pl - Intro 6. Programs p7 - Intro 7. Bond

Conjunction p8 - Intro 8. Atop Conjunction p9 - Intro 10.

Housekeeping pl11 - Intro 11. Power and Inverse p12 - Intro 15.
Defined Adverbs p16 - Intro 18. Explicit Definition p19 - Intro
20. Rank p21 - Intro 21. Gerund and Agenda p22 - Intro 23.
Iteration p24 - Intro 24. Trains p25 - Sample Topics p31 -
Sample 3. Grammar p34 - Sample 13. Compositions | p44 -
Sample 17. Partitions |1 p48 - Sample 28. Polynomials: Stopes
p59 - Dictionary p60 - [I. Grammar p62 - B. Verbsp64 - C.
Adverbs and Conjunctions p65 - D. Comparatives p66 - E.
Parsing and Execution p67 - F. Trains p68 - H. Frets and
Scripts p70 - J. Errors and Suspensions p72 - 111. Definitions
p73 - = Self-Classify - Equal p75 - <: Decrement - Less Or
Equal p79 - * Signum - Times p89 - * Exponentia - Power p98
- N\ Power p100 - $ Shape Of - Shape p102 - ~. Nub - p107 - ~:
Nub Sieve - Not-Equal p108 - | Magnitude - Residue p109 - :
Explicit / p114 - .. Obverse p116 -, Ravel - Append p118
(only first 40 listed)
E. Parsing and Execution p67

|. Alphabet and Words p61 - G. Extended and Rational
Arithmeti p69 - Vocabulary p74 - ". Do - Numbers p149 -
Constants p199

Intro 10. Housekeeping pl1 - Intro 18. Explicit Definition p19

- Intro 23. lteration p24 - Sample 2. Alphabet and Numbers p33
- I1. Grammar p62 - Vocabulary p74 - <Box - Less Than p77 - |
Magnitude - Residue p109 - : Explicit / p114 - a. Alphabet

p162 - Control structures p200 - break. p202 - continue. p203 -
for. p204 - goto name. p205 - if. p206 - select. p208 - try. p210
-while. p211 - Acknowledgments p213 - 5!: Representation
p220 - 6!: Time p221 - 9': Globa Parameters p223 - 13!:

Debug p225




D:

date(s)
dedl(s)

debug
debugging
decoded
denominator(s)

derivative(s)

derive(s)
derived

Intro 29. Secondaries p30 - D. Comparatives p66 - Vocabulary
p74 - d. Derivative pl168 - D. Derivative p169 - D: Secant Slope

p170 - t. Taylor Coefficient p191

Sample 23. Polynomials p54 - Vocabulary p74 - . Natural Log
- Logarithm p99 - d. Derivative p168 - p. Polynomia p183
Vocabulary p74 - ~: Power p100 - D. Derivative p169 - D:
Secant Slope p170

A. Nouns p63

Vocabulary p74 - ? Raoll - Deal p161 - 9!': Global Parameters
p223

try. p210 - Foreign conjunction p214 - 13!: Debug p225

J. Errors and Suspensions p72

< Box - Less Than p77

G. Extended and Rational Arithmeti p69 - x: Extended
Precision p197

Intro 29. Secondaries p30 - Sample 23. Polynomials p54 -
Sample 25. Polynomiasin Terms of Roots p56 - Sample 26.
Polynomial Roots | p57 - Sample 27. Polynomia Roots |1 p58
-Vocabulary p74 - . Natural Log - Logarithm p99 - d.
Derivative p168 - D. Derivative p169 - D: Secant Slope p170 -
p. Polynomial p183 - p.. Poly. Deriv. - Poly. Integral p184 - t.
Taylor Coefficient p191

[11. Definitions p73

[1. Grammar p62 - E. Parsing and Execution p67 - D.
Derivative p169




determinant(s)

diagonal(s)

dimension(s)

dimensional
dir(s)
distributed
distributing
distribution(s)
div

divide(s)

divided

dividing
divisibility
divisible
division(s)

Intro 12. Reading and Writing p13 - Intro 28. |dentity
Functions and Neutrals p29 - Intro 29. Secondaries p30 -
Sample 18. Geometry p49 - G. Extended and Rational
Arithmeti p69 - Vocabulary p74 - . Determinant « Dot Product

pl12 - ? Roll - Deal p161 - C. Cycle-Direct - Permute p167 - D.
Derivative p169

Intro 14. Partitions p15 - Intro 29. Secondaries p30 - <. Floor -

Lesser Of (Min) p78 - $. Sparse p103 - /. Oblique - Key p131 -
c. Characteristic Vaues p166

Sample 18. Geometry p49 - $. Sparse p103 - ;. Cut p122 - 9:
to 9: Constant Functions p198

13!: Debug p225

2! Host p217

|. Locatives p71

~. Nub - p107

~. Nub - p107
Sample 7. Tables p38

Intro 2. Ambivalence p3 - Intro 12. Reading and Writing p13 -
E. Parsing and Execution p67 - Vocabulary p74 - +. Real /
Imaginary - GCD (Or) p87 - % Reciprocal - Divide p95 - %.
Matrix Inverse - Matrix Divide p96 - D. Derivative p169

G. Extended and Rational Arithmeti p69 - Negative Sign /
Infinity p83 - *. Length/Angle - LCM (And) p90 - %
Reciprocal - Divide p95 - $. Sparse p103 - [: Cap p137 - s.
Symbol p188 - Constants p199 - References p212

Sample 27. Polynomial Roots |1 p58 - | Magnitude - Residue

p109
Intro 12. Reading and Writing p13 - Sample 7. Tables p38

G. Extended and Rational Arithmeti p69

Intro 1. Mnemonics p2 - H. Frets and Scripts p70 - %
Reciprocal - Divide p95 - D. Derivative p169




divisor(s) Intro 12. Reading and Writing p13 - Sample 7. Tablesp38 - +.
Real / Imaginary - GCD (Or) p87

dot(s) Vocabulary p74 - . Determinant « Dot Product p112

doubled @ Atop p153

doubles 3!: Conversions p218

draw(s) 9. Global Parameters p223

drop(s) Intro 10. Housekeeping pl1l - Vocabulary p74 - }. Behead -
Drop p144 - }: Curtail - p145

dual(s) Vocabulary p74 - <. Floor - Lesser Of (Min) p78 - >. Celling -

Larger of (Max) p81 - +: Double * Not-Or p88 - *: Square -
Not-And p91 - ~: Nub Sieve - Not-Equal p108 - &. p158

duality +. Real / Imaginary - GCD (Or) p87
duplicated S. Symbol p188
dyad(s) Intro 3. Verbs and Adverbs p4 - Intro 5. Forks p6 - Intro 7.

