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Preface

The present text is intended for a one-semester precalculus course at
the freshman level. The main topics are those to be expected in an
introductory course in elementary functions— polynomials, mrcular
functions, and the logarithmic and exponential functions.

- The major distinguishing characteristic of this treatment is the
systematic use of formal algorithms or programs in the definition of
functions. Programs are expressed in a simple programming language
based on a small set of simple primitives: +, —, X, +, specification,
branch, selection of a component of a vector, and formal composition
of definitions.

- The following characteristics of the tréatment are also of interest:

1. Vectors are introduced early as an effective device for treat-
ing a family of variables and are used throughout the text.
For example, the polynomial is treated in terms of its vector
of coeﬂ"lcwnts yielding simple explicit procedures for addi- -
tion and multlphcatlon of polynomials, synthetic division,
and the generation of Pascal’s triangle. ‘

2. The slope of a function is also defined early and is developed
as a powerful tool for the study of functions. Use of the slope
function yields, in particular, simple derivations of the poly-
nomial expansions of all the functions treated.

3. Notation is introduced for the reciprocal of a function and
the inverse of a function and is used to clarify the relations

among the functions treated.

4." The mathematical derivations are kept simple. Many are
novel —for example, the derivation of the slope of the re-
ciprocal function in Chapter 7.



5. Each step of the development is carefully motivated; spuri-
ous rigor (that is, the making of careful distinctions which
are never actually needed or used at the particular level of
presentation) is avoided.

Programming is learned as a by-product of the constant use of
algorithms. The use of a computer (treated in Chapter 9) is helpful
but is neither necessary nor central to the development. The exercises
are numerous (over 250) and span a wide range of difficulty. A com-
plete booklet of solutions is available from the publisher.

This book grew from my own work in programming languages,
and from my conviction that the discipline naturally imposed by the
formalism required in programming would prove a boon in the exposi-
tion of mathematics from a very early level onward. It was developed
in a one-semester course for seniors at the Fox Lane High School.

I-am indebted to a number of the faculty of the Fox Lane High
School—to Mr. Robert Wallace for initial discussions of course con-
tent, to Mr. George Kasunick, Dr. Norman Michaels, and Dr. Neil
Atkins for their support and cooperation, and to Messrs. Harold
Barrett and James Lott for many helpful discussions. To Dr. Herbert
Hellerman of the IBM Systems Research Institute, I am indebted for
the use of his PAT system on the 1620 computer and for the many
evenings he gave to coaching students in its use during the first years
of ‘the course. For the programming system used in the third year of
the course, I am obliged to Mr. Lawrence M. Breed of IBM and
Mr. Philip S. Abrams of Stanford University. I am particularly in-
debted to Mr. Adin D. Falkoff and to Mr. Breed, my colleagues at the
Thomas J. Watson Research Center, for many helpful suggestions and
discussions. Thanks are also due to the International Business Ma-
chines Corporation and, in particular, to Dr. G. L. Tucker, for free
time to teach the course. I am also pleased to acknowledge the editorial
assistance of Messrs. Peter Saecker and Coley Mills of Science Re-
search Associates. I am indebted to my wife Jean for typing and re-
typing the manuscript and to my son Eric for preparing solutions for
the exercises. o :

Mount Kisco, New York KENNETH E. IVERSON
March 1, 1966 ‘ '
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Chapter One

Introduction

In order to give an overall view of the matters to be treated in this
course it is necessary to begin with a simple working definition of the
mathematical term function.

The weight of a quantity of water is related to its volume in the
manner indicated in Table 1.1; for any volume shown in the table,
the weight can be determined, and the weight of the water is said to
be a function of its volume. The table could, of course, be enlarged to
include fractional volumes so that the weights of any selected set of
volumes would be specified. In general, if the value of any quantity w

~ (in this case, weight) is determined by the value of some other quantity

v (in this case, volume), then w is said to be a function of v. The vari-
able v is said to be the argument of the function.

Volume Weight
(cubic inches) (ounces)
1 0.575
2 1.150
3 1.725
4 2.300
5 2.875
6 3.450

Table 1.1 Weight of water as a function of volume
1 .
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A function can be specified in several Ways The function of -
Table 1.1 can, for example, be specified either by the graph in Flg—
ure 1.2 or by the equation

w=0575xvy (1.1)

Determining the value of w that corresponds to some chosen value of
the argument .v is called evaluating the function. In the present ex-
ample the function can be evaluated in three ways: by looking up the
value in Table 1.1, by reading off the value of the corresponding point
on the graph of Figure 1.2, or by computing the product 0.575xv
indicated in Equation 1.1.

w
we_'ight w’

volumev

s . 4
T T T

1 2 3 4 5 6

Figure 1.2 Graphical representation of the function of Table 1.1

Anyone wishing to check the specified relation between weight
and volume of water could perform experiments with an accurate
spring scale. If he performs the experiments near the North Pole,
however, he will find the slightly different relation shown in Table 1.3.
Since this relation is different, must one conclude that the weight is -

.not really a function of the volume? No, one may suppose that the

weight depends not only on the volume but also on some second factor. .
In this example it happens that the second factor is the strength of the
earth’s gravitation, which is greatest at the poles and decreases toward
the equator. Thus the weight of water can be considered a function of
two arguments, the volume v and the gravitation g:

w=.0179 x gXxv
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This can be shown to agree with both Tables 1.1 and 1.3 by using the
appropriate values of g, which are 32.08 and 32.25 at the equator and
the pole respectively.

Volume Weight
(cubic inches) (ounces)
1 0.578
2 1.156
3 1.734
4 2.312
5 2.890
6 3.468

Table 1.3 Weight of water as a function of volume (at North Pole)

A function can have one, two, three, four, or even more argu-
ments. For example, the volume v of a rectangular box is a function of
three arguments: the length [, the breadth b, and the height 4. This
function can be expressed as follows:

v=Ixbxh

F}lrthermbre, the weight of water filling such a box, which was treated
as a function of the two arguments g and v, can also be considered a
function of four arguments g, /, b, and h:

w=.0179%X gXIXbX h

Each of the functions mentioned thus far has been expressed as
a simple product of its arguments. This is, of course, not possible in
general. For example, the length d of a diagonal of a rectangle with
sides of length 3 and length b is the following function of b:

d=V (32 + b?)

The graph of this function (Figure 1.4) is a curve, unlike the straight-
line graph of Figure 1.2.

3
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‘diagonal d

8.
7_.
6+
. b d
0 | 3.00
41 1 3.16
2 3.61
31 3 4.24
4 |.5.00
21 5 5.83
6 6.71
1+ ! 7 7.61
N . breadlthb 8 8.54

12 3 4 5 6 1 8

- Figure 1.4  Three representations of a function

The simple notion of a function proves extremely useful, not
only in such obvious areas as science and engineering (the weight a
suspension bridge can support, for example, is a function of many
arguments, such as the spacing of the towers, the size of the cables,
and the quality of the steel), but also, though less obviously, in the
humanities and virtually every field of study. Even the familiar opera-
tions of arithmetic (addition, subtraction, multiplication, and division)
are functions.

‘Although there is a vast number of functions of practical 1nterest
most of them can be expressed, exactly or approximately, in terms
of a rather small number of elementary functions. Since the elementary
functions are the simple building blocks from which more .complex
functions are constructed, their study is an important part of mathe-
matics. This course will concern the simplest and most important
elementary functions: polynomial functions, circular (trigonometric)
functions, logarithmic functions, exponential functions, and hyper—
bolic functions. S
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The first step will be to develop a notation for describing or
defining functions. As illustrated in the preceding examples, algebraic
expressions are useful in defining some functions. The notation to be
developed is a simple extension of algebraic notation and permits the
use of a sequence of expressions that are to be evaluated in a specified
order. ‘

The sequence of expressions that defines a function actually
provides a recipe, or algorithm, for calculating the value of the func-
tion for any given values of the arguments. Since one is frequently
concerned with evaluating a function, it is advantageous to have the
function defined in such a form. Furthermore, modern computers can
be made to obey such a recipe automatically.

Chapter 9 deals with the use of the computer to evaluate func-
tions. If a computer is not available, this chapter may well be omitted.
Chapter 9 depends on both Chapters 2 and 3 but may be studied con-
currently with them. ' '
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- Programming Notation

. An adequate notation for the treatment of functlons can be developed
by a few simple extensions and modifications of familiar algebraxc
notation. The resulting notation is summarized in Appendix D on

page 226. Although intended primarily for later reference; this sum-
mary should also prove helpful in reading this chapter.

Specification

The basic relations /between numbers are represented by the
familiar symbols <, =, =, =, >, and #. For example, x < 14 means
that the value of x does not exceed 14, and y = x+ 3 means that y has
the same value as x + 3.

, The symbol = is also used in a related but quite different sense
that must be distinguished from the relation of equality. To illustrate
the second use of =, consider the following prescription for calculatmg .
the area a of a rectangle of length [ and width w: .

a=Ixw

If the symbol = represents a relation, then the expression simply
means that the area a is equal to the expression on the right. This is,
of course, true; but more is implied, namely, that the variable ais to
be made equal to the value of the expression on the right. The distinc-
tion is the same as that between the indicative mood in English (“The
door is closed”) and the imperative (“Close the door”). The impera-
~ tive orders an action to be performed, at the conclusion of which the
corresponding indicative statement (“The door is closed”) is, of
course, true.

6



. Specification | Programs

The notation
a<—Ixw

will be adopted to denote that a is to be made equal to [ X w. The arrow
denotes specification and impliés that the value of the expression on
the right specifies the value of the variable on the left. The entire ex-
pression is read either as “a is specified by [ X w” or as “I X w specifies
a”; it has the force of an imperative sentence and will be called a
statement. Performance of the indicated specification is called execu-
tion of the statement. ‘

Programs

A list of statements, together with a set of sequence arrows indi-
cating the order in which they are to be executed, is called a program.
For example, Program 2.1 (a) prescribes a calculation of the length of

/

—s| xeIxl L« d<Vz :l x—Ix1
I: y<wXw ] z2<x+Yy , y<—wXw

72— x+y ] E x<—Ixl ] Z<Xx+7Yy
— d<Vz Y wXw . d<Vz

() ' ) ' _ (c) -

Program 2.1 / Three equivalent programs

the diagonal d of the rectangle in Figure 2.2. The meaning of a se-

quence arrow is obvious: an entrarce arrow (as at the left of the first .

statement of Program 2.1 (a)) indicates the first statement to be exe-
cuted; an arrow joins each statement to its successor (that is, the next

1

Figure 2.2 The diagonal of a rectangle
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N

to be executed); and an exit arrow (as at the left of the last statement)
indicates the end of the program. It is therefore clear that Program
© 2.1 (b)is equlvalent to 2.1 (a). To snnphfy matters in common cases,
the -entrance arrow to_the first statement in a list can be omitted, any
. sequence arrow- from a statement to the one immediately following it
can be omitted, and the exit arrow from the last statement can be
omitted. With these rules, Program 2.1 (c) is also seen to be equ1valent
to 2.1 (a).

~The validity of these programs can be tested by carrying out the
steps indicated by the successive statements for some assumed values
of [ (length) and w (width). For example 1f I=4and w=3, the record
would appear as follows: o

AN R T~
©

The making of such a complete step-by-step record is called executing
the program, and the record itself is called an execution of the program.

The initial values of the arguments ! and w can be indicated either
informally, as was done in the execution above, or formally by pref-
acing the program with the statements /< 4 and w <3 as in the pro-
gram below. -

- — <4
w3
x<—Ixl
Y WXW
€< x+Yy . ,
d<Vz

The sequence of execution can also be indicated in the familiar
manner by parentheses; the calculation of d could, for example, be
written as a one-statement program as follows:

d<V (IxD+ (wx w))



Programs

Another familiar rule states that multiplication is performed
before addition, so that the foregoing could have been written with
fewer parentheses as follows:

d<—\/(l><l+w><w)

Such a rule becomes less useful when many further functions are intro-
duced. Consequently this rule will not be used. However, in order to
make every statement unambiguous, the following rule will be adopted:
The functions in a statement will be evaluated in order from right to
left, subject, of course, to the order indicated by parentheses. For
example, the statement

t—(s—q)+rxs—p
is equivalent to the fully parenthesized statement
te—(s— ) + (rx(s—p))

Note that the rule is to evaluate the functions from right to left, not to
read the entire expression from right to left; thus the last term of the
preceding expression remains (s — p), not (p—s).

' This change in convention, although awkward at ﬁrst can be
assimilated quickly and accurately by first parenthesizing all state-
ments completely and then gradually omitting parentheses as the right-
to-left rule becomes more familiar.t
' Alternative symbols for the same function will be av01ded thus
x -y and xy will not be used for x x y, and x/y will not be used formally
for x + y. Moreover, since uppercase (capital) letters will be used to
denote functions, variables will be denoted by lowercase letters only.
To make the distinction clear, students should -perhaps use ‘script
letters for lowercase this also avoids the common confusion between
x and X.

Any vdriable can be specified and respec1ﬁed any number of
times in the course of executing a program, and the value of the vari-
able is that produced by the last specification performed in the pro-
gram. For example, the “intermediate” variables x, y, and z, used in
the original program for calculating d, can be ellmlnated by usmg the
following equivalent program:

1This departure from established mathématical convention has not been adopted
lightly. The reasons for it are discussed fully in Appendix A.
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d<—Ixl
d—d+wxw
d<\Vd

For the case [ =4, w =3 the execution now appears as

1l 4
w 3

d 16255

When a variable (such as d) appears on both sides of a specification
arrow, the value given to it on the right is its old value (previously
assigned), and its value on the left is the new value (obtained by evalu-
ating the entire expression on the right). '

Finally, it is important to emphasize that every properly written
program is a complete and explicit statement of a calculation; after
the initial specification of the values of certain of the variables (the
arguments) it must be possible to execute the entire program mechan-
ically, using only the few rules and functions detailed above, without
recourse to any other knowledge. If any undefined function, symbol,
or unspecified variable occurs in the program, execution stops at that
point. '

Writing a completé execution of a program is a powerful method
of gaining a full understanding of the behavior and purpose of the
program. For every new program encountered in the text the reader -
should carry out one or more executions. :

Interpretation Tables

In writing or using a program it is usually helpful to have a list
of the variables used, together with the significance attached to each
variable. Such a list is called an interpretation table; in the case of
Program 2.1 (a) it would appear as follows:

Significance Variables Execution

Length of rectangle

Width of rectangle

Square of length of rectangle
Square of width of rectangle
Square of diagonal of rectangle
Length of diagonal of rectangle

S
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The interpretation table is helpful in interpreting the purpose
and behavior of a program. The information in the left-hand column
is strictly auxiliary, however, and has no bearing on the execution of
a program.

Variable Sequence: Branching

The simple notation already introduced can describe a wide
variety of calculations (as indicated by the programs of Exercises
2.1 through 2.8), but it cannot cope with the simple problem of deter-
mining the maximum of two arguments. However, a simple extension
of the notation not only remedies this particular deficiency but greatly
increases its power. .

The trick is to introduce a new type of statement, called a com-
parison or conditional branch statement, which can change the se-
quence in which the statements of the program are executed. The
conditional branch will first be illustrated by using it in a program for
determining z as the maximum of two arguments x and y:

<

— x:y

o s ]
z<y

The symbol < used to label the sequence arrow on the right
indicates that the arrow is followed if and only if a true statement is
obtained when the colon is replaced with the < in the accompanying
comparison statement. Thus if x <y, the third statement is executed

next; if x =y, the second statement is executed. For example,if x=3

and y =5, then x <y and statement three alone is executed to yield
z=735;if x="3 and y = 2, then x = y and statement two alone is execgted
to yield z=3. The executions for several cases appear as follows:

X 3 X -3

X 3 X 3
y 5 y 2 y 3 y -5
z S z 3 z 3 z -3

A comparison statement does not respecify the value of any variable;
it merely affects the sequence in which the program statements are
executed.

11

(Do Exercises
2.1-2.8))
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. More than one labeled sequence arrow may accompany a single
comparison statement; however, in order that the sequence of execu-
tion of the program (and hence its results) be unambiguous, it is-neces-
sary that these relations be mutually exclusive. For example, any one
of the pairs <,>; <,=; and = 5 may be used to label two branches
from a single comparison staternent but the pair >, > may not. The
arrow in the unlabeled branch introduced earlier is always followed
this can be considered an unconditional branch. ‘

- As a further example of the use of the branch cons1der the fol-
lowing interpretation table and executnon '

Signiﬁcance | Variables ) Execution
‘Weight of Andy a 130
‘Weight of Bob b 150
Weight of Charles c o125
Maximum' of the weights m | 150
of the three boys .
and the correspg‘nding prngram, Program 2.3.
E
\ ) <
— a:b =
m:c.
me<c.: —
(Do Exercises ' Program 2.3 The maXifnnm of ‘tvhrvee arguments

2.9-2.12)

" The branch statement will prove useful-in a surprising number
of ways, but before examining them it is desirable to collect in one
table the notation introduced thus far; until further notation is intro-
duced, all statements used in programs will be limited to the types
shown in Table 2.4. In particular, it should be noted that the exponen-
tial notation. (x2, x3, and so on) is not included. This notation will be
used 1nformally in the text, but must not be -used in program state-
‘ments. C
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Specification zex
- Branch 'ilxyl:]
‘Relations # . <=E==> ;é
_Multiplication | xXx y A
.- Division xX+y.
“Addition x+y
Subtraction X—y
Negation :
..Square rootf} Vx

Table 2.4 ; Summary of notation

How. then is a function such as “‘the nth power of a” (that is, a")
to be represented? Program 2.5 (a) shows one possible méthod- em-
ploying the conditional branch. Execution for the case a=2, n=3
yields y =23 = 8 as shown to the right of the program. -

o W
™™

— ien | o — i<n
: y<—a _ a 2 y<—1 _ a
i:1 _ — 5 3 i:0 — n
yeaxy |- i B21 y<axy i
iei-1 |y | B4 -1 y
(@ ()

Program 2.5 The nth power of a

Executing Program 2.5 (a) for one or two further cases (say a=3,
n=3anda=3,n=1)wil clarifyits behavior. The heart of the process
is statement 4, which is repeated or iterated the required number of
times as determined by the value of n. Such a process'is called itera-

1The symbol Vv for square root will not be used on the computer (see Chapter 9)
and will shortly be supplanted by a more general express1on :

P
o O
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tive, and the portion of the program that is iterated (statements 3
through 5) is called a loop.
' Although it works perfectly for positive integral values of n,
Program 2.5 (a) is defective; it does not give the correct result (and
in fact never terminates) for the case n= 0. Program 2.5 (b) corrects
this defect but is still limited to nonnegative integral values of n.

An example of another important use of iteration is furnished
by the related problem of determining a as a function of the argument
p, so that a is the nth root of p (that is, @ =V p or p'=*). Program 2.6

~ shows one solution for the case n=2, that is, for square root. The
basic idea is obvious from the program: the variable a is an approxi-

mation to the required solution, which is improved at each itqration
by either adding or subtracting a chosen correction c. If the dif-
ference d=p —a? is positive, the correction is added; otherwise
it is subtracted. The solution will not be exact (for example, if p =8,

. the exact solution a=2.828 . . . is an endless decimal) and it is.
therefore necessary to terminate the process when the difference d is
less than a specified tolerance t. The accompanying execution and
sketch should make the behavior clear.

— ae—p ;; gz |
c<p ¢ | BAZL .5 25,125 0625 03125
e . a | $4ZF252752.8752.8025
R d | =56 -8 4] 135 4375 265625
d—p-axa .14599375 '

> - ]
d:t | ,

> a<—a—c| Done|a<a+c

d:—t — 1
a<—a-—c —t.‘O t d.
a—drc |

Program 2.6 The square root of p

Program 2.6 will correctly obtain the square root of p for all

* values of p greater than 1 but will not work for small values such as

0.1. This problem is examined and solved in Exercise 2. 14, as is the

» problem of extendmg the program to obtain the nth root of p for any
integer n.

In executing any program involving a tolerance in the manner of

" Program 2.6, it is clearly unnecessary to carry tlre calculations to a
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degree of accuracy much greater than the tolerance. The computer

operation described in Chapter 9 carries calculations to an accuracy of

eight decimal places. In exercises, an accuracy of four decimal digits

should suffice. ‘ ) (Do Exercises
A more interesting example of the use of successive approxima- 2.13-2.15)

tions is furnished by the following method for computing the value of

. From Figure 2.7 it is clear that the perimeter p = 6 X a of the in-

scribed hexagon is a rough approximation to the circumference of the \

circle of radius 1 (and hence to the value of 2 X 7). Furthermore, the

perimeter p’ = 12 x a’ of the inscribed dodecagon is a better approxi-

mation, and p’’ = 24 X a’’ is even better, and so on.

Figure 2.7 Approximating 2 X 7 by inscribed polygons .
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'From the right triangle ABO it is clear that
1-b=V1-a+4
Consequently
BP=(1-V1i-a+4)2=(1-a+4)+1-2xV1-a+4
and -

BPtat+4=2-2xV1-a*+4

=2-Vi4-a
From triangle ABC, a' = \V b% + a% + 4. Hence,
a=V2-Va-ga

But a'’ is obtained from a' in the same way that a’ was obtained
from a. Hence :

a’' =V2-V4-(a)
a/uz\/z_\/4_(au)2

!

and so on.
In a program it is convenient to use the same variable a to repre-
sent all the successive approximations. Thus the expressions for a’,

r rre

a'’, a'"’, and so forth, can all be replaced by

a—V2-Vi4-g

" Program 2.8 describes the process for approximation by a k-sided '

polygon.

— n<6
a<1
p<—nXa
n:k
n<—2XxXn

a<—-\/>2—\/4—a><a

I

Program 2.8 An approximation to 2 X 7
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' Notation for Numbers

All nonnegative numbers used in programs will be denoted by
decimal notation in the usual way except that commas will not be
permitted between groups of digits. Thus 1231 and 12.31 and .1231
and 0.1231 are permitted, but 1,231 is not permitted as alternative
notation for 1231.

A rational number such as two-thirds will be denoted informally

in exposition by ?’ but in a program it must be denoted formally by

division (that is, 2 + 3) or by an approximate decimal value such as
0.667.

The treatment of negatwe numbers can be clarified by adopting
for them a notation which is distinct from the notation for negating
a positive numbert. This notation (which will now be adopted) con-
sists of a negative sign (-) preceding the number, thus: ~1, -2, -3,
-3.1416, -0.5, —.5, and so forth. The raised negative symbol () does
not denote a function as does the minus sign, but is rather an integral
part of the representation of the number just as the decimal point is.
Therefore it is as meaningless to write —x or ——3 or ~(3) or —— 3, as it is
~ to write .x or ..3 or .(3) or .—3. It is of course meaningful to write — 3
(which is equal to 3), as it is to write — .3 . The negative sign is meaning-
ful only if it 1mmed1ate1y precedes a d1g1t or a decimal point. The num-
ber -3 will be read as ‘‘negative three,” whereas — 3 will be read as
“minus three.”

Vectors

The example of Program 2.3 (for finding the maximum of three
boys’ weights a, b, ¢) can be extended without difficulty to four
boys by employing arguments a, b, ¢, d, or to five by using a, b, ¢, d, e,
and $o0 on for any number of arguments. If; however, the number of
arguments is itself a variable (for example, the number of boys present
in class tomorrow), a new difficulty arises. This can be surmounted by
adopting a single name for such a family of variables and by identifying
each member of the family by a numerical subscript or index. Thus,
if x is the name of a family of four members, the successive members
are x,, x,, X,, x,.

Such a famlly of Var1ables will be called a vector and each mem-

" ¥See M. Beberman and H. E. Vaughan, High School Mathematics Course 1
(Heath, 1964), or D. E. Morris and H. D. Topfer, Advancing in Mathemaucs, J2
(Science Research Associates, 1964) .