Bond Conjunction p8 - Intro 8. Atop Conjunction p9 - Intro 9.
Vocabulary p10 - Intro 20. Rank p21 - Intro 27. Obverse and
Under p28 - Intro 28. Identity Functions and Neutrals p29 - B.
Verbs p64 - E. Parsing and Execution p67 - Vocabulary p74 -
<: Decrement - Less Or Equal p79 - > Open - Larger Than p80
- >: Increment - Larger Or Equal p82 - * Signum - Times p89 -
N Power p100 - $. Sparse p103 - ~: Nub Sieve - Not-Equal
p108 - | Magnitude - Residue p109 - Monad-Dyad p115 - |
Factorial - Out Of p127 -/ Insert - Table p130 -\ Prefix - Infix
pl133 -{. Head - Take p139 - & Bond/ p156 - b. Boolean /
p164 - s. Symbol p188 - u: Unicode p195 - 3!: Conversions
p218 - 9!: Global Parameters p223 - 13!: Debug p225 - 18!:

L ocales p227 - Special Code p229




dyadic

dyadically

eigen
eigenvalue(s)
eigenvector(s)

Intro 2. Ambivalence p3 - Intro 3. Verbs and Adverbs p4 -
Intro 5. Forks p6 - Intro 6. Programs p7 - Intro 19. Tacit
Equivaents p20 - Intro 28. Identity Functions and Neutrals p29
- Sample 13. Compositions | p44 - B. Verbs p64 - C. Adverbs
and Conjunctions p65 - G. Extended and Rational Arithmeti
p69 - H. Frets and Scripts p70 - 111. Definitions p73 - = Self-
Classify - Equal p75 - %. Matrix Inverse - Matrix Divide p96 -
|. Reverse - Rotate (Shift) p110 - . Determinant « Dot Product
pll12 - : Explicit / p114 - Monad-Dyad p115 -, Ravel - Append
pl118 - ,. Ravel Items- Stitch p119 - ,: Itemize - Laminate p120
-;. Cut p122 - !. Fit (Customize) p128 - [: Cap p137 - {
Catalogue - From p138 - Compose p157 - b. Boolean / p164 -
H. Hypergeometric p174 - 5!: Representation p220 - 13!:
Debug p225

Intro 7. Bond Conjunction p8 - Intro 8. Atop Conjunction p9 -
Intro 9. Vocabulary p10 - Sample 16. Partitions | p47 - E.
Parsing and Execution p67

Intro 12. Reading and Writing p13 - Sample 20. Directed
Graphs p51 - |I. Alphabet and Words p61 - Vocabulary p74 - $.
Sparse p103 - !. Fit (Customize) p128 -/ Insert - Table p130 -
e. RazeIn - Member (In) p171 - s. Symbol p188 - for. p204 -
select. p208 - Special Code p229

E. Parsing and Execution p67 - Vocabulary p74 - !. Fit
(Customize) p128 - E. - Member of Interval pl172 - Special

Code p229
c. Characteristic Vaues p166

c. Characteristic Vaues p166
c. Characteristic Vaues p166




enclose
enclosed

enclosing

encoded
encoding(s)
equality

equals

eguation(s)
equivalence
equivaently
equivalents
euler(s)

evaluate(s)

evaluated

evaluating
evaluation
evoke
evoked
executes

Intro 16. Word Formation p17

|. Alphabet and Words p61 - E. Parsing and Execution p67 -
Control structures p200

Intro 2. Ambivalence p3 - E. Parsing and Execution p67 -
break. p202 - continue. p203

3!: Conversions p218

< Box - Less Than p77 - 5!: Representation p220

D. Comparatives p66 - = Self-Classify - Equal p75 - !. Fit
(Customize) p128

Intro 1. Mnemonics p2 - Intro 2. Ambivalence p3 - Intro 26.

Linear Functions p27 - Sample 23. Polynomials p54 - Sample
25. Polynomialsin Terms of Roots p56 - >: Increment - Larger

Or Equal p82 - +: Double * Not-Or p88 - $. Sparse p103 -}
[tem Amend - Amend p142 - 5!: Representation p220

%. Matrix Inverse - Matrix Divide p96 - ~: Power p100
Intro 6. Programs p7

Intro 26. Linear Functions p27 - /. Oblique - Key p131
Intro 19. Tacit Equivalents p20

N Exponential - Power p98 - g: Prime Factors - Prime
Exponents p186 - Constants p199

Intro 4. Punctuation p5 - Sample 19. Symbolic Functions p50 -
~. Nub - p107

E. Parsing and Execution p67 - =. Is(Local) p76 - assert. p201 -
for. p204 - select. p208 - 91: Global Parameters p223

~. Nub - p107 - for. p204

Intro 21. Gerund and Agenda p22 - for. p204 - select. p208
Vocabulary p74 - EVOKE p106 - ": Evoke Gerund p152
=. Is(Local) p76

". Do - Numbers p149 - 0! Scripts p215




executing

executions
expand(s)
exponent(s)

exponential(s)

exponentiation

factor(s)

Intro 10. Housekeeping pl1 - E. Parsing and Execution p67 - |..
Locatives p71 - 9!. Global Parameters p223 - 18!: Locales

p227
E. Parsing and Execution p67 - 6!: Time p221
Intro 29. Secondaries p30 - : Power p100

Intro 4. Punctuation p5 - G. Extended and Rational Arithmeti
p69 - Vocabulary p74 - p. Polynomial p183 - a: Prime Factors -

Prime Exponents p186

Intro 2. Ambivalence p3 - Intro 27. Obverse and Under p28 -
Intro 28. Identity Functions and Neutrals p29 - Sample 25.
Polynomialsin Terms of Roots p56 - Sample 27. Polynomial
Roots Il p58 - |I. Alphabet and Words p61 - Vocabulary p74 -
Exponential - Power p98 - . Natural Log - Logarithm p99 - ":
Default Format - Format p150 - &. p158 - D. Derivative p169 -
t: Weighted Taylor p192 - Constants p199

while. p211 - Specia Code p229

Intro 6. Programs p7 - Sample 21. Closure p52 - Vocabulary
p74 - $: Salf-Reference p104 - f. Fix p173 - m. n. Explicit Noun

Args pl80 - u. v. Explicit Verb Args p194

Intro 12. Reading and Writing p13 - Sample 28. Polynomiadls:
Stopes p59 - G. Extended and Rational Arithmeti p69 -
Vocabulary p74 - +. Real / Imaginary - GCD (Or) p87 - g:
Prime Factors - Prime Exponents p186 - s. Symbol p188




factorial(s)

factorization(s)
float(s)
floor(s)

fork(s)

fractal(s)
fraction(s)

fractional
functional(s)

G

gamma
gaussian
gcd

Intro 18. Explicit Definition p19 - Intro 22. Recursion p23 -
Sample 13. Compositions | p44 - Sample 28. Polynomials:
Stopes p59 - Vocabulary p74 - * Exponential - Power p98 - I
Factorial - Out Of p127 - !. Fit (Customize) p128 - @. Agenda
p154 - Compose p157 - H. Hypergeometric p174 - t: Weighted
Taylor p192

0: Prime Factors - Prime Exponents p186

3!: Conversions p218

Intro 7. Bond Conjunction p8 - Intro 28. Identity Functions and

Neutrals p29 - D. Comparatives p66 - VVocabulary p74 - = Self-
Classify - Equal p75 - <. Floor - Lesser Of (Min) p78 - >.
Celling - Larger of (Max) p81 - [: Cap p137 - References p212

Intro 4. Punctuation p5 - Intro 5. Forks p6 - Intro 6. Programs
p7 - Intro 7. Bond Conjunction p8 - Intro 24. Trains p25 -
Sample 13. Compositions | p44 - Sample 14. Compositions ||
p45 - F. Trainsp68 - >. Ceiling - Larger of (Max) p81 - [: Cap
pl37 - 5!: Representation p220

Intro 9. Vocabulary p10 - References p212

Sample 16. Partitions | p47 - +. Real / Imaginary - GCD (Or)
p87 - ". Do - Numbers p149 - s:. Symbol p188

| Magnitude - Residue p109 - 6!: Time p221

Introduction p1

I Factorial - Out Of p127
<. Floor - Lesser Of (Min) p78

Vocabulary p74 - +. Real / Imaginary - GCD (Or) p87 - *.
Length/Angle - LCM (And) p90 - g: Prime Factors - Prime
Exponents p186




geometric

geometrically

geometry
gerund(s)

goto

grade(s)

graded

grading

grammar(s)

H

H.

halve(s)

halved
handbook
head(s)
hermitian

Intro 5. Forks p6 - Intro 8. Atop Conjunction p9
%. Matrix Inverse - Matrix Divide p96
Intro 12. Reading and Writing p13 - Sample 18. Geometry p49

Intro 21. Gerund and Agenda p22 - Vocabulary p74 - =. Is
(Local) p76 - : Power p100 - ;. Cut p122 -/ Insert - Table p130
-/. Oblique - Key p131 -\ Prefix - Infix p133 - \. Suffix -
Outfix p134 -} Item Amend - Amend p142 -} Item Amend ¢
Amend p143 - " Tie (Gerund) p151 - : Evoke Gerund p152 -
@. Agenda pl54 - References p212 - 5!: Representation p220
: Explicit / p114 - Control structures p200 - goto name. p205 -
5! Representation p220

Intro 2. Ambivalence p3 - Sample 12. Sorting p43 - A. Nouns
p63 - Vocabulary p74 - = Self-Classify - Equal p75 - /: Grade
Up - Sort p132 - \: Grade Down - Sort p135

s: Symbol p188

/: Grade Up - Sort p132 - \: Grade Down - Sort p135 - a.
Alphabet p162

Introduction pl - Intro 9. Vocabulary p10 - Sample 3.
Grammar p34 - I1. Grammar p62

H. Frets and Scripts p70 - Vocabulary p74 - H. Hypergeometric

pl74
Intro 9. Vocabulary p10 - Vocabulary p74 - -: Halve - Match
p94 - @. Agenda pl154

@ Atop p153

References p212

Vocabulary p74 - {. Head - Take p139
128!. Miscellaneous p228




hex
hexadecimal
hilbert
hyperbolic(s)

3!: Conversions p218

3!: Conversions p218

G. Extended and Rational Arithmeti p69 - 7!: Space p222

Intro 28. |dentity Functions and Neutrals p29 - 0. Pi Times -

Circle Function p182

hypergeometric(s) Vocabulary p74 - H. Hypergeometric p174

Intro 2. Ambivalence p3 - Intro 3. Verbs and Adverbs p4 -

Intro 5. Forks p6 - Intro 6. Programs p7 - Intro 7. Bond

Conjunction p8 - Intro 8. Atop Conjunction p9 - Intro 10.

Housekeeping pl11 - Intro 11. Power and Inverse p12 - Intro 12.

Reading and Writing p13 - Intro 13. Format p14 - Intro 14.

Partitions p15 - Intro 15. Defined Adverbs p16 - Intro 18.

Explicit Definition p19 - Intro 20. Rank p21 - Intro 21. Gerund
and Agenda p22 - Intro 22. Recursion p23 - Intro 23. Iteration
p24 - Intro 25. Permutations p26 - Intro 26. Linear Functions
p27 - Intro 27. Obverse and Under p28 - Intro 28. |dentity
Functions and Neutrals p29 - Intro 29. Secondaries p30 -
Sample Topics p31 - Sample 1. Spelling p32 - Sample 2.
Alphabet and Numbers p33 - Sample 3. Grammar p34 - Sample

4. Function Tables p35 - Sample 7. Tables p38 - Sample 8.
Classification p39 - Sample 9. Digoint Classification (Graphs)
p40 - Sample 10. Classification | p41 - Sample 11.
Classification 11 p42 - Sample 12. Sorting p43 - Sample 13.
Compositions | p44 - Sample 17. Partitions |1 p48 - Sample 18.
Geometry p49 - Sample 20. Directed Graphs p51 - Sample 21.
Closure p52 - Sample 22. Distance p53 - Sample 23.
Polynomials p54 (only first 40 listed)




image(s)
imaginary

imaginarypart
increment(s)

indexed
indexing

inductively
Inexact
infinity

infix

infixes
inflected
inflection(s)
integral(s)

Vocabulary p74 - $. Sparse p103 - !. Fit (Customize) p128 - i:
Integers - Index Of Last p176 - Special Code p229

Intro 5. Forks p6

Intro 13. Format p14 - Sample 27. Polynomial Roots || p58 - |..
Alphabet and Words p61 - Vocabulary p74 - +. Real /
Imaginary - GCD (Or) p87 - *. Length/Angle - LCM (And)
P90 - %: Square Root - Root p97 - /: Grade Up - Sort p132 - c._
Characteristic Values pl66 - j. Imaginary - Complex p177 -r..
Angle - Polar p187 - Constants p199

0. Pi Times - Circle Function p182

Intro 5. Forks p6 - Vocabulary p74 - <: Decrement - Less Or
Equal p79 - >: Increment - Larger Or Equal p82 - D: Secant

Slope p170 - 5': Representation p220

$. Sparse p103 - ;. Cut p122 - 1!: Files p216

Sample 12. Sorting p43 - * Signum - Times p89 - $. Sparse

p103 - b. Boolean / p164 - Special Code p229

Sample Topics p31

G. Extended and Rational Arithmeti p69

Intro 1. Mnemonics p2 - Intro 2. Ambivalence p3 - |. Alphabet
and Words p61 - Vocabulary p74 - Negative Sign / Infinity
p83 - . Indeterminate p84 - : Infinity p85 - 9!: Global
Parameters p223