17
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(

ber will be called a component of the vector. For example, if w is a
vector of the weights of three boys, the first of whom weighs 130
pounds, the second 150, and the third 125, then w, = 130, and w,
=150, and w, = 125. The number of _components ina vector xis called
the dimension of x and is denoted by p x.t The dimension of a vector .
is clearly a function of that vector; in the current example, p w is 3.
A single variable will now be called a scalar to distinguish it from

© a vector. A vector will be denoted by a boldface lowercase italic letter -

(for example, w) to distinguish it from a scalar, which will be denoted
by a lightface lowercase italic as before. A component of a vector w is

itself a scalar but it will also be shown in boldface (for example, w,)

to indicate that it is a member of the family. In handwrltlng one may
distinguish a. vector by an underscore: X.

A vector can be formed by the catenation (chammg together) of
scalars. ‘'The catenation flll‘lCthl’l is denoted by a comma. " Thus the

‘statement

f<3,5

specifies f as a vector of dimension 2 such that f, = 3 and f, = 5 and,
as stated, p f=2. Catenation is defined on vectors as well as on
scalars, so that if :

g<—7,9and h<f,g
then
ph=4
“h,=3  h,=5 H,=7 h,=9

*Successive catenations are executed in the established order,

~ that is, from right to left. Hence the statement

- ’ k<3,5,7,9

yields a vector k which is identical with the vector h of the preceding

_paragraph; The common practice of requiring parentheses enclosing

the set of components of a vector. will not be followed. Extra paren-
theses can of course be placed around any expressmn—mcludlng the
catenation denoting a vector.

tThe letter p is the Greek letter correspondmg to the Roman r. It is spelled rho
and pronounced roe.
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To illustrate the use of a vector, consider the following program,

which determines the sum s of all components of the vector w:

s<0

i<0

w< 130,150,125

i:kpw
: |j i<—i+1
’ S<_S+'l£7i,

>

The execution appears on the right. ' _
" As a further example, the reader may execute the following
program for determining the maximum m among the components of w:

v

we 130,150,125

m<0
i<0
itpw
i<—i+1

m: w;

m <— w;

pA23

0 130 280 405
130

150

125 A

If w is the vector of weights of p w boys, if b is the corresponding
vector of weights of their baggage, and if ¢ is the vector of total weights,

then t; is calculated as

Cti=w; + b;

‘Statements 2 through 5 of Program 2.9 perform this addition for
all components of w and b, using catenation to append the successive
components of ¢ as they are computed. The vector ¢ must of course be

assigned an initial value before the catenation of statement 5 can be v
executed. In this initial state the vector ¢ must contain no components -
and must therefore be of dimension 0. For reasons discussed later, in '
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the treatment of two-dimensional arrays in Chapter 4, the result of
applying the dimension function p to any scalar is a vector of dimen-
sion 0. Hence statement 1 of Program 2.9 (that is, t < p 0) gives to ¢
the required initial value. , v <

. i 123
f<—p0' w 130,150,125
i—0 . b 100,75,115
itpw — 7

[ i—i+1 % 225

: t—t,w+b; - | 230,225,240

Program 2.9 The component-by-component sum of vectors

An execution of Program 2.9 is shown for the case where the

" given values of the arguments w and b are (130, 150, 125) and (100,

75, 115) respectively. The value of a vector of dimension 0 is denoted
by a blank as shown. The following more abbreviated record of the
execution is. more convenient and, since 1t is perfectly clear, also
acceptable.

i 123
w 130,150,125
b 100,75,115
t 230,225,240
The indexing function x; (selecting the ith component of x) is
meaningful only if i is one of the integers 1,2, 3, ..., p x. For any other.

values of i it is therefore undefined and cannot be evaluated. For ex-
ample, if - : : /

t=230,225

then the statement z < t, cannot be executed. Moreover the statement

t, <240
cannot be executed either. Hence the following program (Wthh might
have been considered as a simpler alternative to Program 2.9) is not

acceptable and cannot be executed:
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—» i<0
itpw B

[ i—i+1 :
t,—w;+b;

A component of a vector is a scalar. A scalar cannot be indexed,
that is, if x is a scalar the expression x; is meaningless, and if y is-a
vector the expression y; is meaningful but the expression (y;), is not.
If x=(p 0), 6, then x is a vector of dimension 1 and is distinguished
from the scalar y = 6 in two ways: (1) the vector can be indexed; and
(2) p x is a vector of dimension 1 whose one component is equal to 1,
whereas p y is a vector of dimension 0. ‘ ‘

B

Functions of Vectors

Component-by-component. The need for component-by-
component addition of two vectors frequently arises, and this func-
tion will be denoted by ‘

t<—w+b

It is defined precisely by Program 2.9, except that it is further under-

stood to apply only to vectors w and b of the same dimension. Thus
if w= (130,150, 125) and if b= (100,75, 115), then ¢=(230,225,
240); but if w=(130,150,125) and b=(100,70,115, 85), then
w + b is not defined. ‘

, Nevertheless, one of the arguments may be a scalar. For ex-
ample, if the boys’ baggage consists only of packs of the same weight -

b, then the calculation of the total weight ‘will be written as

t<—b+w g
and will imply that ¢; = b + w;.

It is useful to apply this component-by-component definition not
only to addition but to all other functions in the same way. For ex-
ample, if £ = (230,225, 240) and if r = (2, 1,0.5) is the rate per pound
to be charged for each of the boys, then the cost for each is given by
the vector ¢ as :

c<—rXt

21
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and clearly ¢ = (460,225, 120). Similarly, if a common rate r is used,
then 7
c—rxt \

For example, if r =2, then ¢ = (460,450, 480), and if z=(25,16,9),
then V' z=(5,4,3).

Reductwn by a function of two arguments. The summa-
tion of all the components of a vector x illustrates another useful type
of function. It will be denoted by +/x and will be defined as

l&—/x-x +x2 +x(px) X,

where the indicated additions are performed from rlght to left accord-
ing to the usual convention.

. Again it is useful to extend the notion to all functions of two argu-
ments. For example, X/ x denotes the product over all components
of x. In general, for any function F of two arguments, F/ x denotes the
function x, Fx,F ... F x,, and is called “F-reduction of x” or ‘“re-
duction of x by F” or 31mply “F over x. For example +/ x is called

addltlon-reductlon of x” or “the sum over x.’
In the case of subtractlon reduction, the right-to-left order of
execution is significant. For example, if x=1,4,9, 16,25, then

—[x=1-(4—-9—-(16-25)))
=15

On ‘the other hand, left-to-right execution would yield the result
(((1—-4)—-9)—16) —25) =-53. In general, .

~ly=+y+y,+..) = (p+y,+y,+...)
Similarly,
Hy= (0, Xy Xy %)+ (0, X, Xy X ..0)

The following program provides a precise definition of the func-
. tion +/ x:

— s5<0

. i<px

i:0
|j sﬁ—s-i?xi
it

lu.
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\

{
»
.
gy

Since the index i is initially set to p x rather than zero and is decreased .5
on each iteration, the components are summed in the required order

from right to left. (Do Exercise
‘ : 2.23.)

A pplwatwns of Vectors

In the foregoing examples the functlons on vectors permitted
a function on a whole family of variables to be denoted as conveniently
as the corresponding function on a single variable. Because of this con-
venience it is advisable to watch for opportunities to treat a collection
of variables as a vector. A few examples will be given in this section.
They include points in a plane, points in three-dimensional space,
rational numbers, and complex numbers.

Points in space. A point P in a plane having coordinates x
and y is often denoted by P(x,y) as shown in Figure 2.10. The two co-
ordinates of the point P can be considered components of a vector p
such that p, is the ﬁrst coordinate (that is, x) and p, is the second
coordinate.

=(6,5)

: . : X
Figure 2.10 Vector representation of points in a plane

If q is the vector of coordinates of a second point in the plane,
then clearly the vector
d=q-p

11
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is the displacement required to move from point p to point q. Using
the points shown in Figure 2.10, for example, p=(3,1),g=(6,95),
- and d = (3, 4). Furthermore the length [ of this displacement (that is,

the direct distance from p to q) is given by

Z

y

Consideration of points in three-dimensional space reveals some
of the power of vector notation, since the expressions for displacement
and distance turn out to be identical with the corresponding expres-
sions for points in the plane. The three coordinates of a point in three-
dimensional space are of course denoted by a vector p = (p, , p, , P,)
of dimension 3. Thus in Figure 2.11, the displacement is -

and

l—\/+/d><d

Again in Flgure 2 10, dxd=
+16=25. Finally, [=\/ 25 = 5.

(32, 42)—(9 16), and +/dxd=9

=(6,4,13)

d=q-p=

Figure 2.11 Vector representation of points in v3-spa<‘:e

(3,2,6)

1=V +/dxd=17
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Rational numbers. A rational number 7 is any number that
- is expressed as the quotient of two mtegers i and j, that is, n=1i+j.
This pair of integers can be treated as a vector r of dimension 2. Thus
a vector r whose components are integers represents arational number
n such that

n:rl‘:— 1‘2

For example, r= (3, 4) represents 3 + 4= 0.75, and g = (2, 3) repre-
sents 2 + 3. If p represents the product of these two rational numbers,
then clearly p = q X r. In the present example, p = (6 , 12). This repre-
{.sentation is not unique; the number could also be represented (in
lowest terms) by 1= (1, 2), since +/1= +/p.

The addition of rationals ¢ and r 1s somewhat more complicated.
If s is the sum, then

R

) } S—((qlxr)+qur),qur
- Again using g=2,3 and r=3,4,

s=(2%x4)+3x%x3),3x4
=(17,12)
and the sum of 2 and Z is —}—;—

Complex numbers. A complex number #n can be represented
by a vector ¢ of dimension 2 such that n=¢,+ ¢, x /"1, where ¢,
and ¢, are real numbers. The addition of two complex numbers repre-
sented by ¢ and d is simple:

's=c+d

Multiplication is sllghtly more complicated and will be left as an
exercise.

Other applications. Suppose that a. certain set of plywood
panels suffices to make a covered box 2 feet high, 4 feet long; and
3 feet wide. Then the set can be characterized by the numbers 2, 4,

and 3. More generally, a' group of such sets of panels could be de- .

scribed by a list of the following form:

s

h: 1

W oo A\ K
N N LW

2
1
4
1

25
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where the ith row gives the dimensions of the ith box. If the successive
columns of this table are denoted by h (the vector of heights), I, and '
w, then the volumes v of the set of boxes are given by

v=hxlxw
Similarly, the surface areas s are gi\}en by
s=2XhxD)+(hxw+IxXw
The ratios r of volumes to surface areas are given by
r=v-—-s

and the set giving the best ratio can be obtained by a program which
determines the maximum over the components of r.

Programming Techniques’

The ability to write good programs, like writing ability of any
kind, can be acquired only by practice. Four basic techniques will be
presented and illustrated in this section: ‘

1) program reading

2) placing decisions (that is, branches) early in the program

3) utilizing known programs for simple operatlons within a

more complex program

4) programming the main operation before the statements that

perform the auxiliary operations such as the indexing of
vectors )

Program reading. To write programs one must first learn to
read programs critically. This is important not only for understanding
the examples provided by completed programs, but also in criticizing
and revising attempted programs. ,

The first step in program reading is learning to perform an accu-
rate execution for any selected initial values of the arguments. The
next is to grasp the overall behavior of the program. In Program
2.12 (b), for example, it might be necessary to execute for several dif-
ferent initial values of x to learn that the function determines the sum of
the negative components of x. A completed program should always be
executed to try to discover any subtle flaws in its performance.

Leading decisions. Sequence arrows that cross each other
make a program unnecessarily difficult to read and usually betray a
poorly organized program. Reordering of the sequence in which the
statements are written can usually lead to improvement.
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One rule that tends to avoid certain errors and to simplify the

~ branching structure is to place the branch statements early in the pro-

gram. This is called the use of leading decisions.

Consider, for example, Program 2.12 (a), which determines n
as the sum of the negative components of x. The exit branch occurs
last in the program. Execution for the case x=(3,-2,4,5) reveals
a flaw —the program does not terminate properly if the last component
of « is nonnegative. This kind of error is avoided naturally by placing

’the exit branch early, as in Program 2. 12 (b)

— n<0 — n<0
i<0 i<—0
i—i+1 itpx
x;:0 - i—i+1
n<—n+ x; x;:0

=
ipx — n< n+ x;
@) | | (b)

Program 2.12 The sum of the negative components of a vector

~

Utilizing known programs. A complex program can fre-
quently be built up from simpler known programs. Consider, for ex-
ample, the problem of determining a as the nth root of the argument
p for any positive integer n. Program 2.6 is a solution for the special
case of n= 2. It can be extended to the present case by replacing the
fourth statement with a program segment that determines d as the
difference between p and the nth power of a.

The nth power of a can in. turn be provided by Program 2.5 (b).
Hence a complete program can be constructed by incorporating Pro-
gram 2.5 in Program 2.6 as shown in Program 2.13. This solution,

‘however, is subject to the limitations indicated in Exercise 2.14.

27
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— a<p
C<p
c<—cCc+2 - fe—
i<—n
, y<1
i:0 =
‘ [ y<—axy
‘ i—i—1
d<p-y
. = d:t -
d:—t. —
a<—a—-c |—
a<—a+c —

Piogram 2.13  The nth root of p

The main operation. It is usually advisable to write the
statement for the main operation of a program first and complete other
details later. In other words, one begins in the middle of the process,
treating, for example, the ith component of the vector involved and
dealing later with the question of how the index i is set 1n1t1a11y, modi-
fied, and compared to terminate the process.

" Consider, for example, the following' problem: Compute the
vector p which contains as components all the prime numbers not
greater than the integer n. For example, if n = 12, then p must be the
vector (2,3,5,7,11). The main operation, therefore, is to make a
variable j run through the integer values up to n, and to append to p
each value of j that proves to be a prime. The overall program there-
fore includes the following statements:




- Programming Techniques

\ jej+1

A test of whether J is prime must of course be interposed before the
last statement. :

The required test is that j must not be divisible by any of the

smaller primes, that is, it must not be divisible by any of the present
components of p. Hence the test for divisibility by p; must be repeated
for each value of i and must therefore be followed by the steps:

i—i+'1

itpp

TIA

The 'program' thus far therefore appears as . .

— jin ' —=—> -
jej+1
i—i+1 ]
=
irpp
— P<P.J

where the two rows of dots indicate a program segment which tests
Jj for divisibility by p;. Divisibility can be tested by repeated subtrac-

/
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tion as shown in statements 6 through 8 of the final program (Program
2.14). The accompanying execution for the case n =9 illustrates the

(Do Exercises behavior.
2.28-2.31.)

—. p<—2,p0
LJe2

L jej+1
i1

" y <—]

| Y<SY—pi '
= » >
— % y:0

R |
itpp
CP<Pp,J

[A

Exercises

—’"*szn ‘ —>

'~<\.~.=

p

TN =~ O

o T
T B
TR B
>
>
Do ==

2.1 Execute each of the following programs:

— p<3x3
qg<—5x5
Z<—q—p
d<Vz

(@

L P XXX
[ geyxy
z<q—p x<3
d<\Vz y<S5
— x<3 2 (yXy)—xxXx
y<S5 d—\Vz
(b) (c)
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2.2 Execute each of the following programs. (Be sure to ob-
“serve the right-to-left order.)

—4 a<3
b4
— x<3 , — x<3 x<—a+b
y<S5S y<S5 ),c<—x><a—b‘
cd<yxy | . d—yxy Cy<axa
z<—d—xxx |. ded—xxx y<—y—-bxb
d<V'z - d<Vd = e—x—y —
(a) . ) - (© A
2.3 Execute each of the following programs for a =4 and .
b=09:
— z<—a
a<—a+1
—| z<a z<zXa .
ze—zxa+1 | a<—a+1 —» z<axh
zezXxa+2 — z<zXa |— z<—4xz —

(a) (b) | (©)

— y<(a+b)
z<—a-—>b
e (yxy) = (zxz) =

(d)

2.4 For each program of Exercise 2.3, write an equivalent one- .
statement program that is fully parenthesized. For ex- ' ,
ample, 2.3 (a) is equivalent to z< (a X (a + 1)) X (a + 2).

Check each result by actual executlon for some chosen
values of the arguments.

2.5 Rewrite the one-statement programs of Exercise 2.4 using
the right-to-left convention to eliminate as many paren-
theses as possible.
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2.6 For each program of Exercise 2.3, state as simply as pos-
" sible in words what each program does: For example,
Program (a) determines z as the product of @ and the next
two integers following it. Assume that the arguments are
 restricted to integer values.
2.7 Write a program for each of the followmg )
(a) To determine the length f of a face diagonal of a cube
whose edges are of length s.
(b) To determine the length b of a body diagonal of a cube
whose edges are of length s.
(c) To determine the length b of a body diagonal of a cube
whose face diagonal is of length f. _
2.8 (a) Execute your program for Exercise 2.7 (a) for s =2. -

(b) Execute your program for Exercise 2.7 (b) for s=2. -

(c) Execute your program for Exercise 2.7 (c) for f=18.
2.9 Execute the following programs for x=4 and y=11:

. >
- — x:0 ‘ v
T x:y — z<0 j ‘ — r<y
— z<x :l — z<-1 E r:2 —<>
— z<y — z<1 re—r—2
@ ® ©
— z<0
. i<=0
— rey > dtx —
- E rix = [ zez+14+2xi |,
| rer—x i—i+l
(d) C)

2.10 Assuming that the arguments x and y are restrlcted to

positive integers, state in words what each program of
Exercise 2.9 does. (HINT: Execute each program for
values of the arguments selected so as to explore all possi-
ble sequences in the program.)

- 2.11 (a) Determine in how many different orders the statements

of Program 2.3 can be executed. Select sets of values
of a, b, and ¢ so that the executions exhaust all cases.




2.12

2.13

2.14

2.15

‘(b) Extend the program of part (a) to reverse the sign of -a-—
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(b) Write'a program to determme a as the absolute value
of x.

(c) The program of Exercise 2.9 (b) can be modified by
‘the addition of a single statement so as to determine a
as the absolute value of x. Make such a modification.

(a) Let a, b, and c¢ be the lengths of the three sides of a -=—-
triangle. Write ‘a program to determine the type of
triangle they form, that is, to produce a result # which
is equal to 1 for scalene 2 for isosceles, 3 for equi-
lateral.

the result if the triangle is also a right triangle, for ex- .
ample,.-t = 2 for an isosceles right triangle..
Execute Programs 2.5 (a) and (b) for the following cases:

(@ a=3,n=2
b)a=1,n=3
©a=2,n=0

(a) Execute Program 2. 6 for p =24 and t=0.25.
(b) For p=0.1 and = 0.05, execute Program 2.6 far s -
- enough to appreciate why it will never terminate.

(¢) The defect encountered in part (b) can be corrected -« —
by giving ¢ a sufficiently large initial value. Write a
modification of Program 2.6 that will work for all non-
negative values of p. C

(d) A program to determine the nth root of p can be ob- <
tained by replacing statement 4 of Program 2.6 with a
program segment that computes the nth power of a
and subtracts it from p.- Write such a modification of
Program 2.6./

(e) Execute your solution to part (d) for the case n=3,

p=16, and t= 0.5, and check the resulting value of a.
For n=2, Programs 2.5 and 2.6 define inverse functions
(that is, square and square root) so that if the result p of
Program 2.5 is used as the argument p of Program 2.6 it
will yield (approximately) the original argument x used in

Program 2.5. Conversely, the result a of Program 2.6 used

as the argument of Program 2.5 yields the original argu-

ment used in Program 2.6.

(a) Use Program 2.5 (b) to check your solution to Exer-
cise 2.14 (a).

" (b) Use Program 2.6 to check your solution to Exercise

2.13 (a).
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(c) The program required in Exercise 2.14 (d) produces a
function (the nth root) that is inverse to the function
of Program 2.5 (b) for any value of n. Use Program
2.5 (b) to check your result to Exercise 2.14 (e). (Since
¢t 'was not small, do not expect very close agreement.)

2.16 (a) Execute Program 2.8 for k= 48, and compare the re-
sulting value of the perlmeter p with the known value

> of 2X .

—  (b) Write a program to approx1mate 2 X by circum-

scribed polygons. ,

~-w  (c) Write a program (combining the programs of parts (a) .

and (c)) to determine both upper and lower bounds on

2xm and to terminate when the difference between

k them is less than a given tolerance ¢.

~t 2,17 Write a program which determines g as the integral part

‘ of the quotient x+y and r as the-remainder, where the

arguments x and y are restricted as follows
(a) x and y are both positive.
(b) y is nonzero.
—-=" 2,18 Write a program for each of the following:

(a) To determine a as the value of ! n (that is, factorial
n, defined as 1 X2 X 3% ...x n), for nonnegative inte- -
gers n. Ensure that the program gives the correct value

of ! 0, which is defined as 1.

(b) To determine s as the sum of the first » posmve inte-

~ gers.

(c) To determine g as the sum of the squares of the first n
positive 1ntegers

2 .19 (a) Execute your solution to Exercise 2.18 (b) for the first
few values of n and compare the values of s with the
corresponding values of s in the program

s<—(nxn+1)+2 ’

(b) Execute your solution to Exercise 2.18 (c) for a few
values and compare with the program

: g— (nx(n+.5)xn+1)=+3

~=5. 2,20 (a) Execute the accompanymg program for the following

cases:
() a=30,b=42
(i) a=15,b=5

(b) Assuming that the variables a and b together represent
the rational number a = b, state in words what the
program does
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(c) Write a program which determines the greatest com-
mon divisor of the integer arguments m and n.

— j<1

— Jj<j+1
Jj:a E
Jj:b E
y<a —
ye<y—j j
—. y:0 =
y<b

y<y-—j

a<—a-+j

beb+j —

2.21 (a) Write a program to determine z as a function of x such
that z=xm+n (HINT: See Program 2.5 and Exercise
2.14 (d) and note that xm+» = (V x)m,)
(b) Execute the program of part (a) for the case x= 10,
m=3,n=4. '
2.22 Execute the following programs for the case x= (1,2,
3,4) and y=(4,3,2,1).

—o\pel — s5<0
i—l+p=x — <0 i<px .~
— iei-1 iipx — i:0 R
[ i:0 | — [ i—i+1 [ s@s+xix5’i
' D< P X% ' Yi< X Xy; i—i-1
(@) (b) ©

- 2.23 Write one-statement programs equivalent to those of
Exercise 2.22. For example, p< x/x is equivalent to
2.22 (a). )
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224

2.25

A rectangular box is to be constructed. The materials
available permit any one of several specified combinations
of length, width, and height. Write a program which will
determine the set of dimensions that give a box having the
maximum ratio of volume to surface area. In writing the
program —

(a) First prepare an interpretation ‘table to show your

choice of symbols for the variables involved.
(b) Use vector operations where possible.

‘(c) Execute the program for some simple case.
The following programs perform a pair of functions which

should be familiar from elementary arithmetic. Identify
these functions. (HINT: Execute the programs for several
initial values. If necessary, refer to the section devoted to

+ applications of vectors, page 25.) The vectors x and y are

2.26

2.27

each of dimension 2 (that is, px=py=2):

(@) 2 ((x,X3,) + %, Xy,) , %, X5,

(b) z<—axXy

As in Exercise 2.25, identify the pair of familiar functlons
performed by the following programs:

(@) z<—x+y \
(1) 3 ((x, Xy,) —x,X5,) , (x, X3,) +x, Xy,

State in words the functlon performed by the following
program:

z<0
t<0
“i<0
> <zt
itpc
i—i+1
t<—cl-‘

k<1

L ki ,
k—k+1 il
t<—tXx

1

+ 2.28 (a) The accompanying program produces a vector p as a

function of n. State in words what the program does.
(Execute for a few values of » if necessary.)

i
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— p<p0
<2

p<p,i

i—i+1
j<0
jipp
jej+1
k<

k<—k—p.
<l J
k:0 - :;]

(b) Modify Program 2.14 so that it will determine p as the
vector of the first n primes rather than as the primes

up to n.
2.29 (@ Ifx<1,(-2),3,4,(=5),6, then
x1¥1 x,=-2 x,=3
x,=4 x,=-5 - x=6

Show that if y<— 1;,-2,3,4,-5,6, then y and x are
not equivalent and in fact

y1:1 y2:—-2 y3:—3
y,=—4 =5 ¥,=6

(HinT: Be careful to observe the exact right-to-left
sequence in performing the successive catenations
(denoted by commas) and negations.)