Sample 16. Partitions | p47 - Vocabulary p74 -\ Prefix - Infix
p133 - Special Code p229

\ Prefix - Infix p133 - \. Suffix - Outfix p134
|. Alphabet and Words p61
|. Alphabet and Words p61 - I11. Definitions p73

Sample 23. Polynomials p54 - G. Extended and Rational
Arithmeti p69 - Vocabulary p74 - $. Sparse p103 - D.
Derivative p169 - p.. Poly. Deriv. - Poly. Integral p184 - 9!:
Global Parameters p223 - Special Code p229




integrate
integrated
inverses
invert
invertible
invoke(s)
invoked

iota

jsoftware

keyboard

keystrokes

Intro 29. Secondaries p30

Specia Code p229

Intro 27. Obverse and Under p28 - 3!: Conversions p218

128!: Miscellaneous p228

Intro 26. Linear Functions p27 - *: Power p100

$. Sparse p103 - [: Cap pl137 - 2!: Host p217

Intro 10. Housekeeping p11 - Intro 17. Names and Displays

pl8 - : Explicit / p114 - 41: Names p219 - 13!: Debug p225

[11. Definitions p73

Intro 18. Explicit Definition p19 - Vocabulary p74 - <. Floor -

Lesser Of (Min) p78 - + Conjugate - Plus p86 - +. Real /

Imaginary - GCD (Or) p87 - * Signum - Times p89 - ~: Power

pl100 - $. Sparse p103 - # Tally - Copy p124 - ": Default Format

- Format p150 - D. Derivative p169 - i: Integers - Index Of Last

pl76 - . Imaginary - Complex p177 - 0. Pi Times - Circle

Function p182 - break. p202 - continue. p203 - for. p204 - 128!:

M iscellaneous p228

s: Symbol p188

Sample Topics p31 - : Explicit/ pl114 - !: Foreign p129 - u:_

Unicode p195 - 1!: Files p216

H. Frets and Scripts p70




laminate
lamination
languages
largest

|atent

| esser

| essor
letter(s)

lexical
library
limit(s)

linearly

Vocabulary p74 - : Explicit / p114 - {:: Map - Fetch p141 - L.
Level Of p178 - select. p208

Vocabulary p74 - : Explicit/ p114 - {:: Map - Fetch p141 - L:
Level At pl79 - S: Spread p189

Vocabulary p74 - ,: Itemize - Laminate p120

Specia Code p229

Introduction pl

<. Floor - Lesser Of (Min) p78 - $. Sparse p103 - # Antibase 2 -

Antibase p126 - C. Cycle-Direct - Permute p167

13!: Debug p225

Intro 1. Mnemonics p2 - Intro 3. Verbs and Adverbs p4 - Intro
28. ldentity Functions and Neutrals p29 - Vocabulary p74 - <.
Floor - Lesser Of (Min) p78

Intro 2. Ambivalence p3

Intro 29. Secondaries p30 - Sample 6. Tables (Letter
Frequency) p37 - Sample 8. Classification p39 - |. Alphabet
and Words p61 - A. Nouns p63 - i: Integers - Index Of Last
pl176 - Constants p199 - 1!: Files p216 - 4!: Names p219 - 18!:
L ocales p227

A. Nouns p63 - A. Anagram Index - Anagram p163

Foreign conjunction p214 - 15!: Dynamic Link Library p226

Intro 11. Power and Inverse p12 - B. Verbs p64 - : Power
p100 - $. Sparse p103 - H. Hypergeometric p174 - 0. Pi Times -
Circle Function p182 - 9!: Global Parameters p223 - System
Limits p230

%. Matrix Inverse - Matrix Divide p96




locale(s)

locals
locative(s)

log(s)

logarithm(s)

macintosh

Intro 17. Names and Displays p18 - |. Locatives p71 - throw.
p209 - Foreign conjunction p214 - 4!: Names p219 - 6!: Time
p221 - 9!: Global Parameters p223 - 18!: L ocales p227

9!: Global Parameters p223 - 13!: Debug p225

Intro 17. Names and Displays p18 - |. Alphabet and Words p61
-|. Locatives p71 - : Explicit / p114 - Acknowledgments p213

Intro 1. Mnemonics p2 - Intro 2. Ambivalence p3 - Intro 7.
Bond Conjunction p8 - Intro 15. Defined Adverbs p16 - Intro
27. Obverse and Under p28 - Vocabulary p74 - . Natural Log -

L ogarithm p99 - Monad-Dyad p115 - & Bond / p156 -
Compose p157 - &. p158 - D: Secant Slope p170

Intro 1. Mnemonics p2 - Intro 7. Bond Conjunction p8 - Intro
27. Obverse and Under p28 - Sample 13. Compositions | p44 -
Vocabulary p74 - <. Floor - Lesser Of (Min) p78 - Negative
Sign/ Infinity p83 -  Exponential - Power p98 - ~. Natural Log

- Logarithm p99 - Monad-Dyad p115 - Compose p157 - &.
p158

Vocabulary p74 - : Explicit / p114 - H. Hypergeometric p174 -
m. n. Explicit Noun Args p180 - u. v. Explicit Verb Args p194
- X. y. Explicit Arguments p196

Intro 10. Housekeeping p11 - Intro 16. Word Formation p17 -
2!: Host p217 - 9!: Global Parameters p223




magnitude(s)

math

mathematica

mathematics

matrices

matrix

Sample 22. Distance p53 - Sample 27. Polynomial Roots |1 p58
- A. Nouns p63 - Vocabulary p74 - = Self-Classify - Equal p75
-+ Conjugate - Plusp86 - *. Length/Angle- LCM (And) p90 -
%. Matrix Inverse - Matrix Divide p96 - | Magnitude - Residue
p109 - /. Grade Up - Sort p132 - \: Grade Down - Sort p135 - c.
Characteristic Values p166 - D: Secant Slope p170 - 0. Pi
Times - Circle Function p182 - r. Angle - Polar p187 -
Constants p199

Intro 4. Punctuation p5 - Intro 9. Vocabulary p10 - Sample 13.
Compositions | p44 - A. Nouns p63 - % Reciprocal - Divide
p95 - . Power p100 - . Determinant « Dot Product p112 -
References p212

Introduction pl - Intro 3. Verbs and Adverbs p4 - Dictionary
p60 - References p212

Introduction pl - Intro 28. Identity Functions and Neutrals p29
-* Signum - Times p89 - Compose p157 - &. p158 -
References p212

Introduction pl - Sample 28. Polynomials. Stopesp59 - $.
Sparse p103 - . Determinant « Dot Product p112 - Special Code
p229

Intro 2. Ambivalence p3 - Intro 26. Linear Functions p27 -

Intro 29. Secondaries p30 - Sample 10. Classification | p41 -
Sample 15. Junctions p46 - Sample 18. Geometry p49 - Sample

20. Directed Graphs p51 - Sample 21. Closure p52 - Sample
28. Polynomials: Stopes p59 - A. Nouns p63 - B. Verbs p64 -
G. Extended and Rational Arithmeti p69 - Vocabulary p74 - %.
Matrix Inverse - Matrix Divide p96 - $ Shape Of - Shape p102
- $. Sparse p103 - . Determinant « Dot Product p112 - .. Even
pll3-:. Cut p122 -} Item Amend - Amend p142 - ? Roll -
Deal pl161 - c. Characteristic Values pl166 - D. Derivative p169
- p. Polynomial p183 - s. Symbol p188 - 3!: Conversions p218 -
5!: Representation p220 - 13!: Debug p225 - 128!:
Miscellaneous p228 - Special Code p229




member(s)

membership(s)

memory

mnemonic(s)

modulo

monadically

monads

monomial(s)

multinomial
multiplied
multiplier(s)

multiplies
multiply

nand

Vocabulary p74 - e. Raze In - Member (In) p171 - E. - Member

of Interval p172

|. Alphabet and Words p61

7!: Space p222 - 9. Global Parameters p223 - 15!: Dynamic
Link Library p226

Introduction pl - Intro 1. Mnemonics p2 - Intro 9. Vocabulary
p10

#. Antibase 2 - Antibase p126 - C. Cycle-Direct - Permute
p167

Intro 8. Atop Conjunction p9 - Intro 9. Vocabulary p10 -
Sample 16. Partitions | p47

Intro 20. Rank p21 - Intro 28. Identity Functions and Neutrals
p29 - B. Verbs p64 - : Power p100 - ~: Power v p101 - $.
Sparse p103 - ;. Cut p122 - [ Same - Left p136 - Compose p157

Sample 23. Polynomials p54 - Sample 25. Polynomialsin
Terms of Roots p56

p. Polynomial p183
Sample 26. Polynomia Roots | p57 - + Conjugate - Plus p86
Sample 25. Polynomiasin Terms of Roots p56 - p. Polynomial

p183
+ Conjugate - Plus p86

Intro 12. Reading and Writing p13 - Intro 27. Obverse and
Under p28 -} Item Amend - Amend pl42

Vocabulary p74 - : Explicit / p114 - H. Hypergeometric p174 -
m. n. Explicit Noun Args p180 - u. v. Explicit Verb Args p194
- X. V. Explicit Arguments p196

+: Double « Not-Or p88 - *: Square - Not-And p91




NB.

neg
negate(s)

negation

nub

nubindex
numerator(s)

Vocabulary p74 - NB. Comment p181 - throw. p209 - 6!: Time
p221
Intro 28. Identity Functions and Neutrals p29

Intro 2. Ambivalence p3 - Vocabulary p74 - - Negate - Minus
p92

Introduction p1 - Intro 2. Ambivalence p3 - <. Floor - Lesser
Of (Min) p78 - >. Celling - Larger of (Max) p81 - +: Double ¢
Not-Or p88 - *. Square - Not-And p91 - .. Even p113-":
Default Format - Format p150 - @ Atop p153 - Compose p157
- &. p158 - D. Derivative p169 - Constants p199

. Explicit / p114

Intro 28. Identity Functions and Neutrals p29 - Vocabulary p74
-= Self-Classify - Equal p75 - ~. Nub - p107 - ~: Nub Sieve -
Not-Equal p108 - 5!: Representation p220

~. Nub - p107

G. Extended and Rational Arithmeti p69 - x: Extended
Precision p197

Intro 9. Vocabulary p10 - Intro 11. Power and Inverse p12 -

Intro 18. Explicit Definition p19 - Intro 23. Iteration p24 - Intro

27. Obverse and Under p28 - Intro 28. |dentity Functions and

Neutrals p29 - |. Alphabet and Words p61 - Vocabulary p74 -

%. Matrix Inverse - Matrix Divide p96 - ~: Power p100 - $.

Sparse p103 - .. Even p113 - & Bond / p156 - D. Derivative

p169 - m. n. Explicit Noun Args p180 - 0. Pi Times - Circle

Function p182 - p.. Poly. Deriv. - Poly. Integral p184 - r. Angle

- Polar p187 - t. Taylor Coefficient p191 - t: Weighted Taylor

p192 - u. v. Explicit Verb Args p194 - x: Extended Precision

pl197 - Constants p199 - 5!: Representation p220 - Special Code




obverse(s)

operator(s)

parentheses

parenthesis
parenthesi zation
parenthesi ze(s)
parenthesi zed
parse(s)

parsed

p229
Intro 27. Obverse and Under p28 - Vocabulary p74 - ~: Power
pl00 - ;. Obverse p116 - &. p158 - Basic p165

G. Extended and Rational Arithmeti p69 - 5!': Representation
p220 - 13!: Debug p225

Sample 23. Polynomials p54 - Sample 24. Polynomials
(Continued) p55 - Sample 25. Polynomialsin Terms of Roots
p56 - Sample 26. Polynomial Roots | p57 - Sample 27.
Polynomial Roots Il p58 - Sample 28. Polynomials. Stopes p59
-Vocabulary p74 - %. Matrix Inverse - Matrix Divide p96 - .
Power p100 - ;. Power v p101 - .. Even pl113 - #. Base 2 - Base
p125 - !. Fit (Customize) p128 - d. Derivative p168 - p.
Polynomial p183 - p.. Poly. Deriv. - Poly. Integral p184 - t.
Taylor Coefficient p191 - Special Code p229

Intro 12. Reading and Writing p13 - G. Extended and Rationa
Arithmeti p69 - Vocabulary p74 - ~: Power p100 - p: Primes -
pl185 - Special Code p229

Intro 4. Punctuation p5 - Intro 5. Forks p6 - Intro 8. Atop
Conjunction p9 - Il. Grammar p62 - E. Parsing and Execution
p67 - =. Is(Loca) p76 - @ Atop p153

E. Parsing and Execution p67 - H. Frets and Scripts p70
@ Atop p153

E. Parsing and Execution p67

@. Agenda p154 - 5!: Representation p220

E. Parsing and Execution p67 - 13!: Debug p225

E. Parsing and Execution p67 - 13!: Debug p225




parsing

partition(s)

partitioning

polynomial(s)

pOSiX
power(s)

precedence(s)