(b) Show that the components of the vector

a<3,-4,-5,-7,-8,-1

are alternately positive and negative. d -
(c) Write a statement using only raised negative signs and
catenation to specify a vector z which is equal to the
vector x of part (a).
2.30 (a) Execute the accompanying program for the following
cases:
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Jj<0
i+
Jipx
I<px
il

i<i—1

ln

[1A

B xl x1+1

b < «;

X< x

i i+1

(i x=6,2,1,9
(i) x=6,2,3,5,2,8,1

(b) State in words what the program does to the vector x.
(c) Write a program which determines d as the vector

containing all the distinct components of a vector a.
For example, if @=3,5,5,9,12,12,12, then
d=3,5,9,12. Assume that the components of a
are already in ascending order.

(d) Execute your program for the case

(e)

(®)

2.31 (a)

(b)

a=3,5,5,9,12,12,12

Modify the program developed in part (c) so that it
will work for a vector @ whose components are in
arbitrary order. (HINT: Use the program of part (a) to
arrange the components of a in ascending order.)
Show that the program of part (a) produces the same
result and is faster to execute if statement 5 is replaced
with i:j.

Let the vectors a, b, and ¢ be the plane coordinates of
the vertices of a triangle. Write a program to determine
the same result as in Exercise 2.12 (a), using a, b, and
¢ as arguments.

Repeat part (a) assuming that a, b and ¢ represent
points in three dimensional space (that is, pa=pb
=pc=23).

]
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Functions

Definition of Functions

A program such as Program 3.1 (a), in which the value of each vari-
able is specified, has no arguments and the result z is assigned a
single fixed value. In Program 3.1 (b), on the other hand, the values
of the variables x and y are not prescribed and the program can be
viewed as a rule for assigning a specific value to z for each specific
pair of values assigned to x and y; the program therefore defines a
function of the two arguments x and y.

—» x<5
y<3
S<—x+y s<—x+Yy
d<—x-y d<—x-—y
z<—sxd z<—sxd
(a) (b)

Program 3.1 Functions of no arguments and of two arguments

The arguments in a program are easily identified as the variables
to which initial values are not assigned within the program. The identi-
fication of the result variables is less obvious and is, in fact, rather
arbitrary. Program 3.1 (b), for example, produces three results: s (the
sum of the arguments), d (their difference), and z (the product s X d).
It therefore represents three functions of x and y. Usually, however,
one of the result variables is singled out as the result of interest and
is called the resultant; the others are then considered “‘intermediate”
results.
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A program therefore provides a means for defining new functions.
Once a suitable name or symbol is assomated with a program, the
function described by that program can be used in other programs as
freely as the basic functions already defined. This provides a powerful
means for extending the set of functions available for writing programs.

Qonsider,, for example, Program 3.2, which determines z as the
maximum of x and y. The expression

ze—x[y

above the program is the name assigned to the function described by
the program. The symbol [ is therefore assigned to the maximum func-
tion. It is necessary, however, to include the variables z, x, and y in
the name so as to make clear which variable in the program represents

the resultant, which represents the first argument and which repre-

sents the second argument.

zexly

<
— x:y
o e ]
«— z<y

Program 3.2 Definition of the maximum function [

A function such as [ is assumed to apply not only to the particu-

lar variables x and y used in its definition, but equally to any pair of -

variables whatever Thus the statement
. r<plq

implies that r is specified as the maximum of p and g. More precisely,
it is equivalent to the following program,

—* X< p

y<gq
<

X:y
7 X ] }z@-x[y
[ i<y .

r<z
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in which statements 3 through 5 represent the functlon prev1ously»

named: z < x| y.
Thus Program 3.3 together with the program for Z <—x[ y (Pro-
gram 3.2) would be executed as follows

p 3,,1,7,5 x | 0 3] 3 7
m 0BBT7 y 3 1 7 5
i DA12B4 z | 3 3 7 7
p; AATS

, The successive columns on the right each represent an execution
for one of the cases prescribed by the step

m<—m| p;

in Prograin 3.3.

—| p<3,1,7,5
' m<0
) <0
iipp B R
[ i—i+1 .
: m<m| p; :

Program 3.3 Use of the maximum function

~

In Program 3.2 the variables x, y, z which appear in the name of
the function it defines are simply dummy variables which indicate the
role (for example, the first argument) played by the variables occurring
in the program. Although it may seem strange that the assignment ofa
name such as z< x[ y then permits the use of statements such as
r< pl g and m < m|[ p;, the situation is actually no different from that
assumed for the basic functions such as + and X. They are assumed to
"+ apply to any set of variables (for example, r < p + g; m < m X p;, and
so forth) even though their definition for one unfamiliar with them
would have to be couched in terms of specific variables such as x, y,
and z. Moreover, when one encounters the symbol + in a statement he
must (except for. small integer arguments) turn aside to execute an
algorithm for it, namely, the addition procedure learned in elementary
school. ‘

i
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Any new function of two arguments that has been defined by a
program and appropriately named can therefore be used afterward
in any and all of the ways that a basic function such as addition can

be used. For example, +/x denotes the sum x, +x, +...+«, and,

analogously, [/ x denotes x, [ x,[...[ x, . Consequently the program

p<3,1,7,5
m<|[/p

is equivalent to Program 3.3.

Naming Functions

A function of one argument is called a monadic function, and a
function of two arguments is called dyadic. To name a dyadic function,
the symbol for the function will be placed between the arguments.
This agrees with the form for the basic dyadic arithmetic functions
+ and X and was done for the maximum function in Program 3.2.

Moreover, the symbol used for a function will be a special symbol .

such as [, a Greek letter, or an uppercase Roman letter.

Monadic functions are named in a similar way, with the symbol
for the function being placed before the argument. This agrees with
the form normally used for negation, that is, the symbol — is placed
before the argument. The familiar notation for absolute value, how-
ever, does not follow this pattern, since the symbol both precedes and
follows the argument, thus: | x|. This notation will therefore be
replaced with | x, so that the symbol for the function precedes the argu-
ment. The absolute value function can be formally defined by Pro-
gram 3.4 (a) or by Program 3.4 (b).

( a<|q

< a<—|q

— q:0
] acq ] \
— a<—q —> a(—q[—q —>

(a) (b)

Program 3.4 Definitions of the absolute value function |

" This use of the same symbol to denote both a dyadic function
(for example, x —y) and a related monadic function (— y) introduces
no ambiguity, since the context determines the interpretation. For
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example, in the expression x + y — z the symbol — represents a dyadic
function, whereas in the expression x x — z it necessarily represents a
monadic function. Any symbol can therefore be used unambiguously
to denote both a dyadic function and a (not nécessarily related) mo-
nadic function. For example, the symbol | used for the monadic func-
tion absolute value will also be used to denote the dyadic function
residue to be defined in the following section. This double use of some
symbols gives no difficulty and helps to keep the symbols required
down to a reasonable number.

Two functions are said to be equivalent if they yield the same
result for any chosen values of their arguments Equ1valence will be
" denoted by the symbol =. For example:

(x+ 1)><x+lz(x»‘><x)+ 2xx)+1

Some Basic F unctions ,

The method for deﬁnmg new functions can now be used to extend '

the small set of basic functions adopted in Chapter 2; each new func-
tion can be defined by a program which employs only the basrc func-
tions or previously defined functions. Consequently the eventual
definition of each function is made in terms of a small and simple set
of familiar functions. All notation and all functions defined in the text
are listed in Appendix D. :

Maximum, minimum, negatwn, and absolute value.
N egation is a monadic function denoted by the symbol — and defined

" in terms of-subtraction as follows:
—x=0-x

Maximum is the dyadic function denoted by [ and defined by Pro-
gram 3.2. Minimum is denoted by |. It could be defined by a simi-
lar program but (as the reader should verify) it can be defined in
terms of maximum and negation as follows:

xly=s-(Gxl-y
Absolute value is a monadic function denoted by | and defined by
|x=x[—-x ‘

Residue. The residue of n modulo d is denoted by d|n and is
defined for all values of d and n, except for d =0, as the nonnegative
remainder obtained on dividing. n by d. More precisely, if r is the

43
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residue of n modulo d, then Oflr<|d, and n=r+ gXxXd, where g
-is some integer. Some sample values of the residue function are

shown below:,

A simple use of the residue function occurs in reducing a rational
number to lowest terms. If a and b are two integers representing the
rational number a + b, then Program 3.5 reduces them to lowest terms.
The process is simply to divide by j if the residues j|a and j| b are
both zero, and is illustrated by the accompanying execution for the

case where a = 84 and b = 140.

— j< 1
jralb
jej+1
0:jla
0:j]b
ra<—a-+j
b<—b+j

>
—

a
b

/

d n d\n
3 7 1
3 8 2
3 9 0
3 -7 2
4 19 3
4 -19 1

8442213
140 70 35 5
L2BABLT

Program 3.5 Reduction of the rational
number a + b to lowest terms -

The residue function is also used in a very efficient method for
-finding the greatest common divisor of two integers m and n, the so-
called Euclidean algorithm. Any factor common to m and # is also a
factor of the remainder obtained in dividing n by m, that is, m | n. Hence
the gcd of m and n is also the gcd of m and m|n. The process can be
‘repeated by obtaining the residue (mi|n)|m, and so on, as shown ex-
plicitly in Program 3.6 and as illustrated in the accompanying execu-

tion for m =30 and n = 42.
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| g<—mAn
g<m
m < mln m 301260
» n<—g _ n 42 30 12.6
m:0 — g 3012 6

Program 3.6 The Euclidean algorithm for the, greatest common
divisor of m and n

[

It should also be noted that 1|x is the fractional part of x and that

x — 1]|x is the integral part of x. The reader can also verify the following -

relation between the residue function and the mqnadlc function de-
noted by the same symbol, that is, the absolute-value function:

[x=(2xx)|x

The factorial function. The factorial functlon is denoted by
! n and is defined for positive integral values of # as the product of the
positive integers up to and including n. For example, !1=1;12=2;
13 =6; and !8 =40320. The value of 10 is deﬁned to be 1 so that the
obvious 1dent1ty

'n=nx! n—:l ~
will hold even for the case n =1, that is,
11=1x10

The factorial function is. defined only for nonnegative integral
values of the argument. It is more commonly denoted by !, but!n
will be used here to obey the convention of placing the symbol for a
monadic function before its argument.

The exponential function. The function xEn defined by \

Program 3.7 will be recognized as the function more commonly de-
noted by x* and called “x to the power n”” or “x to the exponent n.”
The program defines x E n only for integral exponents, since it never
terminates if n is not an integer. The definition was extended to the
case n=0.5 (that is, square root) by Program. 2.6, and to the case
- n=1+m by the more general program required in Exercise 2.14.
Since xE (p+q)= (xEp) E (1+q) (that is, x?*2 = (xP)1+9), the
function can obviously be extended to any rational exponent p + g.

45
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Since any irrational number r can be approximated as closely as de-
sired by a rational number, the function can be extended to any expo-

nent r. For example, since 7 =3.14159...is approximately —27%,
then x7 is approximately (x*2)!*7.

z<xEn

— -z 1

‘ i<0
itn —

\: i<—i+1
‘zé—;xx

Program 3.7 Exponentiation (for integral n only)

The general exponential function defined for all exponents r
will be denoted by x X r. If r is an integer, then x * r is equivalent to
the function x E r defined by Program 3.7. Since x *.5 denotes the
square root of x, the spec1al symbol V' will no longer be used formally
for square root.

The familiar exponential notation x* violates the convention
adopted for denoting a dyadic function; it has, in fact, no symbol for .~
the function, which it indicates only by the raised position -of the
second argument. There are important advantages to using the explicit
symbol >, which will become clear in the discussion of the fundamental
properties of functions. A further advantage is that all extensions to
vectors automatically apply to functions denoted in the standard form.
Thus x> n; p>k n; x> g; and */ y are all meaningful and useful ex- -
pressions. -For example, if x=(7,6,5 4), =(0,1,2,3); p=8;
q 2;and y=(3,2,1,0), then ,

xXn=(7%0), (6%1), 5%2), (4*3)-1 6,25,64
pkXn=(8%0),(8%1),(8%2),(8%3)=1,8,64,512
x*q5(7*2),(6*2),(5*2),(4*2)549,36,25,16

and
*/y=3%2%1%0=9

However, because of its familiarity, the notation x* will continue to be

(Do Exercises used mformally at times.

3.10-3.13.)
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Relational functions. Any relation (such as x =y) is either
true or false, and the relation can therefore be considered a function

whose resultant has one of the two values, ‘“true” or “false’”. Thus the

statement
U<—x=y

gives to u the value “true” if x is less than or equal to y, and the value
“false’” otherwise. The value “false” will be represented by the number
0 and the value “true” by the number 1. Thus if x= 6 and y = 8, then u
takes on the value 1. A variable such as u which takes on only the

47

values 0 and 1 is called a logical variable.

The relational functions are defined formally by Programs 3.8
(a) through (f) and summarized in Program 3.8 (g). They extend to
vectors in the usual way. For example, if

x=(6,3,7,74)and y=4(2,3,6,2)

then
x<y=(0,0,0,1)
x=y=(0,1,0,1)
x=y=(0,1,0,0)
x#=y=(1,0,1,1)
x<0=1(0,0,0,1)

The logical vector that results from a relational function proves
most useful in the compression function to be defined in the following

]

section.
2 x<y < X=y Z<Xx=Yy z2<x=Zy
< < =
—| x:y — Xy = — Xy — X!y
+—f z<0 :l «— z<0 :l «—| 70 :l — z<0
«— z<1 — z<1 «— z<1 — ze1
(@) (b) - © (d)
x>y ZexH#EYy < XRY
> # R
— Xy — Xy — Xy
«— z<0 :\ «— z<0 :\ «— z<0 ]
«— z<1 «— z<1 1 z< 1
(e) () (8)

Program 3.8 Definition of the relational functions %
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Order reversal and compression. It is convenient to be
able to reverse the order of the components of a vector. This can be
done by the reversal function ©. Thus if x=3,1,6,4,2, then

Ox=2,4,6,1,3

The formation of a vector y by the selection of certain compo-
nents from a second vector x will be called compression and will be
denoted by

y<—ulx

where u is a logical vector of the same dimension as x. The zeros in u
indicate which components of x are to be suppressed. Thus if

x=9,8,7,6,5,4,3"

and
u=0,1,1,0,0,0,1 .
then .
u/x=8,7,3
Similarly,

1,0,1,0,1,0,1)/x=9,7,5,3

The dimension of the vector u/ x is of course equal to the number of
I’s in u, that is, p(u [ x) = +/ u.

Compresswn proves very useful, espemally when the loglcal
vector itself is determined by some relatlonal function applied to the
integer vector to be defined next.

The vector of integers. The monadic function ¢ is defined as
followst: ¢ n denotes a vector of dimension n whose ith component
is equal to i. Thus

. 3=1,2,3
1W5=1,2,3,4,5
xlen='n.

+/en=05xnxn+1

The last of the preceding identities is the well-known expression for
the sum of the first » integers.
The combined uses of the relational functions, compression, and

the integer vector will now be illustrated by a number of examples

~ tuis the Greek letter corresponding to the Roman i. It is spelled and pronounced
iota.
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which can be verified by choosmg some sample values of the argu-
ments: ‘

(x=0)/x selects all nonnegative components of x.
(j=uvn)/x  selects the first j components of x.

(Dj=un)/x selects the last j components of x.

(j#un)lx suppresses the jth component of x.

(x#[/x){x selects all components not equal to the maxi-

. . mum. : ‘
(0=3|x)/x selects all components of x which are divisible
by 3.
O=u)/x selects all components of x not selected by u.
0=1un is a vector of n zeros.
0#cn - is a vector of n ones.

Finally, ¢ 0 clearly denotes a vector of dimension zero, which has
no components; it can be used instead of p 0. Similarly, the expression
x % ¢ 1 can be used instead of the expression (p 0), x to denote a vector

-of dimension 1 whose one component has the value x.

The argument of the function ¢ can be either a scalar or a vector
of dimension 1. For example, if x=(7,8,9), then

tpx=13=1,2,3

Reduction over vectors of dimensions § and 1. Reduc-
tion by some dyadic function is frequently applied to a vector which is
itself obtained by compression. For example, +/ (x = 0) / x yields the
sum of all the nonnegative components of x, and X/ (j = ¢ n) [ x yields
the product over the first j elements of x.

The vector determined by compression can obviously be of any
dimension, including 0 and 1. Since the original definition of reduction
involved placmg the reducing function between the components (for
example, +/x=x, +x, +x,+...+ xpx), it does not apply to dimen-
sions 0 and 1. The definition Will be extended to cover these cases in

~a simple manner that gives consistent results.

If x is split into two parts u/ x and (0 = u) / x, then the sum over
x must equal the total of the sums over the parts. Hence

+x= (+/ O=u)/x)+ (+/ul/x)

Forexample ifx=2,3, 4 S5,6andu=0,1,0,1,0then+/x=20;
+/u/x=8; +/ (0=u) [ x= 12; and the relation is satisfied. However,

" if u=0,0,1,0,0,then +/ (0=u)/x=2+3+5+6=16 and it is

clear that the sum over the single-component vector u/ x should l’)e
defined as the value of that single component —in this case, 4. This is
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clearly desirable for dyadic functions other than +, and the reduction
of any single-component vector will therefore be defined to be that
single component.

The case of a vector of dimension 0 arises if u=0,0,0,0,0.
Since +/x=(+/(0=wu)/x) + (+/u/x) and (0=u)/x==x, it is
clear that the sum over a vector of dimension 0 should be defined as
0. The reason, of course, is that 0 added to any quantity z yields z.

In the corresponding situation for reduction by a product

x| x= (x| (0=wu) [ x) x (x/ u/x)

and it is clear that the product over a vector of dimension 0 must be
defined as 1 rather than 0, since z X 1= z for any z.

A value r such that z F r= z for any value of z is called an iden-
tity element of the function F. For + the identity element is 0 and for x
it is 1. Hence the value of F/. O (that is, the F-reduction of a vector of
dimension 0) will be defined as the identity element of the function F.
The identity element of the minimum function | is clearly an element
which is larger than any specified number. It is called infinity and de-
noted by «. Hence i

+00=0 x/i0=1 =/i0=1 —/.0=0
[/t0=oo [/t0=—o ¥/, 0=1

It is interesting to note that the foreg'oing definition for x/.0
yields the correct result for the case n =0 in the identity ! n= X/ ¢ n,
that is, ! 0 = 1. The residue x|y is an example of a function that does

‘not have an identity element.

Fundamental Properties of Functions

All readers will be familiar with the following identities for the
elementary arithmetic functions addition and multiplication:

X+y=y+x + is’commutative
XXYy=yxXx X is commutative
x+ (+2)=((x+y) +z + is associative
xX (yXz)=(xxy)Xz X is associative

S xX(y+z)=(xxy)+ (xxz) x distributes over +

Most readers will also be familiar with the descriptive phrase appended .
to each identity. In any case, it is easy to deduce from the foregoing
list the general definitions of the terms commutative, associative, and



Some Basic Functions | Fundamental Properties of Functions

distributive. Thus:

1) A dyadic function F is commutative if and only if x Fy
=y F x for all values of x and y.
2) A dyadic function F is associative if and only ifxF (yFz)
= (x Fy) F z for all values of x, y, and z.
3) A dyadic function F distributes over a dyadic function G if-
and only if xF (yGz)=(xFy) G (sz) for all Values of
x,y,and z.

It is always helpful to understand the reasons for the choice of
new mathematical terms encountered. Thus commute means to inter-
change two things; associative suggests that the terms in the expres-
sion can be associated (by parenthesizing) in any manner; distributive
suggests that the effect of one function can be distributed over both
arguments of the second function.

It is difficult to grasp the full significance of commutativity, as-
sociativity, and distributivity if they are applied only to the basic
arithmetic functions, for this application simply gives pretentious
names to identities already familiar and yields no new information.
More insight (and many useful new identities) can be gained by ex-
amining the corresponding properties of less familiar functions such
as [, |, and . The maximum function will be used for illustration.

Commutativity. The maximum function can be shown to be
commutative by comparing the expressions p[ g and g[ p for the two
possible cases p < ¢ and p =g as shown in Table 3.9. If p'< g, then
execution of the defining program (Program 3.2) shows that p[ ¢ = q.
A similar execution shows that g | p = q. Execution for the case p = g
yields p[ g=p and q[ p=p. Hence p[ g=q[ p for all values of p
and g; that is, the function [ is commutative.

Case ‘ plq ‘ alp

p<q
pP=q

q
p

q
p

Table 3.9 Commutativity of the maximum function

Associativity. To prove that

pl@ln=@lqlr

it is necessary to examine the six cases specified in the first column of
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Table 3.10. For the first case, execution of Program 3.2 yields g[ r=r,

Associativity . Distributivity

@]
o
@
(]

'pf(q[r) (plg)lr | pl(qlr ela)l (plr)

SN YR QT
IATATA TA TA A
R_RT s
IANTA TA A TA A
WA QN
TR YR Y
TR YR Y
QT YR
QY TN

Table 3.10 Derivation of some fundamental properties of [ and |

and a second execution yields p[ r=r; hence p[ (g r) = r as shown in
column 2. Similarly, (p| g) [ r=r as shown in column 3. Continuing
for the remaining cases yields columns 2 and 3. Since they are identical,
it follows that p[ (gl r) = (p| q) [ r for all values of p, g, and r; the
function [ is therefore associative.

Distributivity. Columns 4 and 5 of Table 3. 10 show the
values of p| (g[ r) and (pl q) [ (pl r), respectively. Since agreement
is, shown in all possible cases, it can be concluded that minimum dis-
tributes over maximum. The reader will find it instructive to verify
that addition distributes over maximum. Only two cases need be dis-
tinguished, as shown in Table 3.11.

’

Case ‘ p+aqlr l p+q)l (p+r) ;o

q<r
q=r

p+r
p+q

p+r
p+tq

Table 3.11 Distributivity of + over [

The methods used in constructing Tables 3.9 and 3.10 can be
used to derive the properties of the other dyadic functions defined thus
far. The results are summarized in Table 3.12, in which a 1 indicates
that the property applies, and a 0 indicates that it does not apply. In
the table for distributivity, the entries in the ith row indicate which
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Commutativity ‘ Associativity
+ - x = [ | =% + - X = [ =%
1 0o 1 0 1t 1 0 - 1 0 1 0 11
Distributivity.
+ - x = [ |1 =«
+10 0 0 O 1 1 0
-10 0 O O O O O
x | 1 1 0 0 0 0 O
<10 0 0 O 0 0" 0
[0 0 0 0o 1 1_0
L O 0 0,0 1 1 0
‘ x| 0 0 0 0 0 0 O

Table 3.12 Fundamental properties of some dyadic functions

~functions the ith function distributes over. Thus row 1 shows that

~ + distributes over [ and |, and column 1 shows that + is distributed

over only by x. ) , (Do Exercises
Propertws of vector functwns Since dyadic functions are 3.16-3.17.)

extended to vectors component by component, the fundamental prop-

erties of any function F apply directly to any vector function of the

form xFy. For

(xFy);=x;Fy;and (yFx);=y,Fx;
and if F is commutative, then x;F y; =y, F x;. Finally, (xFy);
= (y F x); for all i, and hence 2
xFy= ny

- A similar argument applies to other properties; hence if F is
associative, )

xF(sz)E(xFy)Fz
and if F distributes over G, . .
xF (yG 3) = (xFy)G (xF z)

For exafnple, : v
‘ ; ) (Do Exercises
xx (y+3z)=(xxy) + (xXz) 3.18-3.35)

”~
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Exercises

3.1 Execute each of the following programs for the case
x=6,4,16,0,8andy=4,2,7,-6,-10.

, — p<|=x _
— zexly a—ly | I<[/x |—| me—[/-x"
a<—|z - | a<—plgq sy ol
s—+/a — té—‘+/a —> | d<l—s | e<—m-—1 -
(@) (b) © (d)

~

3.2 Using the maximum function [, write a program for the
solution of Exercise 2.24.

3.3 Using the maximum and minimum functions, write a one-
statement program which determines whether all compo-
nents of a vector x are equal; that is, determine d so that
d= 0 if all components are equal and d # 0 otherwise.