E. Parsing and Execution p67 - F. Trains p68 - J. Errors and
Suspensions p72

Intro 14. Partitions p15 - Intro 28. |dentity Functions and
Neutrals p29 - Sample 16. Partitions | p47 - Sample 17.
Partitions |1 p48

Intro 28. Identity Functions and Neutrals p29 - / Insert - Table
p130

Intro 4. Punctuation p5 - Intro 14. Partitions p15 - Intro 21.
Gerund and Agenda p22 - Intro 28. Identity Functions and
Neutrals p29 - Intro 29. Secondaries p30 - Sample 23.
Polynomials p54 - Sample 24. Polynomials (Continued) p55 -
Sample 25. Polynomiasin Terms of Roots p56 - Sample 26.
Polynomial Roots | p57 - Sample 27. Polynomia Roots |1 p58
- Sample 28. Polynomials: Stopes p59 - Vocabulary p74 - %.
Matrix Inverse - Matrix Divide p96 - * Exponential - Power
p98 - .. Even p113 - #. Base 2 - Base p125 - |. Fit (Customize)
p128 - /. Oblique - Key p131 - D. Derivative p169 - p.
Polynomial p183 - p.. Poly. Deriv. - Poly. Integral p184

1!: Files p216

Intro 1. Mnemonics p2 - Intro 2. Ambivaence p3 - Intro 3.
Verbs and Adverbs p4 - Intro 4. Punctuation p5 - Intro 7. Bond

Conjunction p8 - Intro 11. Power and Inverse p12 - Intro 21.
Gerund and Agenda p22 - Intro 23. lteration p24 - Intro 28.
|dentity Functions and Neutrals p29 - Sample 4. Function
Tables p35 - Sample 10. Classification | p41 - Sample 21.
Closure p52 - Sample 23. Polynomials p54 - Sample 28.
Polynomials. Stopes p59 - C. Adverbs and Conjunctions p65 -
Vocabulary p74 - = Self-Classify - Equal p75 - * Exponential -

Power p98 - . Natural Log - Logarithm p99 - ~: Power p100 -
N, Power v pl101 - &. p158 - D. Derivative p169 - p.
Polynomial p183

Sample 20. Directed Graphs p51




prime(s)

primitive(s)

probability
pronoun(s)

proposition(s)
proverb(s)

punctuate

Intro 12. Reading and Writing p13 - Sample 5. Bordering a
Table p36 - Sample 7. Tables p38 - Sample 8. Classification
p39 - G. Extended and Rational Arithmeti p69 - Vocabulary
p74 - . Power p100 - @. Agendapl54 - p: Primes- p185 - g:
Prime Factors - Prime Exponents p186

Introduction pl - Intro 1. Mnemonics p2 - Intro 3. Verbs and
Adverbsp4 - Intro 9. Vocabulary p10 - Intro 10. Housekeeping

pll - Intro 11. Power and Inverse p12 - Intro 18. Explicit
Definition p19 - Intro 27. Obverse and Under p28 - Intro 28.
Identity Functions and Neutrals p29 - Intro 29. Secondaries
p30 - Sample Topics p31 - Sample 23. Polynomials p54 -
Sample 27. Polynomial Roots |1 p58 - |. Alphabet and Words
p61 - G. Extended and Rational Arithmeti p69 - $. Sparse p103
- Bl Representation p220 - Special Code p229

-. Not - Less p93

Intro 3. Verbs and Adverbs p4 - Sample 3. Grammar p34 - 1.
Alphabet and Words p61 - 11. Grammar p62 - E. Parsing and
Execution p67 - f. Fix p173

Intro 6. Programs p7 - Sample 11. Classification |1 p42

Sample 3. Grammar p34 - I1. Grammar p62 - E. Parsing and
Execution p67 - f. Fix p173

Intro 4. Punctuation p5

Intro 12. Reading and Writing p13 - G. Extended and Rational
Arithmeti p69 - Vocabulary p74 - ~: Power p100 - g: Prime
Factors - Prime Exponents p186




radian(s)

radix
random

randomly
rank(s)

rational (s)

Sample 27. Polynomial Roots Il p58 - Vocabulary p74 - *.
L ength/Angle - LCM (And) p90 - ~: Power p100 - $. Sparse
pl03 - r. Angle - Polar p187

* Length/Angle - LCM (And) p90 - 0. Pi Times - Circle
Function p182 - r. Angle - Polar p187 - Constants p199

#: Antibase 2 - Antibase p126 - /. Oblique - Key p131
Intro 2. Ambivalence p3 - ? Roll - Deal p161 - C. Cycle-Direct -

Permute p167 - |. Imaginary - Complex p177 - 9!: Global
Parameters p223 - 128!: Miscellaneous p228

?Roll - Deal p161

Intro 2. Ambivalence p3 - Intro 12. Reading and Writing p13 -
Intro 14. Partitions p15 - Intro 20. Rank p21 - Intro 28. Identity
Functions and Neutrals p29 - Sample 13. Compositions | p44 -
Sample 23. Polynomials p54 - A. Nouns p63 - B. Verbs p64 -

F. Trains p68 - l11. Definitions p73 - Vocabulary p74 - = Self-
Classify - Equal p75 - < Box - Less Than p77 - > Open - Larger

Than p80 - _: Infinity p85 - $ Shape Of - Shape p102 - $.
Sparse p103 - . Determinant « Dot Product pl112 -, Ravel -
Append p118 - ;. Cut p122 -/ Insert - Table p130 - /. Obligue -
Key p131 - /: Grade Up - Sort p132 - \: Grade Down - Sort
p135 - " Rank p146 - " Rank p147 - " Rank p148 - ": Evoke
Gerund p152 - @ Atop p153 - @: At p155 - Compose p157 -
&: Appose pl60 - Basic p165 - d. Derivative p168 - D..
Derivative p169 - D: Secant Slope p170 - i. Integers - Index Of
pl75 - L: Level At p179 (only first 40 listed)

G. Extended and Rational Arithmeti p69 - x: Extended
Precision p197 - Constants p199 - 3!: Conversions p218




ravel(s)

ravelled

ravelling
raze

reciprocal(s)

recursion
recursive
recursively
relational (s)
rhematic
rotated
rotates
rotation(s)
rounded
rounding

S
school(s)

B. Verbs p64 - Vocabulary p74 - $ Shape Of - Shape p102 - $.
Sparse p103 -, Ravel - Append p118 - ,. Ravel Items - Stitch
pl19 -: Raze- Link p121 - " Rank p148 - Special Code p229

Intro 12. Reading and Writing p13 - /. Grade Up - Sort p132 - \:
Grade Down - Sort p135 - b. Boolean / p164