3.4 Using the absolute-value and minimum functions, write
a one-statement program to set n = 0 if all components of x
are nonnegative and n # 0 otherwise.

3.5 Execute Program 3.6 for m =30, n=42, and then for
m= 42, n=30.

3.6 The integer vector a of d1mens1on 2 represents the rational
number -/ a. Write a program to reduce a to lowest terms
(see Program 3.5, but use vector functions as much as
possible).

3.7 (a) Write a one-statement program to determine r as the

vector of remainders on dividing the vector x by the
integer n.
"~ _(b) Write a program to determine the greatest common
divisor of the components of the vector «x.
3.8 (a) Write a program to determine p as the vector con-
sisting of the prime numbers up to .
(b) Execute your program for n = 8. ‘

3.9 Write programs to determine, for any positive integer n,
(a) the vector d as the set of all distinct divisors of n
(b) the vector g as the set of all distinct prime divisors of n

3.10 Let p be a vector whose components are the first p p

prime numbers arranged in ascending order; for example,



3.11

3.12

Exercises

(2,3,5,7) and (2,3,5,7,11,13,17,19) are such
prime vectors. Then the factors of any number n whose
prime factors are contained in p can be displayed in an
exponent vector e such that

n=X/pXe

For example, if n=1176 and p=(2,3,5,7,11), then

e=(3,1,0,2,0),andp*e=(8,3,1,49,1),andX/p

* e=1176.

(@ Letm=x/p*kd,letn=x/p* e, andletr=x/p* g
be the greatest common divisor of m and n. Write a
program to determine g, using d and e as arguments.

(b) Execute your program for the case d=(2,2,1,1, 1)
ande=(3,1,0,2,0).

(c) Write a program (using d and e as arguments) to deter-
mine I such that s = x/ p* I, where s is the least com-
mon multiple of m and n.

(d) Execute the program of part (c) for the case glven in
part (b).

(a) Write a program which factors n with respect to the
prime vector p (defined in Exercise 3.10) to yield the

‘vector of exponents e such that n = X/ p* e. (Assume
" that the dimension of p is sufficiently large that p con-
tains all prime factors of n.)

(b) Using the program of part (a), write a program to deter-
mine [ as the least common multiple of the arguments
aand b. -

Execute the following programs for the case x=2 and

c=(1,3,0,2).

2«0 — p<—x*(pec)-—1

i<0 z<+/exp - .
itpe —

p<xXki (b)

i—i+1

72— z+pXe — ze—+/exxX(tpe)—-1 —

(a)

(©

55
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Y /

3.13 State in words what well-known function all the programs
4 of Exercise 3.12 represent.
3.14 Execute the following sequence of statements for the case
x=5,6,2,3,"3and y=2,7,1,3,4, andforvalues
of n from 1to 5 ,
@ u—x=y
®) p—+/ (x=y) Ix
©) ve=0=(x=y)
(d g+ (0=x=y)/x
() z<=p+q—+/=x
) we—2|.8
(@) d<— (2|:8)/:8
(h) e« (+/d) — (8+2)% 2"
@) e—(nk2)—+/(2|t2%Xn)[t2Xn
3.15 (a) State in words what each statement of Exercise 3. 14
does.
(b) Write a one-statement program Wthh selects from x
(to determine z) those components of x which are
divisible by the integer n.
(c) Write a one-statement program with integer arguments
k-and n Wthh sums the integers 1, 1+k, 1+ 2 xk,
1+ 3Xk,...up to but not exceeding the positive inte-

ger n.
(d) Write one-statement programs for each of the follow-
ing problems: <

(i) Determine ¢ as the sum of all components of s
which are divisible by 3. o
(i) Determine i as the sum of all components of s
which are integers.
3 16 To prove that a function F is commutative, it is necessary
to show that x F y =y F x for all possible values of x and y.
To prove that F is not commutative, it is only necessary
to exhibit one pair of values of x and y for which (x F y)
# (¥ F x).
(a) Prove that each of the functlons des1gnated as non-
commutative by Table 3.12 is indeed noncommutative.
(b) Prove the nonassociativity of each function so desig-
nated in Table 3.12. ‘
(c) Prove the nondistributivity of + over +, of X over X,
~ and of x over [.
- 3.17 Construct a table of the form of Table 3.10 to prove
(a) that [ distributes over itself (as indicated by Table 3.12)




3.18 Choose some numerical value for each of the arguments -

3.19

3.20

3.21

Exercises

(b) that [ distributes over |

and verify each of the following identities for the chosen
values. ’

@ (+/exx* Lpe)—1)+ (+/dx x%k (tpd) - 1)
—+/(c+d)><x*(ch)—1wherepc pd :
(b) (xFy),pFq=(x,p)Fy,q (Choose any dyadic

© function for F.)

© x+ (y[z)=(x+y)[ (x+ 2) ’

Prove each of the following identities, indicating clearly
the properties of the functions used in each step of the
proof. Where possible, use any of the ﬁrst identities in the
proofs of later ones. : :
@) +/ (x+y) = (+/x) + (+/ y)

() (c+d)yxq=(cxq)+ (dxq)

(© +/(e+d)xq=(+/cxq)+ (+/dx q)

NotEe: The identity in part (c) is used in the first section of

Chapter 4.

(a) Write a program to sort the vector « into ascending
order; that is, to rearrange its components so that they
occur in ascending order.

(b) Write a program to specify r as the vector of all dis-
tinct components of y arranged in any convenient
order.

The vectors s and d of the same dimension together repre-

sent a hand of playing cards, s; representing the suit of the

ith card (with s; equal to 1 for a club, 2 for a diamond, 3

for a heart, and 4 for a spade) and d, representing its de-

nomination (with 1 for an ace, 2 for a deuce, 3 for a three,

- and so on, up to 11 for ajack, 12 for a queen, and 13 for a

king). For example, s=(3,1,4,1,4) and d= (8,3,
12,13,6), represent the hand eight of hearts, three of
clubs, queen of spades, king of clubs, and six of spades.
Write programs to respecify s and d so that they repre-
sent the same hand but arranged in the following order:

(a) In decreasing order by suit, and within each suit in
decreasing order by denomination. For example
s=(4,4,3,1,1)andd=(12,6,8,13,3).

() In decreasmg order by denommatlon within increasing
order by suit, thatis, s=(1,1,3,4,4) andd= (13,
3,8,12,6).

(©) In increasing order by denomination within increasing

57
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order by suit.

(d) In decreasing order by suit within decreasing order by
denomination.

3.22 Devise a scheme for representing a hand of playing cards
by a single vector h such that the ith component of h is a
single number representing the ith card. Write programs to
(a) specify h as a function of the vectors s and d so that h

represents the same hand in your scheme as s and d do
in the scheme of Exercise 3.21

(b) respecify h (as a function of h) accordmg to each of
the four arrangements required in Exercise 3.21

3.23 (a) Write a one-statement program for the problem of
Exercise 2.12 (a).

(b) Let s be a vector of dimension 3. Write a one-statement
program to produce a result ¢ such that 1=1 if the
lengths s, s,, and s, can form a triangle, and =0
otherwise. ' -

3.24 Let the four vectors a, b, ¢, and d (each of dimension 2)
be the plane coordinates of four points 4, B, C, and D, no
three of which are collinear.

(a) Write a program to determine the equation of the lme
which passes through A and B, that is, determine the
vector e of dimension' 3 such that +/ e X @, 1 =0 and
+/exb,"1=0.

" (b) Write a program (using part (a)) to set s to 1 if C and D
are on the same side of the line through A and B and to
0 otherwise.

(c) Four vertices 4, B, C, andD given in a specified order,

determine a figure of one of the following three types:

A ' v
4 C
B
b B
C v v D
Type 1 Type 2 Type 3

Write a program to determine ¢ as the type (1, 2, or 3)
of the quadrllateral formed by the vertices a, b, c,
and d. - .



3.25

3.26

3.27
3.28

3.29

Exercises

(d) Write a program which will (if possible) reorder the
points to give a quadrilateral of Type 1 and to re-
specify ¢t accordingly.

(e) Assuming that the quadrilateral is of Type 1, write a
program to determine the kind k, setting k= 4 for a
rhombus, 3 for a parallelogram, 2 for a trapezoid, and
1 otherwise.

Assuming that the vectors a and b are each in ascending

order, write a program which merges the two into a single

vector s arranged in ascending order. -

A perfect number is one whose divisors (including itself

and one) sum to twice the number. For example, 6 is a

perfect number with divisors 1, 2, 3, 6, as is 28 with di-

visors 1, 2, 4,7, 14, 28.

(a) Write a program to determine p as the vector of all
perfect numbers up to n.

(b) If +/2% 0,ck is a prime number, then m = (2 % k)
X+/2% 0,k is a perfect number, for it has the
divisors

2%0,ckand (+/2%0,ck)x2% 0,k
whose sum is clearly (1++/2%0,ck)x+/2%0,ck
which is equal to 2 x m, since

I+ +/2%0,0k=2%k+1=2x2%k
All even perfect numbers are of this type; e.g., 6 and
28 are (for k=1 and 2 respectively). Write a program to
generate all perfect numbers of this type for values of &k
up to some given limit /.

Write a program to determine the radius r and center ¢ of
the circle that passes through the points with plane co-

_ordinates f, g, and h.

Write a program to determine s as the score for a bowling
string where p is the vector of pins felled, that is, p, are
felled with the ith ball.

In the discussion of reduction over vectors of dimension
zero, the identity element of a function F was defined as
the value r such that z F r = z for all values of z. Such an
element is more properly called a right-identity element,
since one can also define a left-identity element as an
element [ which satisfies | F z = z for all values of z.
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(a) Show that if F is commutative its left and right 1dent1-

ties are equal.

(b) Make a three-column table showmg all the dyadic
functions listed in Table 3.12, together with their left-
and right-identity elements (if they exist).

(c) Why is the use of the right-identity element appropriate
to the present definition of the F-reduction of a vector?

- (d) Exhibit a value for x that shows that /| x cannot have a

3.30

left identity.
If F is a commutative function which distributes over a
function G, then ’
xF(yGz)=(xFy)G (xFz) 1
and ) : ’ I
(sz)FXE(ny)G(zFx) @

However, if F is noncommutative, then one of the preced-
ing identities may hold while the other does not. For ex-
ample, if F is division and G is addition, then

x+ (y+z)=x+y)+ (x+2)
but

(+z)+x=(+x)+(z+x)

If identity (1) holds, then F is said to be left-distributive

over G; if identity (2) holds, then F is said to be right-

distributive over G.

(a) Prove that if F left-distributes over G and if F is com-
mutative, then F right-distributes over G.

(b) Table 3.12 actually shows the left distributivity of the

- 3.31

functions listed. Make a corresponding table showmg
- right distributivity. c
Certain identities that do not hold for all values of the
arguments may hold for certain restricted values For ex-
ample, the identity

x X (yfz)_—%(x*yﬂ (xx z)

does not hold for all values of the arguments but does hold
for all positive values. Modify Table 3.12 and the table
required in Exercise 3.30 (b) to show the distributive prop-
erties if the arguments are restncted to positive integers.

3.32 Prove that -

(a) n|a+b-—n|(nla)+n|b




|

. Exercises 61

(b) nlaxb=n|(n|la) xn|b

©) n|+/x=n|+/n|=x

) n|+/exx=nl|+/ (n|e) xXn|x

(e) 9|10 k=1 for any nonnegative integer k

3.33 Letz=%/ (m* 1+m)x0+#cn. :
(a) Compute z for m =2 and for values of n from 0 to 10.
(b) Compute z for m = 3 and for values of » from O to 10.
(c) The result of part (a) clearly approaches 2; the result

of part (b) would approach 3 for larger values of n.
, Prove the theorem suggested by parts (a) and (b). R

3.34 (a) Write and execute a one-statement program to deter-

mine the value of n> 1+ n for integer values of n
from 1 to 10.

(b) From the results of part (a) it is clear that the function
n> 1+ n has a maximum value somewhere between
n=2 and n = 4. The value of n for which the maximum
occurs will be called e. Write a one-statement program
which evaluates the function for ¢leven equally spaced
points from 2 to 4 to get a closer approximation for e.

| ' (c) From the execution of part (b), select an even shorter
| interval which contains the maximum point e and again
" evaluate the function at equally spaced points.

(d) The process illustrated by the preceding parts can be
continued to determine the position of the maximum
e to any desired accuracy. Write a program to perform
the entire process so as to determine e to two decimal
places.

(e) The precise value of ¢ can be shown (see Exercise
8.34) to be given by e=+/ 1 +!0, ¢k for k sufficiently
large. Evaluate this expression and compare with the

_ result of part (d).

3.35 Consider the dyadic functions [,|,<,=<,=,=,>, #,
where the arguments are logical variables, that is, their
values are restricted to 0 and 1.

(a) Make a table showing the values of each of the func-
tions for each of the four possible values of the argu-
ments.

(b) Determine which of the functlons are commutative.

(c) Determine which of the functions are associative.

(d) Make a table like Table 3.12 to show the distributive
properties of this set of functions.

(e) Use a few sample values for the vector x to show that
#“lx=2|+/x.



Chapter Four

The Polynomial Function

Introduction
A function such as
4+ (6><x)/+ (3 xx2) + (5 xx%)

is commonly called a polynomial in x and is clearly a function of the
argument x only. A function of the form

e, + (e, xx) + (e;xx%) + (e,Xx%) + (e, X x*)

is also a polynomial in x, but is a function of both x and the vector of
coefficients ¢ = (¢, , ¢, , ¢, , ¢, c,); it will be denoted by

cllx

The numerical example given at the outset would therefore be repre-
sented as

(4,6,3,0,5) Mx

The polynomial function is defined by any one of the three
equivalent programs of Exercise 3.12, repeated here as Program 4.1.

+II is the Greek capital letter corresponding to the Roman letter P; it is chosen
here to suggest the initial letter of polynomial. '

62 ‘
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z<cllx ) z<—cllx
— z<0 ‘ — px*(pec)—1
i<0 : z—+lexp - +—
itpc —
p<—xXi (b)
i—i+1 zeellx
<2+ pXe;
— z<+/exxk(tpe)—1 —

(a) (©)
Program 4.1 The polynomial function I

The polynomial function owes its importance to four main
factors: .

1) Its evaluation for any given value of x requires only multi-
plication and addition.

2) It can be used to approximate any of the elementary functions
as closely as desired. .

3) It includes several functions of great utility: the quadratic
function, which describes the parabola; the linear function, which
describes the straight line; and the constant function.

4) Its properties, such as its slope (to be defined in Chapter 5)
and the locations of its zerost, are easily analyzed. o

Because of its general importance, and because it will be used in
analyzing the elementary functions introduced in later chapters, the
polynomial function will be treated rather thoroughly. This treatment
will include the addition and multiplication of polynomials, an efficient
method of evaluation, the expansion of the function (x+ a) > n (that
is, its expression as an equivalent polynomial ¢ I1 x), and the approxi-
mation of other functions by means of polynomials.

Efficient Evaluation of Polynomials

An alternative program for evaluating the polynomial ¢ IT x can
be derived by factoring as follows:

tA zero of a function of one argument is any value of its argument for which the
value of the function is zero. For example, the zeros of the polynomial function x2 + x — 6
are 2 and 3.
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cllx=c + (e, xx)+ (e, xx?) + (e, Xx®) + ...+ (c,ex xP-1)
=c,+xx (g+ (e xx) + (e, xx2) + ...+ (e, XxP972))
=c,+xX (c,+xX (e;+ (e, xXx)+...+ (cchxuw) -3)))
=c,+xxX (e, +xX (c;+ xX (c4+...(c<pc)_l+x>< (c(pc))...)
=¢,txXe,txXe,+xXe,+. ... +xXe,

Program 4.2 describes this process, as can be verified by exe-
cuting it for a general value of x so as to reconstruct the foregoing
expression. For actual calculation, Program 4.2 is preferable to Pro-

z<—cllx

— z<0

i—pc
i:0 —

[ z2e¢;+xX7
i<—i—-1

Program 4.2 Efficient evaluation of a polynomial

grams 4.1 (a) through (c), since it requires far fewer multiplications
than the other programs. Program 4.2 is thereforé said to provide an

(D:lExsl‘;i)ses efficient method for the evaluation of polynomials.

Degree of a Polynomial
The degree of a polynomial is the value of the largest exponent
of x occurring in it. If the last component of ¢ is nonzero, then the

' degree of ¢Il x is equal to (p ¢) — 1. N
The last component of ¢ is normally assumed to be nonzero for

~ the following reason. If Program 4.1 (c) is used to evaluate ¢ IT x for

" the cases ¢=(4,6,3,5) and ¢=(4,6,3,5,0,0,0), it will be
clear that extending a coefficient vector by catenating zero compo-
nents to the right makes no change in the po]ynorma] it defines. More
precisely,

(c,0=un)IIx=cllx

for all values of x and n.
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/

Addztwn of Polynomials

The function (¢ II x) + d II x is called the sum of the polynomlals
cllx and d1Ilx. The sum of two polynomials is itself a polynomial
pIlx. In particular, if ¢ and d have equal dimensions, then p = ¢ + d.
For if g=x>* (tpc) -1, then using -the identity derived in Exer-
" cise 3.19,

- px=+/ (c+d-)><qE(\+/cb><q)+ (+/dxq)=(clIx)+dIl x

If (pec)>pd, then (¢+ d) is not defined, but the polynomials
c Il x and d II x can be added as follows: A

(c+d,0=1(pec)—pd)IIx=(clx)+ (dIIx)
for, as previously remarked,
(d,0=uen)Ix=dIlx

A general expression for vectors ¢ and d of arbitrary dimension
can be obtained by appending (p ¢) — p d zeros to d, and (p d) — pc
zeros to ¢, except that the dimension of the vector of zeros may be
negative in one of the cases, 1n Wthh event a zero dimension is desired.
Finally,

((c,0=L0[(Pd)——pc)+d,0=L0f(pC)—pd)HxEtcHx)+de

For example, if c=(3,1,5) and d=(2,-4,0,3,2), then the co-
efficient vector on the left becomes : ' :

(3,1,5,0=¢0[2)+(2,-4,0,
(31500)+(2 403

§

(5 ,73,5 ,3,2) (Do‘ Exercises
S 4.4-4.6.)

M ultlplwatwn of Polynomials

If pllx= (cIlx) x (dIlx), then pIl x is called the product of
- polynomials ¢Il x and dIIl x. It is clear that the coefficient vector
p is a function of ¢ and d.
Since ¢ I x is a sum of terms of the form ¢; x xi-1, and d II x is ,
a sum of terms of the form d X xi-1 thexr product cons1sts of the sum ’
of all terms of the form \ '

c; X xi- txd;x xi- l~~(ci><d)><x'+1 2

The values of the ((p ¢) x pd) coefficients c; X d can be displayed in
a rectangular array as shown in Table 4.3 for the case c=(3,1,2)
and d=(4,0,1,3). The entry in_the ith row and jth column is the
product ¢;x d;. It is obvious that all entries in the kth diagonal oval -
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(counting from upper left to lower right) share the factor x*~*; hence
the coefficients p of the product polynomial are obtained by summing
the entries in the successive ovals, as shown in Table 4.3.

xk (Lpd) — 11—
d \x°

c 4 0 1 3
x kK (ch)—lj ]

3

p=(
Table 4.3 Product of polynomials pI1x= (¢l x) x (d Il x)

Two special cases of polynomial multiplication merit mention:
ax (ellx)=(axe)Ix
and
(x* n) x (eIl x) -—((O—Ln),c) IIx

Both of these identities can be derived from the scheme of Table 4.3,

since a=allx and XK n’—((O—Ln) ,1)II x, as the reader should

(Do Exercises, verify.
4.7-4.11.) ¢

Synthetic Division

If nII x and dII x are any two polynomials, then it is possible
to find a quotient polynomial q IT x and a remainder polynomial r IT x
such that (pr) <pdand -

on_((de) Xqu)+er

ThlS is analogous to the division of an integer n by an integer d1v1sor d
to obtain an integer quottent g and an integer remainder ¥ which is
less than d. : , Co

For example, if o

‘ n= 3707 -10,8 and d=3,1,4
then o |
: ’q=2’, 1‘~,‘3,2-and‘r=i—f3,2
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as can be verified by multiplying d Il x and qII x and then adding
r I1 x as shown in Figure 4.4 (d).

In the present example, g and r can be determined from n and
d as follows. First, from n Il x subtract the polynomial

((0,0,0,n,,+d,q) [ x)x (dx)
=((0, 0 0,2)TIx) x (3,1,4) I x
=(0,0,0,6,2 S)Hx

This yields the remainder
(3,7,0,1,-12,0) I x

Since the coefficient n,,+ d 4 was chosen to make the final coefficient
zero, the remainder is of degree (p n) — 2 and can be written as

(3,7,0,1,-12)IIx

The process can be repeated by subtracting from the remainder an-
other multiple of d II x, so chosen as to further reduce the degree of
the new remainder, and can be continued until the degree of the final
remainder is less than the degree of d IT x. g

The entire process is called synthetic division and is described
by the program of Figure 4.4. The program is accompanied by an exe-
cution (Figure 4.4 (b)) for the case

n=3,7,0,7,710,8andd=3,1,4

Figure 4.4 (c) shows a convenient arrangement for the manual exe-
cution of synthetic division,t and Figure 4.4 (d) shows the verlﬁcatlon
of the result.

tReaders may be familiar with an arrangement in which the division process
begins at the left rather than the right. The difference results from the present choice
of order for the terms of the polynomial (that is, in ascending powers of the argument
x). This is opposite to the order often used and has been chosen here to facilitate the
treatment of polynomials of unlimited degree, which will be used extensively in' later
chapters. . ‘
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d 3,1,4
n 3,7,0,7,-10,8
q .
2
— r<n 3,2
q<:0 1,73,2
pripd S 2,1,73,2
. r 3,7,0,7,-10,8
q(_(rprfdpd),q 3,7,0,1,712,0
r<r—gq,x0=u(pr)-pd),d 3,7,9,4,0
r—(Ql<wpr)/r - 3,4,8,0
_ -3.,2.,0
() (b) !
2 1 -3 2
d=3 143707 -10 8=n ///
6 2 8 1
1 -12 4 L/ /12/
9-3 -12 LN
9 4 6,5,0,7, 10, 2!
3 14 =3 2
48 - -
6 2 8 '
r=-3.2 n=3,7,0,7, 10, 8
() (d) :

Figure 4.4 Synthetic division

~If d is the vector ((—a), 1), then the remainder r is a single
quantity (that is, p r= 1) and is the value of n Il a. For

onE((qH.Vx)dex)%—er -
=((qIlx) x (—a)+x) +r,

“and therefore

4.12-4.15.)

“nlla=((qIa) x (- a)+ a)+r=r,

Synthetic division by (x —a) therefore serves to evaluate the
polynomial for the value a of the argument x, and the computational
(Do Exercises procedure is in fact equivalent to the method of Program 4.2.
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The Binomial Theorem

If n is a positive integer, the function '(d +x) * n can be ex-
pressed as a polynomial in x; for example,

(a+x) X 0=1

(a+x)k1=a+=x

(a+x)k2=a*+ 2Xxaxx)+x2
(a+x)k3=a3+ Bxa?xx)+ 3xaxx?)+x®

The binomial theorem provides a simple general scheme for deter-
mining the coefficients in such a polynomial expansion of (a + x) * n.
Attention will first be restricted to the simple case for a = 1 (that is,
(1+ x) * n), since the more general case can be derived from it.

Expansion of (1+x)* n. If p is the vector of coeflicients
of the polynomial expansion of (1+ x)> n (that is, (1+x)*n
= p Il x), and if q is the corresponding vector for (1 + x) * n+ 1, then
since (1 +x)%n+1=(1+x) X (1+x)kn, it follows that

gqllx=(1+x)xpllx
=((1,)Ix)xpllx

The last expression is a product of two polynomials and so can be
evaluated by the method of Table 4.3. For example, if n =3, then

(1+x)%k3=pllx=(1,3,3,1)IIx

Similarly, the coefficients q of the expansion of (1+ x)> 4 can be

obtained as follows:

q=(1,4,6, 4,

From this example it is clear that, in general, q is determmed
from p as follows:

q< (0,p)+ (p,0)
This rule can be applied to generate the coefficients for successive

powers of (1+ x) as shown in the successnve rows of Table 4.5; the
table is ‘called Pascal’s triangle.