.. Ravel Items - Stitch p119 - Special Code p229

Vocabulary p74 - ; Raze - Link p121 - e. Raze In - Member
In) p171

Intro 2. Ambivalence p3 - G. Extended and Rational Arithmeti

p69 - Vocabulary p74 - % Reciprocal - Divide p95 - %. Matrix

Inverse - Matrix Divide p96 - ~. Natural Loq - L ogarithm p99 -
Constants p199

Intro 22. Recursion p23 - @. Agenda p154

Intro 22. Recursion p23 - . Determinant « Dot Product p112
Intro 17. Names and Displays p18 - f. Fix p173

s. Symbol p188

Intro 16. Word Formation pl7 - ;: Word Formation - p123
C. Cycle-Direct - Permute p167

|. Reverse - Rotate (Shift) p110

|. Reverse - Rotate (Shift) p110

Intro 2. Ambivalence p3

$. Sparse p103

Vocabulary p74 - *. Power p100 - {. Head - Take p139 - s.
Symbol p188

Vocabulary p74 - {:: Map - Fetch p141 - S: Spread p189
Sample 4. Function Tables p35




script(s)

self

semicolon(s)
shaped
shapes
significance
signum

sinh

slope(s)
sorted

sorting
sorts
Sparse

Intro 10. Housekeeping p11 - Intro 18. Explicit Definition p19
- H. Frets and Scripts p70 - |. Locatives p71 - J. Errors and
Suspensions p72 - : Explicit / p114 - Foreign conjunction p214
- 0!: Scripts p215 - 1!: Files p216 - 3!: Conversions p218 - 4!:
Names p219 - 13!: Debuqg p225 - 15!: Dynamic Link Library
p226

Intro 17. Names and Displays p18 - Intro 22. Recursion p23 -
Intro 23. lteration p24 - Vocabulary p74 - = Self-Classify -
Equal p75 - - Negate - Minus p92 - ~: Power p100 - $: Self-
Reference p104 - ~. Nub - p107 - Monad-Dyad p115 - @.
Agendapl54 - C. Cycle-Direct - Permute p167

13!: Debuqg p225

. Determinant » Dot Product p112

B. Verbs p64 - > Open - Larger Than p80 - -: Halve - Match
p94 - . Determinant » Dot Product p112 - { Catalogue - From
p138

Intro 5. Forks p6 - Intro 15. Defined Adverbs p16 - * Signum -
Times p89 - Foreign conjunction p214

Vocabulary p74 - = Self-Classify - Equal p75 - * Signum -
Times p89

Intro 18. Explicit Definition pl19 - Intro 28. Identity Functions
and Neutrals p29 - 0. Pi Times - Circle Function p182 - t.
Weighted Taylor p192

Sample 26. Polynomial Roots | p57 - Vocabulary p74 - D.
Derivative p169 - D: Secant Slope p170

Sample 27. Polynomial Roots |1 p58 - $. Sparse p103 - /: Grade

Up - Sort p132 - \: Grade Down - Sort p135 - s: Symbol p188
Sample 12. Sorting p43 - a. Alphabet p162 - s: Symbol p188
[: Grade Up - Sort p132 - \: Grade Down - Sort p135

Vocabulary p74 - $. Sparse p103 - C. Cycle-Direct - Permute
pl67 - 3!: Conversions p218 - Special Code p229




sort

square(s)

squared
squaring
stderr
stdin
stdout

Intro 7. Bond Conjunction p8 - Intro 9. Vocabulary p10 - =. Is

(Local) p76 - @ Atop p153 - 0. Pi Times - Circle Function

pl182 - q: Prime Factors - Prime Exponents p186

Intro 5. Forks p6 - Intro 7. Bond Conjunction p8 - Intro 8. Atop

Conjunction p9 - Intro 9. Vocabulary p10 - Intro 11. Power and

Inverse pl12 - Intro 26. Linear Functions p27 - Intro 27.
Obverse and Under p28 - Intro 28. Identity Functions and
Neutrals p29 - Sample 2. Alphabet and Numbers p33 - Sample
18. Geometry p49 - C. Adverbs and Conjunctions p65 - G.
Extended and Rational Arithmeti p69 - Vocabulary p74 - >
Increment - Larger Or Equal p82 - + Conjugate - Plus p86 - +:
Double * Not-Or p88 - *: Sguare - Not-And p91 - %: Square
Root - Root p97 - N Exponential - Power p98 - . Determinant ¢
Dot Product p112 - @ Atop p153 - D. Derivative p169 - p.
Polynomial p183 - g: Prime Factors - Prime Exponents p186 -
Constants p199 - 128!: Miscellaneous p228 - Special Code
p229

Constants p199

while. p211

1!: Files p216
1!: Files p216
1!: Files p216

Sample 25. Polynomiasin Terms of Roots p56 - Sample 27.
Polynomial Roots |l p58 - Vocabulary p74 - p.. Poly. Deriv. -
Poly. Integral p184 -t. Taylor Coefficient p190 - t. Taylor
Coefficient p191 - t: Weighted Taylor p192 - T. Taylor
Approximation p193




t
tacit

tacitly
tally

tangent

tanh
tautologies
tautol ogy

taylor

teacher(s)
teaching
technique(s)
tensor
tesselation(s)
theorem(s)

tie(s)

tilde
tiling

Vocabulary p74 - ~: Power v p101 - T. Taylor Approximation
p193
Vocabulary p74 - t: Weighted Taylor p192

Introduction pl - Intro 19. Tacit Equivalents p20 - : Explicit /
pll14 - 13!: Debuqg p225

Intro 19. Tacit Equivaents p20

Intro 20. Rank p21 - Vocabulary p74 - # Tally - Copy p124 -
6!: Time p221

Sample 26. Polynomial Roots | p57 - 0. Pi Times - Circle
Function p182

0. Pi Times - Circle Function p182
Intro 28. Identity Functions and Neutrals p29 - O!: Scripts p215

Intro 5. Forks p6 - Intro 28. Identity Functions and Neutrals
P29

Sample 25. Polynomialsin Terms of Roots p56 - Sample 27.
Polynomial Roots |l p58 - Vocabulary p74 - . Power v p101 -
t. Taylor Coefficient p190 - t. Taylor Coefficient p191 - t:
Welghted Taylor p192 - T. Taylor Approximation p193

Intro 4. Punctuation p5 - Intro 9. Vocabulary p10
Dictionary p60

Intro 9. Vocabulary p10

/ Insert - Table p130 - C. Cycle-Direct - Permute p167
;. Cut p122

Intro 28. Identity Functions and Neutrals p29

Intro 21. Gerund and Agenda p22 - Vocabulary p74 -~ Tie
(Gerund) p151

Intro 9. Vocabulary p10 - 13!: Debuqg p225
<. Floor - Lesser Of (Min) p78




tolerant

tolerantly

train(s)

transform(s)

transformation(s)
translatability
transdlate(s)
tranglating
tranglation(s)

transpose(s)

transposed

trident(s)

D. Comparatives p66 - G. Extended and Rational Arithmeti
p69 - = Self-Classify - Equal p75 - <. Floor - Lesser Of (Min)
p78 - > Open - Larger Than p80 - >. Ceiling - Larger of (Max)
p8l - * Signum - Times p89 - -: Halve - Match p94 - |
Magnitude - Residue p109 - e. Raze In - Member (In) p171 -i.
Integers - Index Of p175 - x: Extended Precision p197

< Box - Less Than p77 - > Open - Larger Than p80 - >:
Increment - Larger Or Equal p82 - ~. Nub - p107 - ~: Nub
Sieve - Not-Equal p108

Intro 15. Defined Adverbs pl6 - Intro 24. Trains p25 - Sample
13. Compositions | p44 - Sample 14. Compositions |1 p45 - E.
Parsing and Execution p67 - F. Trainsp68 - [: Cap p137 - "
Evoke Gerund p152 - @ Atop p153 - @. Agenda pl54
Sample 26. Polynomial Roots | p57 - * Exponential - Power
P98

Sample 28. Polynomials. Stopes p59

<. Floor - Lesser Of (Min) p78

Intro 12. Reading and Writing p13

Intro 12. Reading and Writing p13

Intro 19. Tacit Equivalents p20

Intro 3. Verbs and Adverbs p4 - Vocabulary p74 - $. Sparse
p103 - |: Transpose p111 - .. Even p113 - A. Anagram Index -
Anagram p163

Intro 3. Verbs and Adverbs p4 - Sample 20. Directed Graphs
p51

Intro 4. Punctuation p5 - E. Parsing and Execution p67




valence(s)

verb(s)

Vocabulary p74 - . Determinant « Dot Product p112 - : Explicit
[ p114 - m. n. Explicit Noun Args p180 - u. v. Explicit Verb
Args pl94 - x. y. Explicit Arguments p196

Vocabulary p74 - ~: Power p100 - u: Unicode p195

Vocabulary p74 - . Determinant « Dot Product p112 - : Explicit
/ p114 - m. n. Explicit Noun Args p180 - u. v. Explicit Verb
Args pl94 - x. y. Explicit Arguments p196

Intro 2. Ambivalence p3 - C. Adverbs and Conjunctions p65 -
Monad-Dyad p115 - [: Cap p137 - 5!: Representation p220 - 6!:

Time p221

Introduction pl - Intro 3. Verbs and Adverbs p4 - Intro 4.
Punctuation p5 - Intro 5. Forks p6 - Intro 6. Programs p7 - Intro

7. Bond Conjunction p8 - Intro 8. Atop Conjunction p9 - Intro
10. Housekeeping pl11 - Intro 12. Reading and Writing p13 -
Intro 13. Format p14 - Intro 14. Partitions p15 - Intro 15.
Defined Adverbs p16 - Intro 17. Names and Displays p18 -
Intro 18. Explicit Definition p19 - Intro 19. Tacit Equivaents
p20 - Intro 21. Gerund and Agenda p22 - Intro 22. Recursion
p23 - Intro 24. Trains p25 - Intro 27. Obverse and Under p28 -
Sample 3. Grammar p34 - Sample 4. Function Tables p35 -
Sample 13. Compositions | p44 - Sample 14. Compositions |
p45 - [I. Grammar p62 - A. Nouns p63 - B. Verbsp64 - C.
Adverbs and Conjunctions p65 - E. Parsing and Execution p67
- F. Trains p68 - G. Extended and Rational Arithmeti p69 - H.
Frets and Scripts p70 - |. Locatives p71 - J. Errors and

Suspensions p72 - |11. Definitions p73 - Vocabulary p74 - =

Sef-Classify - Equal p75 - < Box - Less Than p77 - <:

Decrement - Less Or Equal p79 - -: Halve - Match p94 (only

first 40 listed)



weighted

whilst

Vocabulary p74 - #. Base 2 - Base p125 - p. Polynomial p183 -
t: Weighted Taylor p192

: Explicit / p114 - Control structures p200 - break. p202 -
continue. p203 - while. p211

Intro 16. Word Formation p17 - Intro 17. Names and Displays
pl8 - Intro 18. Explicit Definition pl9 - Intro 24. Trains p25 -
Intro 29. Secondaries p30 - Sample 5. Bordering a Table p36 -
Sample 11. Classification |l p42 - Sample 26. Polynomial
Roots | p57 - Sample 27. Polynomial Roots || p58 - Sample 28.
Polynomials. Stopes p59 - H. Frets and Scripts p70 - J. Errors
and Suspensions p72 - Vocabulary p74 - ~. Nub - p107 - .
Explicit/ p114 - {:: Map - Fetch p141 - D. Derivative p169 - m.

n. Explicit Noun Args p180 - u. v. Explicit Verb Args p194 - x..
y. Explicit Arguments pl196 - assert. p201 - for. p204 - if. p206

- 13!: Debug p225

G. Extended and Rational Arithmeti p69 - Vocabulary p74 - %
Reciprocal - Divide p95 - * Exponential - Power p98 - ~: Power

p100 - x: Extended Precision p197




year(s)
yearly
yield

Zeros

Intro 16. Word Formation p17 - Intro 17. Names and Displays
pl8 - Intro 18. Explicit Definition p19 - Intro 19. Tacit
Equivaents p20 - Intro 23. Iteration p24 - Intro 24. Trains p25 -
Intro 29. Secondaries p30 - Sample 28. Polynomials. Stopes
p59 - H. Frets and Scripts p70 - I. Locatives p71 - J. Errors and

Suspensions p72 - Vocabulary p74 - . Power p100 - . Power
v pl101 - : Explicit/ p114 - {:: Map - Fetch p141 - C. Cycle-
Direct - Permute p167 - m. n. Explicit Noun Args p180 - t.
Taylor Coefficient p190 - T. Taylor Approximation p193 - u. v.

Explicit Verb Args p194 - x. y. Explicit Arguments p196 -
assert. p201 - for. p204 - goto name. p205 - if. p206 - return.
p207 - select. p208 - throw. p209 - try. p210 - 5!:
Representation p220 - 6!: Time p221 - 7!: Space p222 - 13!:
Debug p225

Intro 2. Ambivalence p3 - Intro 20. Rank p21 - $. Sparse p103
Intro 20. Rank p21

Sample 11. Classification |1 p42 - Exponential - Power p98 -
;. Cut p122

Sample 25. Polynomiasin Terms of Roots p56 - Sample 26.
Polynomial Roots | p57 - $ Shape Of - Shape p102 - $. Sparse
pl03 - {. Head - Take p139