69
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14

n

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1 .
8 1 8 28 5 70 56 28 8 1

9 1 9 36 8 126 126 8 36 9 1
10 1 10 45 120 210 252 210 120 45 10 1

Table 4.5 Pascal’s triangle

- The coefficient vector of the expansion of (1 + x)*, which appears
as the (n+ 1)th row of Pascal’s triangle, is clearly a monadic function
of n; it will be denotedt by 8. Thus 30=1;81=(1,1);82= (1,2,
1); and so forth. In general, then,

(I+x)*kn=(Bn)Ilx

ExaMPLE: Computation of compound interest furnishes an example

of the use of the expansion of (1 + x) >* n. If a certain amount of capital

¢ is invested and left to accumulate at an interest rate of x percent
compounded annually, then the amounts accumulated at the end of the

first, second, and third years are ¢ X (1+x); ¢X (1+x)>*2; and

¢ %X (1+ x) > 3. In general, the amount accumulated at the end of the i
nth year is ¢ x (1+ x) > n. The value of (1+ x)>* n can be conven-

iently computed from its expansion. For example, if n =7 years, and
x=.03 (that is, 3 percent), then from Table 4.5,87=(1,7,21,35,
35,21,7,1), and

(1+.03)%7=1+ (7x.03)+(21%.032) + (35x.033) +...
=1+.21+.0189 +.000945 + ...
=1.229845+...

This result is correct to four decimal places.

Expansion of (a + x) * n. Since

(xxy)k n= (x*k n) x (y* n)

1The Greek letter B corresponds to the Roman letter b, and is used here becaise
b is the initial letter of binomial. It is spelled beta and pronounced bayta.
. . \
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and since
(a+x)kn=(ax(l+x+a))*kn
then ‘ |
'_(a+x)* n=(akn)x(l+x+a)kn

(akn)x(Bn)Ilx+a |

= (a*k n) xX+/ (Bn) x (x+a)*k0,vn
(akn)x+/(Bn)x((1+a)*k0,cn)Xxk0,cn
(akn)x+/(Bn)x(ak —-0,un)xx*k0,cn
=+/(Bn)x(a*kn)x(@ak—-0,.n)xXxk0,un
=+/(Bn)x(akxn=0,n)xx*k0,cn

But nb—O,LnECDO,Ln. For example, if n=4, then n—0,.n=

4-(0,1,2,3,4)=(4,3,2,1,00=00,cn.

Therefore

(a+}c)*ns+/(Bn)x(a*CDO,Ln)xx*O,Ln
=+/(Bn)x(Q@a*x0,tn)xx*X0,tn

or

(a;i-x)*nE((ﬁn)x@a*O,Ln)Hx ' (4.la)

Since (a+ x)* n= (x+a)> n, it is clear that the roles of x and a
can be interchanged, and hence (a + x) > n can be written as a poly-
nomial in a with coefficients that depend on x. Thus '

(a+x)kn=(Bn)xOx*k0,.n)lla 4.1b)
For example:
v (a+x)k4=((1,4,6,4,1)x (a*,a3,a?,a',a%)) 1 x
=((1,4,6,4,1)x (x*,x3,x%,x*,x°)) Ila

Equations 4.1 (a) and (b) are two commonly used forms of the binomial
theorem.

ExaMPLE: The polynomial (2,1,3,5,1)IIx+2 is clearly
equivalent to some polynomial p IT x. The value of p can be deter-

- mined by applying the binomial theorem to each term of the given

polynomial as follows:

2x1x1 ) =2
Ix(1,1)x(2,1) =2,1
3x(1,2,1)x(4,2,1) =12,12,3
5x(1,3,3,1)x(8,4,2,1) =40,60,30,5 »
1x(1,4,6,4,1)%x(16,8,4,2,1) =16,32,24,8,1

p=72,105,57,13,1

71

(Do Exercises
4.16-4.21.)
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Approximation by Polynomials

If F is any monadic function and if p and q are vectors such that
q=Fp (thatis,q;=F p;fori=1,2,...,p p), then it is possible to
determine a vector ¢ of the same dimension as p such that ¢ II p;
=Fp;fori=1,2,...,p p.In other words, it is possible to find a poly-
nomial of degree (p p) — 1 or less which fits the function F at the
p p points (p; , F p;). By choosing a large number of points (that is, by
choosing a large value for p p), it is possible to fit the function F
closely. ' o

Consider, for example, the function F n= +/  n which is defined
for all positive integers n and is both tabulated and plotted in Figure
4.6. If the quadratic polynomial ¢ I 7 is required to fit the three points
(1,1), (2,3), and (3,6), then it is necessary that ¢II 1=1 and

144
12+ °
10+
Q
5,
ot 5
S; n +/uvn
‘6. 1 1
2 3
3 6
41 4 10
5 15
6 21
2+ 7 28
8 36
9 45
e s Bmmr e S

Figure 4.6 Polynomial approximation to +/¢n
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cI12=3 and ¢Il 3=6. In other words (since p ¢=3 for a quad-
ratic):

c,+ (e, x1)+ (e;x12) =1

c,+ (e, x2)+ (e;x22)=3

c,+ (e, x3)+ (c;x32)=6

~ Since the foregoing are three linear equations in the three variables
¢,, ¢,, and c¢,, they can be solved to obtain the solution ¢ = (0,.5,.5).
Hence the polynomial

nt n? nxn+1

cHn_0+2+?E 3

fits the function +/ ¢ n at the chosen points.
This polynomial fits the given function for the tabulated values,

as the reader may verify. Actually, the polynomial fits the function
for all integer values of n, and this can be shown by a simple proof
(Exercise 4.22).

As a second example, consider the function z<+/ (vn)* 2
(that is, the sum of the first n squares), tabulated and graphed in
Figure 4.7. Fitting the first three points by a quadratlc yields the fol-
lowing equations:

c, + c, + c, 1
e, +(2Xe,) + (4% ¢y) 5
c,+(3Xe,) +(9%Xe¢,) =14

i m

Their solution is given by
c=2,735,25

. Although the polynomial ¢ IT n does indeed fit the first three points, its

graph shows it to be a very poor approximation for-large values of .

A better approximation can be obtained by using a polynomial
of a higher degree. Choosing degree 4 and ﬁttmg to the first five points
yields

0

I

111
c O b 6 b 2 b 3 b
as can be verified by calculating the first five values of ¢ Il n. This
polynomial fits the function exactly for all values of n. Moreover,
since ¢, =0, it is in fact of degree 3, and may be written as

+ (en) k2= (0 4.3 %)Hn

=(nx(nr+.5)xXn+1)=+3

73
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20T

10+

+/ (tn)*k 2

1

5
14
30
55
91
140
204
285

S

(2.-3.5,25)11n

O 0NN WN =

Figure 4.7 Polynomial approximations to +/ (v n) % 2

~ From this example it appears that the use of an unnecessarily

high degree for an approximating polynomial simply leads to zero

coefficients for the higher-power terms of the polynomial; it therefore

yields the same result as the use of a suitable lower degree but at the

expense of more labor in calculating the coefficients. Finally, from the

preceding two examples it may be surmised (correctly) that the sum

of the kth powers of the first n integers can be fitted exactly by a poly-
nomial of degree k+ 1.
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The functions of the foregoing examples were defined only for
integral values of n. Nevertheless, the same method can be used to
approximate a function that is defined everywhere; the function is.
simply fitted exactly for some selected values of the argument.

11
A
IS ©
) S
/ “\
: N/ ZNAY
0.5+ \& 2
) . radians
0 1 3 2 3\
2

Figure 4.8 A quadratic approximation to sin x

Consider, for example, the function sin x graphed (for x in
radians) in Figure 4.8. Since the portion of the graph between the
points (0,0) and (7 ,0) looks roughly like a parabola with vertex at

T . o .

(E’ 1), it seems reasonable to use an approximating quadratic that

i passes through these three points. The coefficients must therefore
_satisfy the following equations:

c,+ (¢, x0) + (céXO) =

| . )\ - 72
i . cl+<cz><7)+<c3><7>

c,+ (e, Xm) + (e, X m?) =

4 4
<0’7_T-’—F>

i

0
1
0

Therefore

i

C
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As shown by the curves of Figure 4.8, the quadratic function ¢ II x
fits the function sin x reasonably well, but only from about (0,0) to
(7 ,0). A better approximation could obviously be obtained by fit-

ting a quadratic to points such as (0.2,0.198), (% , 1), and ((7—-0.2),

0.198). A better approximation could also be obtained by fitting to a
larger number of points with a polynomial of higher degree.

Solution of linear equations. From the foregoing it is clear
that any program for determining the coefficients of a polynomial
to approximate a given function must contain within it a program
to solve a set of linear equations. Although the reader is probably
familiar with manual methods for the solution of sets of linear equa-
tions, it may be well to review the programming of such methods.

To facilitate this review it will be convenient to introduce nota-
tion for a two-dimensional array or matrix. A matrix will be denoted

- by a boldface uppercase letter, and a typical matrix M would appear as

3 7 2 8
M= 4 8 16 2
2 1 3 -6
The ith row of a matrix M is a vector denoted by M. The jth column of
M is a vector denoted by M,. For example,

M= (3,7,2,8) and M2= (4,8,16,2)
while
M= (3,4, 2) and M,= (8,2,76)

Moreover M‘ denotes the component in the ith row and jth column.
Thus Mi= 3 M.=2, and M:=16.

Thus the matrlx like the vector, represents a family of variables.
Unlike the vector, it represents a two-dimensional family, which re-
quires two arguments (a row index and a column index) to identify an
individual member of the family. A matrix can also be construed as a

‘family of row vectors M: or as a family of column vectors M.

The dimension of a matrix M is the two- component vector
(m,n), where m is the number of rows and n the number of columns
in the matrix M. The dimension of M is denoted by p M; in the present
example, M has 3 rows and 4 columns, and therefore

pM=(3,4)

A matrix whose dimension is (m , n) is often called an m-by-n matrix.
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Since p M is a vector of dimension 2 it is consistent to define
p x as a vector of dimension 1 rather than as a scalar and (since a
scalar y can be construed as a zero-dimensional array) to define p y as -
a vector of dimension 0.

An equation of the form

(3xx)+(6xx,)+ (2Xx,)=8

is called a linear equation in x,, x,, and x,. It can obviously be written

‘as (+/ (3,6,2) X x) = 8. More generally, (+/ € X x) = b represents a

linear equation with coefficients ¢ and constant term b. The entire
equation can be represented by the vector d = ¢, b, where a solution x
must satisfy the relation (+/d X x,~1) = 0. Moreover it is clear that
for a # 0 the equation a X d has the same solution as does d. Finally,
if d and e represent two equations that are satisfied by the same vari-
ables x, the vector d + a X e has the same solution as do d and e.

If M is any matrix, then each row vector Mi can be thought of as
representing an equation in the variables x, where p x= (p M), — 1.
The matrix then represents (p M), equations in (p M), — 1 variables,
and if (p M),= (p M), — 1 there is normally one solutiont, that is,
one value of the vector x that satisfies all the equations

+ (Mixx,"1)=0fori=1,2,...,(p M),
For example, the matrix

2 6 4

2
M= 3 12 3 9
2 1 4 2

represents the set of linear equations

(2x=x)+ (6Xx,)+ (4Xx,)—2=0
(B3xax)+ (12Xx,) + (3XxXx,) —9=0
(2xx,)+ x, +(4Xx,)—2=0

Dividing M* by M} yields a new set of equations (which will
again be denoted by M):

1 3 2 1
M= 3 12 3 9
2 1 4 2

There can also be an unlimited number of solutions or none. See, for example,
Earle B. Miller and Robert M. Thrall, College Algebra (Ginn, 1950), Sec. 125.
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These have the same solution as the original set. Furthermore, sub-
tracting M! x M2 from M? and M x M2 from M? yields a new set of
equations again possessing the same solution:

13 2 1
M= 0 3 -3 6
0 -5 0 0

The row M2 can now be divided by M3 to yield

1 3 2 1
M= 0 1 -1 2
0 -5 0 0

Then M' <~ M' — M} x M? and M? < M? — M2 x M? yields

1 0 5 -5
M= 0 1 -1 2
0 0 -5 10

Again M3+ M3 yields

1 0 5 -5
0 1 -1 2
0 o 1 2

=
I

Finally, M' < M* — M}x M® and M2 < M? — M2 x M? yields

1 0 0 5
M= 0 1 0 0
0 0 1 -2

The first row of this matrix is equivalent to
(Ixx)+ (0xa,)+ (0xx)—-5=0

or

Similarly, rows 2 and 3 yield
x,=0 and x,= 2

The foregoing procedure is formalized in Program 4.9 for any
matrix M. Difficulties can arise in its execution if the element M!
in statement 5 is ever zero. Methods of surmounting these difficulties
are explored in Exercise 4.27. ' ' '
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T v My, ‘:,

—» <0 ek
i:(pM), -

i<—i+1

Mi<— M-~ M

Jj<0

Ji(pM),

Jj<j+1

Jjii

Mi < Mi —~ Mi x Mi

Program 4.9 Solution of equations (+/Mixx,~1)=0

For any matrix M, the restructuring funcﬁon dp_M produces
the vector x such that x=M',M?*,M3,.. It is necessary that d

= X/ p M. For example, if

1 2 3 4

5 6 7 8

9 10 11 12

then 12 p M = 12. Moreover, if d is a Vectbr of dimension two such
that X/, d = p x then the function d p x produces a matrix Q such that
p Q =d and that (x/d) p Q = x. For example, if x=3,6,9,12,15,
18, then

-

M

3 6 9 3 6
2.3) pa= d (3,2) px= 12
(2,3) px 12 15 g 4 B3.2)pa 1? -

Finally, 1f the argument on the right of p is a scalar it is extended in
the usual way. Hence n p x produces a vector of dimension n whose

components are each equal to x. (Do, Exercises

4.27-441))

Exercises ‘
4.1 Evaluate (3,1, 0 4) Il 2 by executmg Programs 4.1 (a),
4.1 (b), and 4.2. -
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4.2 Evaluate each of the following:

@ (c4)II3
(b) (0,.4)113
(© (0=c4)I13

4.3 Find the zeros of each of the following polynomials:

4.4

4.5

4.6

4.7

4.8

4.9

(@ (2,1, 6)IIx © (c,1,1)IIx

® 3,7, 1)I0x (d)cHx,wherepc—3
Determine the vector d such that dIl x= (b1l x) + ¢ H X,
where

() b=3,1,0,2andec=6,"2,3,1
®)b=3,1,0,2andc="3,2,2,2
) b=3 ,1,0 2andec=2,"1,1
db=1,2,3,4andec=1,0,2,

, 72
,3,1
() b=5,4,3,2,1lande=1,2,3

Determine the vector d such that
dllx=(bllx) -cllx

for cases (a) and (b) of Exercise 4.4.
For each of the following cases, determine the vector d
such that d I x is the sum of the given polynomials, after
first putting each of the polynomials in the standard form
cll x.
@ (3xx2)—6)+x—2xx%and ((2 X x) —3) +x*
(b) xt+ (3xx2)+ (2xx) —4and (4 —3 X x)+ (2xx2)

_ x3
Use the method of Table 4.3 to determine the product of
each of the following pairs of polynomials:
(@ 3,1,4)IIxand (2,0,13,2)IIx
(b) (¢4)II x and (CDL4)TIx ‘
© (1,7"1)IIxand (¢ 4) I1x
(d (1,1)[Ixand (1,3,3,1)1Ix
(e) (1,1)IIxand (1,4,6,4,1)I1x
) (Bxx2)—2xx)+6xxtand (2Xx)+3—-2xx8
Use the method of Table 4.3 to determine the coefficients
of each of the following polynomials:
@ (1,)IOx)yx(1,1)IIx ’
®) ((1,1)IIx)*2
© ((1,1)IIx)*k 6
@ ((1,2,1)IIx)*x3
Any function 4 x such that 4 x=A4 — x is called an even
function; any function B x such that B x= — B — x is called
an odd function. The sketch below shows the typical sym-
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metry about the y-axis of an even function 4 x and the
typical symmetry about the origin of an odd function B x.

B x Ax

(a) Prove that any polynomial containing only even
powers of the argument x is an even function.
(b) Prove that any polynomial containing only odd powers
~of the argument x is an odd function.
(c) Choose values for a vector ¢ such that ¢ IT x is neither
even nor odd.
4.10 Write a program to determine the coefficients of the poly-
nomial (bIIx) x eIl x. ,
4.11 What are the relations between the following pairs of
polynomials?
(@ (en)Ixand (0,cn) Il x
® (1, DHIx)x(0#c¢n)Ixand (1,—n=cvn) Il x
© (1, HHOx)xpIxand((0,p)+ (p,0))IIx
(d (axe)llxandaxell x
4.12 (a) Execute the program of Figure 4.4 for the case

n=6,1,3,2,7,4andd=2,-2, 1.

(b) Check the result of part (a) by multiplication.
(c) Perform the synthetic division of part (a) using the
tabular arrangement of Figure 4.4 (c).
4.13 Use the arrangement of Figure 4.4 (c) to perform the
following synthetic divisions:
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4.14

4.15
4.16

4.17

4.18

4.19

@@ (7,6,1,73,4)IIxby (1,2,1)I1x

®)(7,6,1,73,4)IIxby(-3,1)IIx

() 1,7,10,-3,3,2)IIxby (1,4,-3,2)11x

(d) ((6xx3) —2xx3)+ (10X xt) —2by (x3—3Xx)+6

Use the results of Exercise 4.13 (b) to determine the value

of (7,6,1,-3,-4)I13, and check your result by using

Program 4.2. ‘

Show that 9|+/c¢=9|cII 10 (see Exercise 3.32).

(a) Write a program to determine p such that pIlx
=1+x)kn

(b) Execute the program of part (a) for the case n =5 and
compare the result with Table 4.5.

(c) Use the program of part (a) to determine 3 6.

Use Table 4.5 in the following calculations:

(a) Determine to the nearest cent the present value of an
investment of $100 made five years ago and left to
accumulate at the rate of 4 percent per annum com-
pounded annually.

(b) Determine to the nearest cent the present value of an
investment of $100 made five years ago and left to
accumulate at the rate of 4 percent per annum com-
pounded semiannually.

(c) Determine the ratio between the frequencies of two
piano notes separated by twelve half tones, where
the ratio between successive half tones is approxi-
mately 1.06. (Extend Table 4.5 as required and com-
pute to three decimal places.)

(d) Use the results of part (¢) to determine whether the
precise ratio between frequencies of successive half
tones is greater than or less than 1.06. (Note that
twelve half tones constitute one octave.)

Evaluate the following expressions, using any means you

wish to simplify the work:

(@ ((5,4,3,2,1)113)-(2,4,3,2)113

() (1,5,10,10,5,1) 112

©) +/¢10

@ ((5,4,3,2,1)112)+(D5,4,3,2,1)112

Use Table 4.5 to determine the coefficients of each of the

following polynomials:

@ (x+2)%2

b) (x+2)%3

© (x+2)%5




Exercises

4.20 Use one synthetic division to check all three results of
Exercise 4.19. '
4.21 (a) Show that

(1,-Hx)*5=(1,-5,10,-10,5,"1) I x

(b) Show that ((1,-1)II1x)* n= (vXxBn) Il x, where

v=-1%0,tn=1,-1,1,"1,...

(c) Show that ¢Il 1=+/e. :
(d) Use the results of parts (c) and (b) to show that

+/oxBn=0

(e) Verify the result of part (d) for each row of Table 4.5.

4.22 (a) Compute and compare the values of the functions

(0,.5,.5)Ixand +/txforx=1,2,3,4,5,6,and 7.
(b) Prove that the functions of part (a) are equal for all
integer values of x. (Consider +/®¢x and (tx) + D
LX)
(c) Assuming that p ¢ =3, determine a polynomial ¢ IT x
that fits the function +/ ¢ x at three points.

4.23 (a) Tabulate the function +/ (vx) * 2 for x=1,2,3,4,
5,6,7,8 and determine a polynomial of degree three
that fits the function at the first four points.

(b) Verify that the derived polynomial fits the function at
a number of further points. ‘

4.24 (a) Determine a polynomial to fit the function +/ (¢ x) >k 3.
(b) Square the polynomial of Exercise 4.22 (a) and com-

pare with the polynomial derived in part (a) above.

4.25 (a) Make tables of the values of each of the following
functions for values of n from zero to five:

@ +/en
Gi) (0,.5,.5)IIn
(iii) —/ (vn)k 2
(b) From the results of part (a) makes a quick calculation
of what you would expect the value of —/ (¢ 20) % 2 to
. be.

4.26 The result proved in Exercise 4.22 can also be proved by
the use of mathematical induction as follows. Assume that
the relation (0,.5,.5) I x=+/¢x holds for x equal to
some integer k. Then (0,.5,.5) Il k=+/ck.
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But
| (k+ 1)+ (k+ 1)

2
2
k;kv+k+1
=((0,.5,5) 00k + (k+ 1)
=(+/k)+k+1
=+/ck+1

Hence the assumption that (0,.5,.5)II x=+/¢x holds
for x = k leads to the conclusion that it must also hold for
x =k + 1. But the relation obviously holds for x = 1, since

(0,.5,.5)IT1t=1and +/ct1=1

Therefore (0,.5,.5) Ix=+/cx for x=1. Since this is
true for x =1, it is also true for x=1+ 1 or 2. Since true
for 2, it is also true for 3, and so on for all succeeding
integers.

The method of mathematical induction can be stated as
follows: (1) if the assumption that the values of two func-
tions of x are equal for x =k (k an integer) implies that
they are also equal for x=k + 1, and (2) if the functions
can be shown to agree for some integral value of x; then
they must agree for all succeeding integral values of x.
(a) Use mathematical induction to show that the poly-

nomial derived in Exercise 4.23 (a) agrees with the
~ function +/ (¢ x) > 2 for all integral values of x.

(b) Show that the polynomial of Exercise 4.24 agrees with
the function +/ (v x) > 3 for all integral values of x.
Program 4.9 fails if the pivot row Mi has a zero component
in its ith position M (called the pivot element), since the
division by M: in statement 5 cannot then be carried out.
However, since the equations can be reordered (that is,
M* and M’ can be interchanged) without affecting the solu-
tion, the offending pivot row Mi can be exchanged with
some other row M* such that M¥ = 0. However, the ex-
change can be made only with some row M* that has not

already served as a pivot row; that is, k must exceed i.

(a) Rewrite Program 4.9 so as to avoid the difficulty of a
zero pivot element.

(b) Rewrite Program 4.9 so as to choose the pivot row in
the ith stage as that row with the largest (in absolute

(0,5,5)0k+1=




4.28

4.29

4.30

4.31

4.32

Exercises

- value) pivot element among the eligible rows. This is

one of the best procedures for minimizing the accumu-

lation of round-off error in the solution.

Let g be a given set of argument values for a function F,

and let r be the corresponding set of function values. In

other words, r= F g. Write a program that will determine

the coefficients ¢ of a polynomial that fits the function F

at all the points (g;, F g;).

(a) Write a program that will determine a polynomial of
degree n that fits the function F at equally spaced
points in the interval from a, to a,, including the end-
points.

(b) Execute the program of part (a) for

FxEI+(1,1,1)Hx

fora=0,1and n=3.

If ¢Il z=0, then z is said to be a zero of the polynomial
with coefficients c. If z.is a zero of ¢ Il x, then (x —z) is a
factor of . IT x, and hence there is a polynomial d such that
cllx=(x—z)xdIlx. If c¢llx contains the factor
(x — z) * k but not the factor (x — z) X k + 1, then z is said
to be a zero of multiplicity k.

‘Write a program to determine the multlphclty of a zero z
of the polynomial ¢ II x.
Let z be the vector of all the zeros of the polynom1a1
¢ Il x (any zero of multiplicity k appears k times in z).
(a) What is the degree of ¢ II x?
(b) Write a program to determine ¢ as a function of z.
Let a, and a, be numbers such that (cIla,) <Oand
(cITa,) > 0. Write a program to determine z as one zero
of the polynomial ¢ II x to within a specified tolerance a;

¢

- that is, determine z so that the absolute value of ¢ I z does

4.33

4.34

not exceed a,.

(a) Prove that (0=#.cn)IIx= (1 —x* n) + (1 -x).

(b) Write a program to determine z as the value of (0 # ¢ n)
II x using the result of part (a).

(c) Determine the sum of the first six terms of the se-

1

’ 3 9 27

A vector s of dimension p ¢ separates the zeros of ¢ Il x

if, for each value of i, there is exactly one zero of ¢ Il x be-

tween s; and s;,,. Write a program that determines z as

quence 1
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the vector of zeros of ¢ Il x to within a tolerance .0001
(that is .0001 =|c Il 3,).
4.35 Let pIll x=((tn) Hx) X (Qun) I x.
(a) Compute the value of p for each of the cases n=2,3,
4,5,
(b) Prove that +/ p= (+/vn) % 2.
(c) Prove that [/ p=+/ (vn) % 2.

4.36 If m= 1776 and if d is a vector whose components are

the successive decimal digits of m (thatis,d=1,7,7,6),
then d will be called a base-10 vector representation of m,
since m= (O d) I1 10. If n= 1860, if e is the representa-
tion of n, and if f=d + e, then m+ n= (O £) II 10, since

(OHIM10=(6,13,15,2)I110=6+ 130 + 1500 + 2000 = 3636

However, f= (2,15, 13,6) is not the normal representa-

tion of the sum of m and n because it possesses compo-
" nents that exceed nine. The normal representation g = (3,

6,3,6) can be obtained from f by ‘“‘carrying,” that is,

by subtracting ten from any component that exceeds nine
and compensating by adding one to the component to the
left of it.

(a) Execute the program below for the values of d and e
used above and verify that it yields the correct repre-
sentation of the sum of the numbers represented by
d and e. :

— g<0
c<0
i—pd
— i:0 —
s—d,+e+c
c<—0

s: 10
s<—s—10
c<1

g< 95,8

i




Exercises

(

(b) Show that the program does not give the correct result
for the case e=7,6,1 and d=4,5,7, and modify
the program to correct this defect.

(c) Further modify the program to permit argument d to
have a dimension different from argument e.

4.37 (i) Rewrite the programs of Exercise 4.36, using rela-
tional functions and the residue to simplify the pro-
grams as much as possible.

(i) Modify the programs of part (i) to perform addition in
any specified base b rather than in base 10.

4.38 Write a program to determine p as the representation of

‘ the product of the numbers represented by d and e, that

is, Op)I110=((Od)I110) x (De)I110.

4.39 (a) Prove that if d is the decimal representation of the

integer m (that is, m= (O d) I1 10), then 9|m=9|+/ -

d (see Exercise 3.32).
(b) Show that m is divisible by 9 if and only if +/d is
divisible by 9.
(c) Show that m is divisible by 11 1f and only if —/ d is
divisible by 11.
(d)- Extend the results of parts (a), (b), and (c) to divisi-
bility by (b— 1) and (b + 1) in the representation in
any specified base b.
4.40 (a) Write a program to determine d as the base-10 vector
: representation of the argument m.
(b) Write a program to determine g as the base-b represen-
tation of the number whose base-10 representation is d.
4.41 Since (x+1)*5=(1,5,10,10,5,1) I x,then((x+ 1)
*5)—x*5=(1,5,10,10,5) Il x. Applying this iden-
tity forx=1, 2, 3,..., and n yields

25— 15=1+4+(5x1)+ (10x 12) + (10x 13) + (5 x 1)
35-25=1+4+(5%x2)+ (10x22) + (10x23) + (5x29)
, 45—3‘551+(5><3)+(-10><32)+(10><33)+(5><34)

(n+1)5—115 1+(5><n)+(10><n2)+(10><n3)+(5><n4)

Adding these identities (and 81mphfy1ng as much as possi-
ble on the left) yields

(4 1) %S —1=n+ (5x+lvn) + (10x +/ (tn) ¥2)
+ (10X +/ (Ln) %) 3) + 5% +/ (tn)* 4

Solving for +/ (v n) >* 4 yields

\
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5><+/ (Ln)*4—((n+1)*5)—'(1+n+(5><+/Ll'l))
+(10x+/ (tn)*k2)+10x+/ (tn)*3

Substituting known polynomials (see Exercise 4.24) for
the sums on the right and adding yields

1 5 10 10 5 1
-1
0 -1
0 -25 25
10 10
0 -5 -5 -5
0 0 -25 -5 -25
1 10
0 -5 0 v 25 1

Finally, therefore,

+/ (vn)*4=((0,-1,0,10,15,6) I n) + 30

(a) For the cases n=0, 1, 2, 3, and 4, verify that the fore-
going polynomial is equal to the sum of the first » inte-
gers each raised to the fourth power.

(b) Use the same method to find a polynomial for the sum
of the fifth powers of the first n integers.

(c) Write a program to determine p as the vector of co-
efficients of the polynomial that fits the function
+/ (¢n) >k m. :




Chapter Five

The Slope Function

The slope of a-straight line is defined as the ratio of the vertical rise
to the horizontal distance between any pair of points on the line. For
example, the slopes of the straight lines of Figure 5.1 are 2, 1, .5, =2,
and 0, as shown. The graph of the function F x= b + a X x is a straight
line with slope a. Moreover, if r # p, then the straight line through the

points (p,q) and (r,s) has slope 5749

r—p

o 4T
9
©

Figure 5.1 Straight lines with various slopes
89
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The graph of a function is.not necessarily a straight line and
therefore may not have a fixed slope. However, at each point on a
curve there is a tangent? line that does have a fixed slope. This is illus-
trated in Figure 5.2 for the graph of'the function F x= 1 + x — x2. Thus,
at the point (0, F 0) the tangent is the line ABC, whose slope is 1.
Similarly, the tangent at the point (.5, 1.25) is the line DEF with
slope 0, and the tangent at (1.5,.25) is the line GHI with slope 2.

1+ x—x2 Slope
-1.00 3
. 0.25 2
B 0.0 1.00 ¢
E 0.5 1.25 -0
1.0 1.00 -1
H 1.5 0.25 -2
- 2.0 -1.00 -3

Figure 5.2 Slopes of tangents to a curve

Knowledge of the slope of the graph of a function can be very
useful. In Figure 5.2, for example, the fact that the tangent DEF is

+The terms tangent, chord, and secant are used for any curve in the same way
that they are used for the circle. A secant is a straight line that intersects the curve in
two (or more) points, a chord is that segment of the secant between the points of inter-
section, and a tangent is the limiting position of the secant as one point of intersection
approaches the other (that is, the tangent touches the curve at one.point).




The Slope F unctioni’:

horizontal (that is, has slope 0) makes it clear that the point of tangency‘\
(.5,1.25) is a maximum point of the function F x= 1+ x — x%. Simi-
larly, the fact that the slope at B is positive indicates that the function
is increasing in the vicinity of that point, and the fact that the slope at
H is -2 indicates that the function is decreasing rapidly in the vicinity
of that point. ‘

The slope of a polynomial (and indeed of any of the elementary
functions) can be determined at every point on its graph by simple
methods to be developed in this chapter; in other words, the slope at
(x, F x) is itself a function of x. For example, the slope of the function
F x=1+ x—x? of Figure 5.2 is equal to 1 — 2 X x for any value of x,
and the slope of the function G x= x+ x2— x3 of Figure 5.3 is the
function H x= 1+ (2 X x) — 3 x x2, also shown in the figure. The func-
tion H x is called the slope function of the function G x, or simply the
slope of G x. :

Figure 5.3 A function G x and its slope function H x

91



v

92 Chapter Five The Slope Function

The slope of a function is important in the study of the function;
the elementary functions can, in fact, be defined in terms of their
slopes. For example, the function E x graphed in Figure 5.4 is defined
by simply requiring that its value be 1 when x = 0 and that its slope at
each point be equal to the value of the function itself at the point.

X Ex
81
-3 {  0.050 y
/ -2 0.135 _ R
- -1 0.368 T <
0 1.000 ~
1 2.718 J
2 7.389 C 6t <
3 20.086
44+ 7>
2
2.71828 - m
T _ 2
' Jope
+ 2 ) o] ’ 3 '

Figure 5.4 The function E x whose slope function is equal to E x

It is perhaps the most useful function in applied mathematics. More-
(Do Exercises over, a study of the slope of an elementary function leads to simple
5.1-52)  means for evaluating the function. :



The Secant Slope of a Function

The Secant Slope of a Function

In order to develop means for determining the slope of a func-
tion, it is necessary to begin with a careful definition of the slope of a
tangent. The slope of the secant through the points (x, F x) and
((x+s) , Fx+ s) will be denoted by (D F) x. Thus

_(Fx+s)—Fx_(Fx+s)~

(D, F) x (x+s) — - s

$.1

as illustrated in Figure 5.5 for the functlon Fx=x?— (x3+ 3) and for
s=1. ,

(x+1),Fx+ l)\.

W

(x,Fx)\

Wi

-2 ' _

Figure 5.5 The secant slope (D,F) x for s=1and x=1
: . i
s :

For any chosen function F x and for any fixed value of s, it is
clear that the value of (D, F) x is determined for every value of x.
‘In other words, (D, F) x is itself a function of x; it will be called the
~ secant slope function of F, or the secant slope of F. Figure 5.6 shows
an example in which F x= x> 2 and the corresponding secant slope
function (D, F) x=1+ 2 x x, for the case s = 1. This expression for
the secant slope of F x is easily derlved by setting s=1 in Equation
5.1 to obtain
(F x+1)—Fx

(D, F) x 1
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and then using the fact that F x is the function x* 2, thus:

(D,F) x=((x+1)%2) —x%2
=1+ 2xx)+ (xk2)—x%k2
=1+2xx

x Fx Fx+s (D,F) x
-2.0 4.00 1.00 -3
-1.5 2.25 0.25 -2
-1.0 | 1.00 0.00 -1
-0.5 . 0.25 0.25 0
0.0 0.00 1.00 1
0.5 | 0.25 2.25 2
1.0 1.00 4.00 3.
L LS 2.25 6.25 4
2.0 4.00 9.00 5

Figure 5.6 The seéant slope function (D, F) x for s =1



The Secant Slope of a Function

More generally, for any nonzero value of s:

=((x+s)>|< 2)—x%k2

(D,F) x= p
_(sk2)+2XxXs
o s
Hence, for F x= xk 2,
(D,F)x=s+2Xx (5.2)

Table 5.7 shows values of the secant slope of F for various points
and for various values of s. It is clear from the table (as well as from
Equation 5.2) that the secant slope approaches a limiting value as
s approaches 0. Since s is the spacing (along the x-axis) of the two
points that determine the secant, the geometrical meaning is that the
slope of the secant approaches the slope of the tangent as its limiting
value as s approaches 0. Hence, for s = 0, Equation 5.2 gives the slope
of the tangent to the curve F x= x> 2 at any point x.

(D,F) x

x s=1]s=0.1| §=0.01 | s=0.001 | s=0.0001 | s=0
-2.0 -3 | -39 -3.99 -3.999 =3.9999 4
-1.5 -2 -2.9 -2.99 =2.999 -2.9999 =3
-1.0 -1 -1.9 | -1.99 -1.999 -1.9999 -2
-0.5 0 -0.9 -0.99 -0.999 -0.9999 -1

0.0 1 0.1 0.01 0.001 - 0.0001 0

0.5 2 1.1 1.01 1.001 1.0001 1

1.0 3 2.1 2.01 2.001 2.0001 - 2

1.5 4 3.1 3.01 3.001 3.0001 3

2.0 5 4.1 4.01 4.001 4.0001 4

Table 5.7 Secant slopes for Fx=x>% 2

The slope of the tangent to the graph of any function F at the
point (x,F x) will therefore be defined as the value approached by
the secant slope (D, F) x as the spacing s approaches 0. This tangent
slope function will be denoted by (D F) x and will be called the slope
function of F. Because the slope function (D F) x is derived from F,
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(Do Exercises
5.3-5.5.)

it is often called the derivative of F; hence the choice of the symbol D
to denote it.

Although the denominator of the right-hand side of Equation 5.1
approaches 0 as s approaches 0, the numerator also approaches. 0 in
such a manner that the ratio approaches a fixed limiting value. For
any particular function F this value is obtained by cancelling the
factor s from both numerator and denominator before s is equated to 0.
The slope functions of all the elementary functlons can be obtalned

in this way.

The Slope of the Exponential Function x> n

Equation 5.1 was used earlier to derive the slope function of the
function x> 2. It will now be used to determine the slope function
of the function F x= x* n for other nonnegative integer values of n.

For n= 3, Equation 5.1 yields

((x+s)*3)—x*3
s
= (3xa2)+ (3><s><‘x)+s2

(D,F) x

Thus, for s=0, ‘
(DF)x=3xx2
For a general value ()f n, the secant slope of F x= x> n becomes

(D, F) x ((x+ s)*sn)—x*n ’ (5.3)

The binomial theorem (Equation 4.1 (b)) can be applied to obtain an
expression for the first term of Equation 5.3:

(x+s)kn=((Bn)xDOx*k0,.n) s

Since the first and second components of 8 n are obviously 1 and n
respectively (see Table 4.5), then B n= (1,n,c), where ¢ is the vec-
tor of the remaining » — 1 components. Hence

(x+s)kn=(1,n,¢)xDx*k0,un) s
=(x*kn),(nxxkn—-1),exOx*k0,:n—2)ITs
=@xXn)+sx((nxxkn—1),exDOx*k0,.n—-2)Is

Substituting this result in Equation 5.3, cancelling the terms in-
volving x * n, and performing the division by s yields

(D,F)x=((nxx*n-1),ex® x*k0,,n—-2)1s




The Slope of the Exponential Function x * n |
Notation for Composite Functions

The slope function (D F) x is now obtained by evaluating the expres-

-sion for the secant slope at s =0. This value is clearly the constant

term . of the preceding polynom1a1 in s. Therefore, for Fx=x% n,
(DF)x=nxx*n-1 I (5.4)

This general result can be compared with previous results by applying
it for particular values of n:

Fx=x%3 (DF)x=3xx%2
Fx=x%2 (DF)x=2xx¥%1=2xx
Fx=xX1l=x (DF)x=1xx*x0=1
Fx=x*%0=1 (DF)x=0xxk"1=0

The first two results agree with those previously obtained for x> 3
and x> 2. The third case (Fx= x> 1=x) is clearly the equation of
the straight line with slope 1. The fourth case is the function having
the constant value 1, and its slope is clearly 0.

The method just applied to the function x> r could be applied
to determine the slopes of more complex functions such as (x® — x%)
+5 or dIIx. It will prove simpler and more efficient, however, to
determine general expressions for the slopes of functions such as
(Fx)+ Gx and (Fx) X G x in terms of the slopes of Fx and G x.
Then these results can be applied in a simple manner to obtain the
slopes of a wide range of interesting functions. In order to do this it
will be convenient fo introduce an abbreviated notation for composite
functions.

Notation for Composite Functions
A monadic function such as
Hx=(2]x)x3[x

whiéh is composed of (that is, defined in terms of) other functions is
called a composite function. It will be defined by the abbreviated
expression

H=(2[)x3][

obtained by deleting all occurrences of the argument x. The original
expression can be reestablished by inserting the symbols for the
argument x. Since a legitimate expression can be obtained only by
inserting arguments in precisely the places from which they were
dropped, the abbreviated expression is unambiguous and therefore
provides a definition of the function H.

97

(Do Exercise 5.6.)‘\



98

(Do Exercises
5.7-5.8.)

Chapter Five The Slope Function

Similarly, if A and B are two monédic functions, the abbreviated
expression ’

= (A) X B
can be expanded in only one way, namely,
Hx=(Ax)xBx

The parentheses around A4 are essential, since the expression P=
A x B is an abbreviation for the quite different expression

Px=AxXBx

which, because of the right-to-left convention, is equivalent to
Px=A4 (xxBx)

The abbreviated expression Q=4 B must be interpreted as
Qx=ABx. For example, if 4x=2%x, and Bx=3xx— 2, then
Ox=2%3xx-—2.

The use of any symbol (such as — or |) that denotes either a
monadic or a dyadic function can lead to ambiguity, since H=A4 — B
could be interpreted as either

Hx=A (-Bx) (monadic)
or
Hx=A4 (x—Bx) (dyadic)

To avoid ambiguity, the monadic interpretation will be adopted when-
ever an expression permits it. The dyadic case can always be indi-
cated by inserting empty parentheses. For example, H=A4( )-B
would necessarily be interpreted as H x = A4 (x) — B x, which is equiva-
lent to A x — B x.

An abbreviated expression can sometimes be madé more read-
able by adding redundant parentheses. For example, F = x can also
be writtenas F= () x (), since both are equivalent to F x = x X x.
Similarly, F = and F= () are both equivalent to F x = x.

The Slope of the Sum of Two Functions

The function (F ) + G is called the sum of F and G. The slope
of the funcuon

Hx=(Fx)+Gx



Notation for Composite Functions | The Slope of the Sum of Two Functions

is easily determined by applying Equation 5.1:
=((Fx+s)+ Gx+s)—((Fx)+Gx)

(D,H) x= P
___((Fx+s)—Fx)+ (Gx+s)—Gux
s s
=((D,F) x) + (D,G) x
Consequently

(DH)x=((DF)x)+(DG)x
Finally, then
i (D (F)+G)x=((DF)+DG)x
or, in abbreviated form,
D(F)+G=DF)+DG ’ (5.5)

In other words, the slope of the sum of two functions F and G is the
sum of the slope functions of F and G individually.

*.
)
X
S\
> 5
g
((F)+G) p+sp-—=—=—====—=—=— 0
((F)+G)pl——=—== R Gx
Gp+sfr————7F "~ == S
Gpl-— £ - J)
Fp+s|m7 /7|7~ ~"7""Z U
) N
Fp = | 4
W x
14 p+s

Figure 5.8 The slope of the sum of two functions
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This result is illustrated geometrically in Figure 5.8. If P Q repre-
sents the length of a line segment joining points P and Q, then

_UW-VW_UV

(D,F)p= . "
SW-TW ST
(D,G) p=="—"—=""
W-RW R
(D, (F) +G) p= 2 RE_ L

.But since ((F)+ G) p= (Fp) + G p, then

RW=VW+TW
Similarly, . - |
OW=UW+SW

Taking the difference of these two expressions and dividing by s
yields the relation _ ’
(D, (F)+ G)p=(D,F)p+ (D,G) p

Since this is true for all values of s, then

(D(F)+G)=(DF)+DG v
It is easy to show that the rule for sums extends to three or more
functions. For example, if '
H= (P)+ (Q)+R
then
H=(P)+((Q)+R)

and the sum rule yields

DH=(DP)+D((Q)+R) .
But )
"D((Q)+R)=(DQ)+DR
Hence

DH%(DP)+(DQ)+DR
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Figure 5.9 Functions having the same slope

If F is a constant function F x = ¢, then D F =0, and the slope of
the function (F)+ G = ¢ + G as given by Equation 5.5 is

Dc+G)=(DF)+DG=0+DG=DG

In other words, the functions G and ¢+ G have the same slope, as
illustrated by Figure 5.9. Conversely, any two functions having the
same slope function can differ only by an additive constant. (Do Exercise 5.9.)

The Slope of the Product of Two Functions

The function H x= (F x) X G x is called the product of F x and
G x. From Equation 5.1,

__((Fx+s)><Gx+s)—(Fx)><Gx
(D H) x= .




(Do Exercises
5.10-5.11.)
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Regrouping the terms and adding and subtracting the term (F x + s)
X G x yields

E((Fx+s)><(Gx+s)—Gx)+(Gx)>’<(Fx-t-s)—Fx
s
=((Fx+s)x(D,G)x)+ (Gx)x (D,F) x

For s=0, (Fx+s)= F x, and hence
(DH)x=((Fx)x (DG)x)+ (Gx)x (DF) x
Since H = (F) x G, the abbreviated form of this result becomes

D(F)XG=((F)xDG)+ (DF)xG (5.6)

(D,H) x

For example, if F=G=( ), then Hx= (Fx) X Gx=xxx, and
(DH) x= (xx1)+ (1 xx)=2xx. This agrees with the result pre-
viously obtained (Equation 5.4) for x> 2.

The result in Equation 5.4 can be checked further as follows. If
Fx=x and Gx=x*2, and Hx=x% 3, then Hx= (Fx)xG x. "
Therefore

DH)x=((Fx)x(DG)x)+((DF)x)xGx

=(xx2xx)+1x(x*k2)
(2xxk2)+xk2=3xx%k2

in agreement with Equation 5.4. |
If Fx=c,then D F=0 and

(D (F)xG)x=(cx(DG)x)+0xGx .
=cX(DG)x

Hence
DcxG=cxDG

In other words, multiplying a function by a constant ¢ multiplies its
slope function by ¢ as well. In particular, for ¢ = -1, it follows that
D (-1xG)=—- DG, and thereforée D (-G)=-DG.

The Slope Function of the Polynomial

Since a polynomial is a sum of terms each of which is a product
of a constant and a function of the form x> n, the slope of a poly-
nomial can now be derived by a simple application of the results ob-
tained thus far.
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'For example, if ¢= (2,4,3), then
" Hx=cllx=2xx%k0)+ (4dxx*k 1)+ (3xx%k?2)
and |
(DH)x=(D2xx%0)+ (D4xx*1)+ (D3 xx%2)

(applying Equation 5.5 for sums of functions). Applying the rule for
multiplication by a constant (that is, D ¢ X F = ¢ X D F) yields

(DH)x=2xDx*0)+ (4xDx*x 1)+ (3xDx%2)
Applying Equation 5.4 for powers yields

(DH)x= (2x0xx% 1)+ (4x1xx%0)+ (3><2><x* 1)
=0+4+6xx=(4,6)I1x

More generally, for any vector of coefficients ¢,

cHx_(c Xx%k 0) + (e, xx% 1) +'(e XxX 2)
+ (e, xx*k3)+...+e, Xxk (pe)—

aﬁd
(Dell)x=(0xe,) + (I xXe,xxk0)+ (2xXe,Xxx%*k1)
+(3><c4><x*2)+...+((pc)—1)><cpc><x* (pe)—
=dIlx '

where d, =1 x ¢,; d,=2 X ¢,, and so on. In general, it is clear that d
is obtained by deleting the first component from the vector ¢ and then
multiplying successive components by 1, 2, 3, ..., (p ¢) — 1. Hence

d=((pe) =) x(1<ipe)e
Finally,
(Dell)x=(((pe)—1)x(I1<ipe))e)llx
or
Dell=(((pe)—1)x (1<tpe)/e)Tl 5.7)

The rule for obtaining the slope function of any polynomial is
therefore extremely simple: remove the first coefficient and multiply
succeeding coefficients by 1, 2, 3, and so forth.

103



104

(Do Exercises
5.12-5.13.)

Chapter Five The Slope Function

For example, if )
Fx=6+ (3xx)+ (2xx2) —x*

then
Fx=(6,3,2,0,-DIx

and

(DF)x=(3,4,0,"4)I1x
‘ =3+ (4Xx)—4xx3

ExaMPLE 1: The function graphed in Figure 5.5 has zero slope
at the points (0, 0) and (2, %) These points are clearly a local mini-
mum and local maximum respectively.t For any elementary function
the points of zero slope are rather easily determined, and the point
where the function achieves its maximum can be easily selected from
among them. The interest in determining the maximum can be illus-
trated by the following problem: Small squares, all of the same size,
are to be cut from the corners of a one-foot square piece of sheet metal
so that the remaining sheet can be folded up into a topless box. What
size should the small squares be to yield a box of the largest possible
volume? If the squares have sides of length x, then (as seen from Fig-
ure 5.10) the volume v is given by

v=Vx=xx(1-2xx)%k2
=(0,1,74,4)I1x

The maximum value of the volume is found by determining the
points at which the function V x has zero slope. The slope function
of V x is given by

(DV)x=((1,2,3)x(1,-4,4)) I x

=(1,-8,12)IIx
1
Equating (D V) x to zero and solving for x yields solutions x=¢ and
- . ‘ . 2
xz%. Evaluating V x for these values of x gives V'1+6 =57 and

tA local minimum is a point on the graph of a function which is lower than all
nearby points. A local minimum is not necessarily a minimum. For example, in Fig-
ure 5.5 the point (0,0) is a local minimum of the function F x, but is not a minimum,
since other points—such as (3.1,-1.089)—are lower. ‘
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Xl = 2 X x ————lx

volume=x><(1—2><x)*'2

1 [1-2xx
YT X
1 1
x| 'x
o ;
0.1+
2
27
Vx=xx(1-2xx)%2
t : : : L x
0 0.1 _3’ 0.2 0.3 0.4 0.5

Figure 5.10 The maximum volume for a topless box

V1+ 2 =0. Hence (as illustrated by the graph of V x in Flgure 5.10)
.2

‘the function attains a minimum at (2 ,0) and a maximum at ( 6 27) v

2
‘the maximum volume obtamable is == cubic feet.

27.
ExaMPLE 2: Figure 5.11 shows the function Pt which describes the
position of a falling body (measured from its point of release at the top
of a well at time = 0) as a function of time. The function V' ¢ is the

slope of P . But V' ¢ is the limit (as s approaches zero) of the expression

(Pt+s)—Pt

) N Vst—=— s

which gives the average velocity during the time interval from ¢ to ¢ + s.

+ 105

(Do Exercise 5.14.)

Hence the function V ¢ gives the velocity at time ¢. Similarly, the func- -
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tion A4 t is the slope of V' ¢ and represents the acceleration at time ¢. In
the present example it is seen to be a constant, as it should be in the
case of free fall. '

At=(DV)t / /

301

25+

201

15

10+

0 0.5 1.0 1.5
Figure 5.11 Position, velocity, and acceleration
of a freely falling body as a function of time

It is instructive to consider the same functions in the opposite
order. If only the acceleration is known, then a function having this
slope can be determined. This function is V ¢. Likewise, a function
having V't as its slope can be determined; this is the function Pt.
Furthermore, if the acceleration A ¢ is equal to the constant value 32
(which is approximately true for free fall), then V ¢t must be equal to

¢+ 32xt, where ¢ is some constant. For, if Vit=c+ 32x t, then
(D V) t= 32 as required. Moreover, if the velocity is zero when the
body is dropped (that is, at time ¢= 0), then V' 0 must be zero and
therefore ¢ = 0. Finally, ’

Vi=32xt
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Similarly, Pt must be equal to d+ 16 x 2 for some constant d,
since (D P)t is then equal to 2X 16 X¢t=32%Xt=Vt as required.
Again, since the position at time ¢ = 0 is zero, the constant d must be
zero. Hence

Pt=16x¢

Some Interesting Functions

Certain natural phenomena are described by functions with the
following characteristic: the slope of the function is proportional to
the function. For example, since bacteria multiply by division, the

' _population of a well-fed colony of bacteria continually increases at a

rate proportional to the population. Thus, -if P ¢ gives the population
as a function of time ¢, then

(DP)t=rxPt

where r is a constant of proportionality.

~ Other examples of this type of function abound. A tree grows at
a rate (approximately) proportional to its present size; the rate of
discharge from a hole at the bottom of a tank of water is proportional
to the pressure and hence to the amount of water in the tank at each
instant; the rate of discharge from an electrical condenser connected
through a resistor is at every instant proportional to the voltage and
hence to the amount of electrical charge remaining.

Is it possible to find a polynomial whose slope functlon is equal
to the polynomial? Clearly not, for the slope function is a polynomial
of degree one less than the original polynomial. However, a poly-
nomial that approximates this behavior can be found by simply

choosing the coefficients so that the coefficients of the slope polynom1a1
.agree for all save the last. ’

Ife=1-+10,cn, then

_(1 1 1 1 1 1
=0 1123 tn—11n
and
_ , .
cHxEl+x+% —3 —)%-I— +,x—n
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i1s clearly a polynomial satisfying the requirements. For the slope
function is d Il x, where ’

Hence
c=d,c,
and
X2 xs xn—l
Mx= e el N &
dilx=1+x+y5+73 -1

: "
= (cIlx) T

The slope of ¢ IT x therefore differs from ¢ I x only by the term (x> n)
+!n, where n= (p ¢) — 1. Because of the factor! n in the denominator
this difference can be made as small as desired by choosing » suffi-
ciently large. For n sufficiently large, the value of the polynomial
c 11 x therefore approaches a limiting value which will be denoted by
* x.t Thus

Xx=(1+'0,cn)Ilx
2 3
zl+x+,x—2+,x—3+%+... (5.8)

and > x has the desired property, namely,

(D*)x=%x (5.9)

+This use of the symbol >* for a monadic function does not conflict with the
earlier use for the dyadic function of exponentiation. In Chapter 8 it will be shown
that the monadic function * is, in fact, the special case of the dyadic function e * x,
where e=>* 1=2.71828...
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Although it has an infinite. number of terms, the polynomial * x
can be computed to any desired degree of accuracy because the co-
efficients of the higher-order terms decrease so rapidly. For example

1 1 1 1 1 1
*1_1+1+2+6+ﬂ+120 720 5040 *

. =2.71828...

as can be verified by simple but tedious arithmetic. The general be-
havior of >* x can be determined by evaluating and plotting the func-
tion for a number of values of x as shown in Figure 5 4.

The slope of the function

(rxx)2 (rxx)
12 13

Ckrx)x=krxx=1+ (rxx)+

can be obtained by applying Equation 5.7:

r3xx2 prAxxd

(D*rx)x_r+ (r2><x)+ 5 +—!—3

...

Hence

(DX rx)x=rx (krxx) (5.10)
/
In other words, (*k rx) is a function whose slope is proportional to
itself, the constant of proportionality being . It is therefore a function
of the form suggested at the beginning of this section.
The average of the polynomials > x and * — x yields another
useful function, which will be called 4 x. Specifically

Ax=5x(kx)+% —x v
PR N N S |
=l+5+77 7!6+... R CA Y

Since A x contains only even powers of x it is an even function of x,
that is

A4xEAx

The function is graphed in Figure 5.12.

109

(Do Exercises
5.16-5.19.)
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*,
/
*
\X
\*‘ﬁ‘
ot
AXZ
3 -2 -1 0 1 2 3
/'5~
*
/
D
&k
5 s
z
%
X X x Ax Bx
-3 0.050 10.068 10.018
-2 0.135 3.762 3.627
-1 0.368 1.543 1.175
0 1.000 1.000 0.000
1 2.718 1.543 - ~1.175
2 7.389 3.762 -3.627
3 20.086 - 10.068 -10.018

Figure 5.12. The functions 4 x and B x

One-half the difference of * x and % — x yields a third function,
which will be called B x; thus

Bx=.5Xx(kx)—*k—x

S AN S (5.12)

Since B x contains only odd powers of x, it is an odd function of x,
that is, B — x= — B x. It is also graphed in Figure 5.12.
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From the definitions of 4 and B it is clear that
(A)+B=>%and (4) —B=% —

Since
1
AxE(l ,0,6,0,!—4,0,@,0, )Hx
and
1 1 1
Bx= (0,1,0,!—3,.0,!—3,0,!—7,...>Hx
it is easily shown (by applying Equation 5.7) that
DA—=—B} (5.13) -
DB=A

Since a slope function D F is itself a function, it is possible to
determine its slope function D (D F), the slope of that function
D (D (D F)), and so on. Just as the slope function D F is sometimes
called the derivative of F, so the function D D F is called the second
derivative of F; D DD F is called the third derivative of F, and so on.

For the function A it is clear that

" D(DA)=4

Hence A4 is a function which is equal to its own second derivative.
Clearly B is a similar function, since D (D B) = D A= B.
. The graph of the function 4 x is the form assumed by a cable
suspended between two supports. (Do Exercises
' Two more interesting functions can be obtained by reversing 5-20-528)
' the signs of alternate nonzero terms of 4 x and B x. They will be de-
noted by Cx and S xand deﬁned as follows

N

1'1 -1

CxE(l 0,—,0, ,O',r,...>Hx
| 127 aTe (5.14)
Sx_(O 1 0,’3,0,'!—5,0‘,...>H'3‘c'

It is easily shown that
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Consequently

'DDCED(—S)E—DSE—C} | (5.16)
DDS=DC=-8§ : '

Thus C x.is a function whose second derivative is equal to — C x. The
function S x behaves similarly.
The functions C and S have a curious property, which is easily

 derived from the behavior of their slopes, namely

((C)xC)+ (S)xS=1 _ ) (5.17)
For if H=((C) xC) + (S) x §, then

DHE(((C)xDC)+ (C)xDC)+((S)><DS)+(S)><DS
' =2x((C)xDC)+(S)xDS

=2x((C)x=8)+ (§)xC

=0

Since the slope function of H is zero, the function H x must be a con-
stant. The value of this constant can be determined easily by evalu-
ating H x for x=0. Since CO0=1, and S0=0, then HO= (1Xx1)
+ 0x 0= 1. This result can be tested by computing the first few terms
of the indicated polynomial. _

It is clear from Equation 5.17 that the value of C x must lie be-
tween ~1 and 1 and that the same is true of S x. Because C 0 =1 is the
slope of S x at x=0, S x is rising from its value of 0 at x=0. When
S x is increasing C x must (according to Equation 5.17) be decreasing;
it continues to decrease until its value reaches -1, at which point 1t

" again begins to increase until it reaches 1.

It is therefore not surprising that the functions C x and S x de-
scribe oscillations such as that of a weight suspended on a spring. If P ¢
describes the position of a weight suspended on a spring as a function
of time ¢, then, as remarked in connection with Figure 5.11, (D P) t is
the velocity of the weight and (D D P) t is the acceleration. Because the-

‘weight is supported by a spring, the acceleration applied to the mass is

proportional to the displacement from the equilibrium position and is
oppositely directed, that is, D D P= — P. Thus the function P has the
same property as that shown by Equation 5.16 for the functions C
and S. These matters will be treated further in Chapter 6.
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Approximating Polynomials of Unlimited Degree

The polynomial Pf=1+f+f 24 f3 4+ ... of unlimited degree can
be evaluated precisely for nonnegative values of fless than 1:

Pf= %—f (5.18)

Forif Fn denotes the sum of the first #» terms of the polynomial, then
Fn_1+f+f2+f3+ + fr-t
and
fXxFn= [P+ 4+
Consequently (Fn)—fxFn=1-f" and hence
Fn= 11 _j}
As n becomes large, ihe value of F n approaches the value of P fand,

since 0 =f< 1, the term f™ approaches 0, yielding Equation 5.18. For
example: ‘

P9=1+9+.92+.934+ .. .=——-=10

In evaluating any polynomial of unlimited degree (such as > x)
it seems obvious that any desired degree of accuracy can be attained
by taking a sufficiently large number of terms, provided that the later
terms continually decrease in size. In particular, it would appear that
the maximum extent of the error is indicated by the magnitude of the
first neglected term. Consider, however, the evaluation of the poly-
nomial

Pf=1+f+fr+fo+ft+... /

for f=0.9. The eighth term, f7, has the value 0.4782969, yet the sum
of the preceding seven terms is only 5.217031 and differs from the
true value of P 0.9 (which is 10) by 4.782969, an amount greatly ex-
ceeding the first neglected term.

It is evident that the first neglected term is not a sufficiently accu-
rate measure of the potential error and that a better criterion is needed.
Finding a suitable upper bound for the sum of all the neglected terms
is a difficult problem that has received much attention in mathematics,
in the theory of convergence of series. For the rather simple poly-

113
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nomials of interest in elementary functions, however, a smple criterion
is easily obtained.

Let t be the vector of terms of the polynomial to be evaluated,
let s be the vector of the first i terms actually summed, and let r be
the vector of the remainder terms (that is, those not summed). Then
t=s,r; the true sum is +/ t= (+/s) + (+/ r); the calculated sum is
+/ s; and the error due to the remainder is +/ r.

What is needed is an upper bound on the absolute value of the
error (that is, | +/ r) rather than on the error itself. For example, an
error of ~678 is less than a tolerance ¢ = 0.001, but is clearly unac-
ceptable because the magnitude of the error (that is, | ~678 = 678) is
too large. Since (| +/r) =+/| r, the required upper bound can be es-
timated by summing the components of the vector | r. The absolute
value of the vector r will now be denoted by a, that is, a = r.

In general, +/ a cannot be evaluated directly, but it is frequently
possible to find a vector d which can be summed and which dominates
a, thatis, d,= a;for allj. Clearly, (+/d) = (+/a) = (+/|r) = (| +/ r),
and therefore the sum over d provides an upper bound on the error

“incurred by neglectmg the remainder +/ r.

If a;, , = a; x fforall values of j, then @, < @, X > k— 1. There—
fore the vector

d=a,x(1,f,f*.f*,...)

‘dominates a. If the factor fis less than 1, then from Equation 5.18

1
+/ d= al X 1—_7
If the ratio between successive terms- of a is not increasing (that is,
a

4+ 1 aj ’ . . . . a,
—Sa—), then d will dominate a if fis chosen equal to;. Hence
a; -1 1
. a
< < = %
(+H/r)=(+a)=(+/d) = —a,-a
Since t=s,r and (ps)=i and a=|r, then a —|t1+1' and
a,=|t,,. Therefore in terms of the original polynom1a1 +/ t, the

error bound on +/ r is given by

| ¢, t, k2

i+1 i+1

(|+/r)~1_(|t )+t E([ti+1)“|t

i+2 i+1

(5.19)

it+2

In summary, the true sum of the terms ¢ of a polynomial will
differ from the sum of the first i components of ¢ by an amount not
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exceeding the expression for | +/ r in Equation 5.19, provided that for
all j> i the ratios (| ;) +|¢t; do not exceed the ratio (| ¢;,,) +|¢
and that the ratio (| tl vo) F ti +1 18 less than 1.

For example, since -

i+2 i+1

4 8 16 32 64
*X2=1+2+ —2 —3+—+!—5+

then
* 2 =+/t,where
(12,4 8 1632 64
t= 1213714715016
Moreover, for i= 6, the ratio (|, 1) T | t; is less than unity for Jj>1,
and Equatlon 5.19 can therefore be apphed to give the error bound

64
__'6__6_4_2_
+/d Therefore +/d—1 <128)_ﬁ T6 7—01244 . Hence
'7) 716

the sum of the first six terms of % 2 gives an approximation of % 2 to

within a possible error of 0.1244 . ..
The polynomial
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can be treated in a similar manner for any specified value of the argu- -

ment x. For, since the ratio | t,_ .. is equal to

k+2 "

k+1 1, all the re-

k+
quired conditions are satisfied by choosing i = x. Similar arguments
apply to the functions 4, B, C, and S.

Applications of the Slope Function

Perhaps the most important application of the slope function is
in the study of functions such as the circular functions and the expo-
nential function. This use of the slope will occur repeatedly in later
chapters. Applications to be treated here are the graphing of curves
and the determination of areas and volumes enclosed by certain curves.

Curve plotting. In making an accurate graph of a function,
it is helpful to know the slope of the curve at each point plotted and

“to indicate this slope by drawing a short segment of the tangent line

(Do Exercises _
5.33-5.34)
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x=(2,6,2,2,1)1Ix

(DF)x=(6,74,76,4)I1 x

Figure 5.13 shows a tabulation of both these functions for a number
of values and a plot of the tangent for each of the tabulated points.

¢ 104+ i
8+ Fx=(2,6,2,2,1)IIx
(DF)x=(6,74,76,4)I1x
6_.._
4.__
2-._
&
2 15 -1 -5 O 5 1.5
2%
4l
6l ;
& x Fx (DF) x
-84 -
-2 10 42
-1 -7 0
0 -2 6
1 1 0
2 2 6

 Figure 5.13 The use of tangents in graphing a function

It is clear from Figure 5.13 that the tangents give a much better
picture of the curve than the points alone would. In particular, the
points (-1,F-1) and (1, F 1) are points of zero slope and are a local
mlmmum and a local maximum respectlvely Moreover the third zero
of ( DF ) X is eas1ly found to be at x = 1.5; it is a second local minimum

of F x with a value of 1 6
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The area under a curve. The area of the shaded portion of
Figure 5.14 enclosed by the y-axis, the x-axis, the curve F x, and the
line x = ¢ is clearly a function of ¢. It will be denoted by G ¢. If ¢ is in-
creased by a small amount s, the added area is approximately s x F ¢
and therefore the slope of the function G ¢ is approximately F ¢. That is,

((Gt)+sxFt)—Gt
S

(D,G) t= =Ft (approximately)

" If, as will be shown,
(DG)t=Ft (5.20)

exactly, then the area can be determined simply by finding the function
G whose slope is F. If F is a polynomial, this is easily done by re-
versing the procedure described by Equation 5.7.

Fileoo 5.
= F x
) \_/
I
Gt =
+
QS
7 t t+s g

Figure 5.14 The area under a curve F x

For example, if F x is the parabola

Fx=9—-4xx2=(09,0,-4)IIx

shown in Figure 5.15, then G ¢ is the polynomial whose coefficients
are obtained from those of F by dividing successive components by
1, 2, 3, and then appending a leading component c¢. Thus
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Gt‘=‘<c,9,0,»—§)flt

Any value of ¢ will satisfy Equation 5.20, and the value of ¢ can there-

fore be chosen so that the area G t is 0 for =0, as required. Hence

0=G0= <c,9,0,’-§-)ﬂ0§c
and therefore ¢ = 0. Finally

Y AN 4
GtE(O,9,0,—§)IItE(9><t)—-§-><t3

 More generally, the area enclosed by the curve F x, the x-axis, and the ‘

lines x = a and x =t can be determined similarly. The only difference
arises in the evaluation.of the constant c. If this area is denoted by
H t, then H a must be zero and therefore for the curve F x of the pre-
ceding example ' '

OEHaE<c,9,0,~i>Ha
Therefore
. 4
O=c+ (9%a) —3xa
CE<§“X03)—9XCI
and

.o 3 3
Ht;‘<(%xa3>l—9><a)+ (9%x1) —4>;t

For example, if a = %, then ¢ = —132 and

~((_13 a4
o= ((-12).9,0,- )11

" The relation between the functions G ¢ and H t is shown by their
graphs in Figure 5.15; H ¢ is obtained by moving G ¢ vertically until
Ha=0. ) .
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Figure 5.15 The area under F= (9,0,-4) Il

This method of determining the area under a curve can be tested
by applying it to the function

Fx=(p,q)llx=p+qgxx

whose area (Figure 5.16) is known from geometry. In this case
GtE(c,p,%)Ht

and c is evaluated from the relation
GaE(c,p,%)HavEO

gxa*

Hence ¢ = —((p Xa) + 2a ), and finally
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2\ ' 2
G1=(- pxa) + L)+ pxn) + 155

=(t—a) X(p+%>< (t)+a)>

: . =(t—a)xX.5X(p+qxa)+p+gxt
=(t—a)x.5x(Fa)+Ft

which is the appropriate expression for the area of a trapezoid.

Ftl -

v

Figure 5.16 The area of a trapezoid

¢

According to "Equation 5.20, the area G t enclosed by the curve
F x, the x-axis, the line x= 0, and the line x = satisfies the relation

(DG)t=Ft
To prove this, reconsider Figure 5.14. Clearly

((G?) +‘s><Ft)2(Gt+s).2((Gt)+s><F't+s)
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Therefore

(Gt+s)—Gt
A

Ft= =Ft+s

and
Ft=(D,G)t=Ft+s

As s approaches zero, (D,G) t approaches (D G)t and Ft+ s ap-

proaches Ft. Therefore Ft= (D G)t=Ft, and (D G) t must equal

F t. If the function F t is increasing at the point ¢, the foregoing in-

equalities are all reversed, but the conclusion is obviously the same. (Do Exercises
Volumes. Consider a solid such as the one shown in Figure 5-35-537.)

5.17, whose cross-sectional area in all planes perpendicular to the

x-axis is some known function W of the distance x from the origin.

Then the volume V ¢ cut off by a plane at x = ¢ can be found by methods

analogous to those used for determining areas. From Figure 5.17 it

appears that

(DV)t=Wt (5.21)

where Wt is the cross-sectional area of the plane at distance ¢ from
the origin. If W ¢t is a polynomial, the function ¥ ¢ can be determined.
Moreover the proof of Equation 5.21 follows the proof of Equation
5.20.

t+s

Figure 5.17 The volume of a cone
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For example, in the cone of Figure 5.17,

Wt,E‘ﬂ'X(p')‘(t)2 ‘
=(mxp®)x (0,0,1)I1¢

Therefore
Vi=(mxp) (C,O,O,—I—)Ht

Again ¢ can be evaluated by notmg that Vo= 0 and therefore c=0.
Hence ' .

Vi=(mxp?) ><<0 0,0, ;)H

_(mxp?) 4

‘ 3 —sXPF

Since the area of the base of thlS cone is g1ven by
b=ax (pX l‘)2 v

V't can be reei(pressed in the more familiar form

bxt

Vi= 3

For the volume U of the frustum of the cone bounded by the planes at
distances a and ¢ from the origin, the constant ¢ can be evaluated ac-
cordingly. Thus , \

' 1
UtE(7T><p2)X(c,O,O,g)Htand‘UaE()j

—as

3 and

Hence c=
Uie (.7Z>;_P2> X (£ — a®)

The solid cone of Figure 5.17 can be conceived as being gen- '
erated by revolving the curve F x = p X x about the x-axis-The volume
of any solid so generated is called a volume of revolution generated
by F x. Figure 5.18 shows the volume of revolution generated by the
function F x=\x. The cross-sectional area at distance ¢ from the
or1g1n is clearly given by '

Wi=ax (Vi)=axt=mx(0, I)Ht
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Hence
VtE’ITX(C,O,%)Ht
and again |
c=0
Thereforé ‘

VtEWX(O,O,%)Ht*E.SXWth

’

Figure 5.18 Volume of revolution of the square-root function

'The foregoing methods for determining the areas and volumes
enclosed by curves succeed only if the slope function obtained is one
for which it is possible to détermine another function having that
slope. At present this means that the slope function must be a poly-

nomial, and the method therefore fails in some seemingly simple cases

such as determining the area of a circle (although the volume of a
sphere can be determined). Later chapters will extend the set of func-
tions which can be treated.

123
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Exercises

NotE: Ifa computer is avallable it may be well to perform some
of the indicated calculations by writing and executing programs.

5.1 (a) Draw tangents to the graph of the function G x of
Figure 5.3 at x= "1, 31, 0, ; ;, and 1.

(b) Measure the slopes of these tangents, and use the
measurements to make a table showing these slopes as
a function of x for the six indicated points.

(c) Add a third column to the table of part (b) to show the
values of Hx=14.(2Xx) —3 X x2? at the six points,
and compare with the values obtained for the slopes

. of the tangents. '

5.2 Repeat Exercise 5.1 for the graph of E x of Figure 5.4 for
x=-1.5,-.5,.5, and 1.5, making the comparison with
the value of E x at each of the points. ) :

5.3 (a) Graph the function Fx=x* 2 from x="2 to x= 2,
and draw the 'secant slope lines for the case s=.5 at
x=-2,-1.5,-1,-.5,0,.5,1.0,and 1.5. .

(b) Determine the slopes of the secant lines and make a
table of their values. .

(¢) Write an expression for the secant slope function
(D F) x, tabulate its values for the eight points of
part (a), and compare with the slopes deterrnmed in
part (b).

5.4 For each of the functions F x listed below:

(a) Determine the secant slope function D F for s =1, %,
1
and 16
(b) Tabulate the secant slope functions of part (a) for
=1, 0,1,and 2.
© Determme the slope function (D F) x.
List of functions:

(i) Fx=x%3
(i) Fx=2xx%3
(i) Fx=2+x%3
S ({v) Fx=(x%k2)+x%3

_(o L D\
(V)-Fx=(0,2,2)Hx

. 1 1 1),
(vi) Fx=(0,—6-,5,3)l'lx




5.5

- Exercises

' (vii) Fx=x
(viii) Fx=3xx
(ix) Fx=3

For each of the functions x * 2, x> 3, and x 4
(a) Determine the slope functions.

‘ (b) Graph the original functions from x=-1.5 to x= 1.5

5.6

5.7

5.8

5.9

5.10

5.11

and use the results of part (a) to draw tangents for
x=-1.5,-1.0,-0.5,0,0.5, 1.0, and 1.5.

(a) Use Equation 5.4 to determine the slope of the func-
tion Fx=x% 5,

(b) Use Equation 5.3 to determine the slope of Fx=x% 5,
and compare with the result of part (a). '

If Fx=x*%2and Gx=x% 3, show that

(@ FF=(F)XF

(b)) FG=GF= (F)><(F)><(F)—'(G)

) Fl+=14+2x)+F

dGl+=1+Bx)+BxF)+G

(e) (G)xF=(F)xG

) GXF=GG

(8 (G)+F=()

h G+F=1+G

(i F+G=1+(F)*2 S

(@ If Fx=+/utx and Gx=+/(tx)* 3, show that
= (F) X F (see Exercise 4.24).

(b) If Fx=x% 2, show that +/FLXE(O,%,%,%)HX.

Apply the rule for (1) the slope of the sum of two functions,
and (2) the slope of the function x * n to each of the func-
tions (i), (ii), (iii), and (iv) of Exercise 5.4, and compare the
results with those of Exercise 5.4 (c). Note that 2Xx
k3= (x%3)+x%3.

Apply the rule for the slope of the product of two functions
as well as the rules used in the preceding exercise to each
of the functions (v), (vi), and (viii) of Exercise 5.4 and
compare with the results of Exercise 5.4 (c).

For each of the functions listed below, two or more equiva-
lent forms are listed. For each form use the appropriate

“rules to derive the slope function D F, and compare the

results.

(@) Fx=x*k3=xxxkX2=xXxXx
(b) Fx=xXn=xxx*kn-1
) Fx=xk5=(x*k2)xx%*3

-
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5.12

5.13

_’5.14

5.15

5.16

(d Fx=3xxk4=(x*4)+ (x*4) +x%k4

() Fx=1+(x*k2)—xxx=1 '
For each of the polynomials listed below, ‘determine the
coeflicient vector p such that pIl x= (D F) x. Where two
equivalent forms are given, compute both and compare

the results.

(a) FxE(O,%j—)Hx

(b)Fxé<0 2.3 3>Hx

© Fx=((3xx*)—2xx2)+ (7Txx)-3
dFx=(1,0,0,0,DIIx=(1-x)x(0%:4)1Ix
e) Fx=(2,5,-8,10,7,-10,12) 1 x
=((1,3,2 4)Hx)><(2 -1,-1,3)IIx
) Fx=(1,2,6, 7)Hx
=((2,6,4 7)Hx)+( 1,74,2) I x

© sz<1+!o,b4)nxa(1,1 1,1,54)1“

7276
(h)y Fx=(1+'0,.9)IIx
(a) Write a program to determine p as a function of ¢
such that
plix=(Decll) x
(b) Write a program to determine p as a function of ¢ such
that p Il x is the nth derivative of ‘¢ Il x. Ensure that
p = c for the case n=0. (D D F is the second deriva-
tive of F, D D D F is the third derivative, and so forth.)
Consider the problem of Figure 5.10 for a rectangular
sheet 3 feet long and 2 feet wide, and determine the value
of x that yields the maximum volume.

The function P ¢ of Figure 5.11 (for the position of afreely
falling body as a function of time) is

Pt=16x1t%2
(a) Determine the functlon D, P for the cases s = 1 and

1 2
4’ ,

(b) Determine the slope function V= D p (that is, the
velocity as a function of time).

(c) Determine the function D D P (thatis, D V).

(a) Evaluate the function > x to three decimal places for

values of x from -2 to 2 in steps of one-half. (To save work,

compute each term by multlplymg the precedmg term by—
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and by noting that the terms in * k and > — k are identical

except. for sign.) ‘

(b) Using the results of part (a), compute the products
(k k) x>k — k for values of k from 0.5 to 2 in steps of
one-half.

(c) Corroborate the general result suggested by part (b)
by computing the first few coefficients of the poly-
nomial for (>k x) x %k — x.

5.17 Since the slope of * x is equal to >* x for all values of x,
\ Ckx+s)—kx
s
should be approximately equal to * x for small values of s.

@) Compute (D,*) xforx=1 and for s= l,é ‘11, d%,

the value of the secant slope (D,*) x=

and compare with the value of * 1.
(i) Compute (D *)x for x=1, 2, and 3, and compare
-~ with X 1, % 2, and > 3, respectively.
5.18 Letx —sXLS, lett=(1<¢S)/*kx,andleth=(5>.5)
[k x.
(i) For s=0.1, compute t and h correct to four decimal
places.

(ii)) Compute the difference d = h (t—h) +s, and ex- -

plain why the components of d are so small (see Ex-
ercise 5.17).
(iii) Write a program to determine the vector d as a func-
tion of s, using k terms of the polynomial for .
5.19 The results of Exercise 5.16 suggest the following identity:
Ckx)x*k —x=1

In other words, (> — x) is the reciprocal of * x. Prove this

identity by the following steps:

(a) Show that the function H x= (k x) X * — x is a con-
stant. (HINT: Show that the slope of H x is zero, using
the product rule and Equation 5.10 with r=-1.)

(b) Show that the constant function H x has the value 1 by
evaluating it for some value of x.

5.20 Evaluate the functions 4 x and Bx for x=-2 to x=2 in
‘ steps of 0.5 (use the terms computed in Exercise 5.16).
5.21 (a) Repeat Exercise 5.17, substituting (D,A) x for
(D,*) x and comparing it with B x rather than with
X x.
(b) Repeat Exercise 5.17, substituting (D,B) x for
(D,*) x and comparing it with 4 x.
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5.22 (a) Repeat Exercise 5.18, substituting 4« for * x and
redefiningdasd = ((5>¢5)/Bx)— (¢—h) +s.
(b) Repeat part (a), interchanging the roles of the functions
, A and B.
 5.23 Write programs- to evaluate each of the following func-
tions to an accuracy such that ‘the absolute value .of the .
first neglected term is less than a specified tolerance z.
(@) *kx ~
(b) Ax
(c) Bx
'5.24 Write a single program having arguments x,, x,, and x,

- which evaluates * «, if x,=0; 4 «, if x,=1; and B« if
x,="1, all evaluatlons being performed so -that the ab—
solute value of the first néglected term is less than a speci-
fied_tolerance x,.

5.25 Write a program to check the theorem suggested by the
results of Exercise 5.16 (b) for further values of k.
5.26 (a) Let e=>% 1=2.718 as determined in Exercise 5.16.

_3
Compute the following powers of e: e%, e %, e~}
_1 1 3 L ’
e -2 e e2 6, e2 €2, and compare them with the values

of k -2, %k — * 1, and so forth, obtained in Exercise

5.16. :
(b) Write a program to check the theorem suggested by the
results of part (a) for further values.
5.27 (a) Compute and compare the values of X x. + y and (k x)
x % y for a few values of x and y.
(b) Write a program to further test the result suggested by
part (a).
5.28 Establish the identity suggested in Exercise 5.27 by con-
sidering the expression:

(49), (et y) by,
12 13 14

*x+y51+(x+y)+

and collecting all terms in x°, all terms in x*, and so forth
to show that
y3 ' y?
*x+yE(l +y+—2+—3+ >+x>< (1 +y+—+—3+ )
2 2 3
5o

X y
2 <1+y+'2
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y? '
» ‘—3‘ ( +y+—+|—§~+ )-I-
L x3
E<‘1+y+—+—+ ) < +x+ '3+.'..)
= (ky) xk x '
5.29 (a) Evaluate the first few coefﬁcients of the'-polynorhial

((Cx)xCx)+ (Sx)xSx -

and compare them with the result of Equation 5.17.
(b) Evaluate the first few coefficients of the polynormal

(Ax)xAx)—(Bx)xBx

and conjecture a relatlon 31m11ar to that of Equatlon ‘

5.17.
(¢) Prove the validity of the relatlon conjectured in part
: (b).
5 30 (a) Repeat Exercise 5.17, substltutmg (D C)x for

(D,%) x and comparing with — Sx rather than with

X x.
(b) .Repeat Exercise 5.17, substltutmg (D S) x for
(D% ) x and comparing with C x.
5.31 (a) Repeat. Exercise 5.18, substituting C x for >|< x and re-
defining d as d = ((5>L5)/ Sx)— (t—h) = §.
(b) Repeat Exer01se 5.18, substituting S x for * x and re-
defining d as d—((5>L5) [Cx)—(t—h)=+s.
5.32 For each of the following polynomials of unlimited degree,
- make a table showmg the sum of the first n terms for values

of n from 1 to 6 and showmg (f p0531ble) the complete .

sum as grven by Equatlon 5.18.

(@ (1,1 1 ,1,1,1, 1 )H5_1+é+i+é+
() (11,1, )H ‘
(c) (1,1 1' O II.
(d) (4,4,4, )H
€ (1, —1 1 —1 STy
@® (1,1 1 1
(2 (1, ‘1 1 —1 1, -l )Hl
Throughout th1s exermse use Equatlon 5 19 to determme
error:bounds. .
(a) Use Equatlon 5. 14 to compute .the values (to three
drglts of accuracy) of the functrons Cx and Sx for the
7T 77' m

followmg values of x: 5T 0, = T 2
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(b) Write programs to evaluate S x and C x to a prescribed
tolerance ¢, and use them to compute S 7 ,C 7 ,S — 7,
and C — 7. ‘

(c) Write a single program (m the manner of Exercise 5. 24)
to evaluate any one of the functions %, 4, B, C, and S.

5. 34 (a) Without making any further evaluations of the func-
tions C x and S x, make as accurate a graph of them as
possible using the values computed in Exercise 5.33,
Equation 5.17 (to establish upper and lower bounds on
the values of the functions), Equation 5.15 (to draw
tangents to. the curves at the points computed in Exer-
cise 5. 33), and the fact that C is an even function and
‘that .S is odd. :

(b) Use the programs of Exercrse 5. 33 to evaluate the
functions: € and- S at about forty equally spaced points
from ~4 to 4, graph the results, and compare them with
the graphs produced in part (a)- .

- 5. 35 Determine the. areas enclosed by the x-axis, the curve

- Fx, and the lines x=a and x = ¢, for

f(a) Fx=x%2 - (oFx=(1,1,1)Ix
(b) Fx=4xx%3 ‘d) Fx=cllx
* - 5.36 Show that the function G ¢ of Figure.5.15 represents the
area between the curve F and the x-axis even for values
“of t>'1.5 (where Fis negative), provided that the area
enclosed’ by the negative portlon of the curve F is treated
as a negative area. :

¢ 5.37 Determine the entire area enclosed by the ‘x‘axis and the

~ . positive portion of the curve of the function F x = 4 — x*.

5.38 (a) Determine ‘the volume of revolution of the curve F x
Co=x%3 enclosed between planes at x=1 and x = 2.

(b) Determine the Volume of a hemisphere of radius r.
(Assume that the center is placed at the or1g1n)

5.39 Exercise 2.14 (d) shows how the equation-a> n=p can

‘ be solved for a by. computmg successwely better approxi-

matrons to a. The same method can be apphed to solve

Fa—

for any other functlon F '

. - A- much. faster method (requmng fewer approxima-
tions) can be derrved by using the slope of F in the calcula-
tion of a new approxrmatron From the accompanylng

111ustrat10n it is clear that
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.
p — -
Fa : S
.y (DF)a=l=LE
%""“\o
2 _p—Fa
_ B ¢“(DF)a
. EE a L a’Ea»»+’e‘
c=pP-Fa
(DF)a
1s a good correctlon Hence '
-a<—a+(p Fa) (DF)a

5.40

ylelds an 1mproved appr0x1matlon T

(a) Revise Program 2.6 to apply this method

(b). Write a program using this method to determine areal
zero of the polynomial ¢ IT x (that is, a real number x
such that ¢Il x=0). Assume that an initial approxi-
mation b, and a tolerance b, are given.

(c) Write a program to determine the value of x such that
S x =1 to within a tolerance ¢. Execute the program for
t=.00001 using x=3.14+2 -as an initial approxi-
mation. ‘

The abbreviated notation introduced for composite func-
tions was limited to functions of a single argument. Hence
F =+ 1+ indicates that F x=x + 1 + x. The notion can be
extended to functions of many variables by simply re-
quiring that the successive positions to be filled by argu-
ments be filled by distinct arguments. Then F=+ 1+
would indicate that F is a function of two arguments and
that x Fy=x+ 1+ y. Using this definition of F compute
the following:

(@) Fl/xforx=1,2,3
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5.41

5.42

(b) F/un, for values of n from 1 to 6

(c) F/1,1,1,1

(d) F/0##un, for values of n from 1 to8

(e) F/3,7,15,1,256

Using the scheme of Exercise 5.40 to define dyadic func-

tions, the expression + 1+ represents a dyadic function

and therefore (+1=)/2,3,4=2+1+3+ 1+4Ei—(3).

If ¢ is any vector, then (+ 1+)/ c is called the continued

fraction defined by the vector ¢ (see, for example, C. D.

Olds, Continued Fractions, L. W. Singer, 1963).

(a) Show that if the components of ¢ are all positive, then
each of the successive valuesof (+1+)/ (j=tpe) /e
forj=1, 2, 3,...fall between the preceding pair.

(b) Show that (+1+)/c.n approaches a limiting value
as n increases.

If fis a vector such that f=f,=1and f;, , =f;+ f;_, for

j>1, then fis called a vector of Fibonacci numbers.

Leth=(pf)>cpfandlett=1<'pf.

(a) Compute the value of ffor p f=9.

" (b) Prove that 1, £+ 0, h/ fis also a Fibonacci vector.

(c) Compute the vector (t/f) + h/ fand compare its com-
ponents with the results of Exercise 5.40 (d).
(d) Prove the relation suggested by part (c). '




Chapter Six

Circular Functions

"The Sine and Cosine Functions

If P is a point on a circle with center at the origin and with a
radius of 1 unit, then the length of arc measured counterclockwise
from the point (1.,0) to the point P-is called the arc of the point P.
In Figure 6.1, for example, the arc of P is 1 and the arc of Q is 0.5.

— X
A(1,0)

D

Figure 6.1 The arc of a point on the unit circle
133 ‘




134

of the pomts A B, C, and D of Flgure 6.1 are 0

Chapter Six Circylar F unctions

If P is the point (x,y) and a is the arc of P, then the values of the

 coordinates x and y are uniquely determined by the value of a. In

other words, x and y are functions of a. The function which determines

- the vertical component of P is called the sine function, ahd the func-

tion which determines the horizontal component is called the cosine.
Thus y = sine a and x = cosine a. The terms sine and cosine are often
abbreviated as sin and cos respectively. :

The length of a semicircle of unit radius is denoted by the sym-
bol' 7 and is approximately equal to 3.14159. Consequently, the arcs

w, andgxw,re

2 29
spectlvely The followrng relations are therefore evident:
cos0=1 . - - .sin0=0.
Tr : ZZ =

oesp=0 o sing=l

cosm=-1 - sint=0

co'ix =O‘ I» 3>< =-1

Sy xXm= sin FXT

An arc measured clockwise from the reféerence point (1,0) is
considered to be negative. Hence the arc of point D can be considered

as —% as well as %x . Likewise: the arcs of C and B are —m and

3 . ' . -
-3 X, Consideration of the points E and F and the points G and H

of Figure 6. 2 shows that in general (because of symmetry about the
x-axis)

c.os—a_slcosa } ©.1)
sin—a=—sina

In other words, the cosine function is even and the sine function is odd.

As illustrated in Figure 6.3, an arc of length greater than 2 X 7

(that is, one circumference) can be measured off. From the figure it is

clear that cos (a+2x)=cosa and that sin (a+2 X 7) =sin a.

More generally, if n is any integer (positive, negative, or zero), then

cosa+nx (2Xm)=cos a} (6.2)

sina+nx (2x ) =sina

The sine and cosine functions therefore repeat themselves at intervals
of 2 X 7r and are said to be periodic functions with period 2 X .




The Sine and Cosine Functions

-~ Figure 6.2 The even character of the cosine and the odd character

. of the sine

Figure 6.3 An arc exceeding 2xw
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[ e ——

Figure 6.4 Method of graphing the sine and cosine functions




The Sine and Cosine Functions

The sine and cosine functions can be graphed by the method

. of Figure 6.4. Figure 6.5 shows the graphs superimposed and ex-

tended to negative values of the argument. The even character of the
cosine, the odd character of the sine (Equation 6.1), and ‘the perio-
dicity of both (Equation 6.2) are evident from Figure 6.5.

Figure 6.5 The sine and cosine functions

Figure 6.5 also shows that the graphs of sine and cosine are
. . T ) . . T .
displaced horizontally by 7 More precisely, sina = cos a 5 Since
cosine is an even function, this can also be written as

sina= cos%— a , (6.3)

Arcs a and b are said to be .complementary if their sum is -721 The

arcs a and 5 —a are clearly complementary, Equation 6.3 therefore

shows why the term cosine is used for the second of the 01rcular func-

tions. Moreover sin—; —cos————cos 7 as can. also be seen in

4 2 4
Flgure 6.6 from the symmetry about the line through P and the origin.
The application of the Pythagorean theorem to Figure 6.7 reveals

~ another important property of the circular functions:

(sina)?+ (cosa)2=1 (6.4)
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’
¥ /s
’
’

Figure 6.6 Equality of the sine and cosine of %

y

Figure 6.7 (sina)?+ (cosa)?=1

-
N




The Sine and Cosine Functions

Slnce smz= cos g Equatlon 6.4 shows that smz= cos —\/0 5

. Figure 6.7 also shows that the sine an_d_ cosine functlons can be
used to describe the relations between the sides of a right triangle
having a hypotenuse of length 1. They can also be used to describe the
relations in a right triangle of arbitrary size, as shown in Figure 6.8.
Since the triangles 40C and BOD are similar, the correspondmg 81des
are proportlonal

OB _BD _OD-
04 AC oOC

Since OA =1, AC =sina, and OC = cos a, then
BD OB x sina 4

and ‘

' OD = OB X cos a

It is frequently convement to treat a mangle such as BOD w1th-
out explicit reference to its intersections with the unit circle having
center O. For this reason one speaks of the angle formed by the lmes
DO and BO and denotes this angle by £ DOB. However, the measure
of this angle is the length of the arc it subtends on the unit circle having
center O. The measure of an angle is frequently indicated by writing its
value beside a curved arrow between the sides of the angle, as in Fig-
ure 6.8. This curved arrow stands for the arc of the unit circle sub-
tended by the angle. _

B

'BD=0B xsina
OD=0OB xcosa

Figure 6.8 Relations in a ri'ght‘ triangle BOD
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Since an argument of either of the circular functions is the meas-
ure of some angle, this argument itself is frequently referred to as an
angle. It must be emphasized, however, that the terminology and

_ notation for angles is merely an (often confusing) abbreviation:

“/DOB” or “the measure of ZDOB” simply means the length of arc
subtended by the lines DO and-BO intersecting the unit 01rcle havmg
center O.

Because the arc which determmes the measure of an angle must

be measured in the same metric units in which the radius has length 1,

the unit of measure of an angle is called a radian. Thus the measure'

of a right angle is '721 radians. Measures of angles are often expressed

in degrees, with 360 degrees corresponding to 2 X 7 radians. A meas-
urement expressed in degrees is usually indicated by a small raised

. . o . .
circle or degree sign; thus — radians corresponds to 45°. Radian meas-

4 o
ure will be used throughout the present treatment except when dealing
with standard tables of the circular functions, ‘which are commonly

- expressed in degrees.

Addition Theorems for the Sine and Cosine

An identity for the value of F x + s is called an addition theorem
for the function F. An addition theorem is very useful in the study of
a function. In particular, it is useful in evaluating the expression
(F x + s) — F x which occurs in the expression for the secant slope
of F. The binomial theorem used in deriving the slope of the function
x> n is an example of an addition theorem. .

Addition theorems for the sine and cosine will now be derlved
with the aid of Figure 6.9. The line segments OR, OM, and ON are
radii of a circle of radius 1, and ZROM, LMON, and ZRON have
measures of x, y, and x + y radians respectively. The segments NV
and QT are dropped perpendicular to. OR, N Q is perpendicular to
OM, and QP is perpendicular to NV.

The angles PNQ and PQO are equal, since each is complemen-

tary to NQP; and angles PQO and ROM are equal, since they are

alternate interior angles with respect to two parallel lines and a trans-

versal. Hence ZPNQ = ZROM, and /_PNQ therefore has the meas-

ure x, as indicated in the figure.
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2 [(Sy)xCx >

Nl (Cy)xSx

-
+——(C y) X C x—~——i

NV=S(x+y)=((Sy)xCx) +((Cy) %Sx) ‘
OV:=C (x+y) =((Cy) xCx) ~((Sy) x Sx)

Figure 6.9 Addition theorems for the sine and cosine functions

Using MO as the reference line, it is clear that the length of seg-
ment NQ is equal to sin y (abbreviated S y in the figure). Likewise the
length of segment OQ is equal to cos y (abbreviated C y in the figure).

Using line PN as a reference line and using the results displayed
in Figure 6.8, it is clear that the length of segment NP is (siny) X cos x
and the length of segment PQ is (siny) X sinx. A similar argument
-shows that the segments QT and OT have the lengths indicated in the
figure. ‘

Finally, the length of NV is sin (x + y), and since it is also equal
to the sum of the lengths of NP-and QT, it follows that

sinx +y=((siny) X cosx) + (cosy) X sinx (6.5)
Similarly )
cosx+y=0V=0T-QP

and hence

cosx+y=((cosy) X cosx) — (siny) X sinx (6.6) (

141

Do Exercises
6.6-6.10.)
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The Slope Functions of the Sine and Cosine

The slope of the sine function can now be obtained by using the
methods of Chapter 5 and the addition theorem (Equation 6.5): .

(smx+ s) —sinx

D, 51 5
z (((sin s) X cos x) + (cos §) X sinx) — sin x
N o s
—(Slgsxcos ) #x sin x o (6.7)

The slope function (D sin) x can be obtained from the foregoing ex-
pression for the secart slope by determining the limiting values of the

sin s 1—coss .
and p as s approaches zero.

factors

From Figure 6.10 it is clear that the lengths of the arc R4, the
line segment NA, and the tangent TA satisfy the following relations:

NA=RA=TA

NA=arcRA=TA

TAXcoss=1
sin s

1-coss=NR=NT=TAXsins=—
) cos s

ins 1—coss
and

Figure 6.10 The limiting values of > p

as s approaches 0
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Therefore
sins_sins_sins
> >
NA — RA — TA

But NA—sms and RA—s and TA— sin s

and OT X cos.s = 1). Hence

(srnce TA=OT xsin's

sin s )
1 >T> CcoOs S

The ratio T therefore lres between 1 and cos s. But as s approaches

0, cos s approaches 1, and‘hence’the limiting value of —SISE must be 1.

l—coss NR N

Similarly, PR and (since L NAT = = 5)

NT TAXsins _sins _sins
s s coss s

g l—coss __sins _sins sin s .
Therefore - X . But as s approaches 0, —— and
s Tcoss’ s s
coss each approach 1 and sm s approaches’ 0 Hence the limiting
—Ccoss
value of T——— is 0.:

To summarize:

Sl% approaches 1 as s approaches 0

1 - cos ©8).

. approaches 0 as s approaches 0

These results can now be substltuted in Equatlon 6.7 to y1eld the
slope functron of sin x: .- . : ,

(Dsrn)x—cosx’ S (69)

ThlS srmple result. can be. corroborated by the graphs of Fig-
ure 6.5. The slope of sin a for any value of a is seen to be equal to
the Value of the cosine for that same value of a. In pamcular for

a= 2 the slope of sm a 1s 0 asis the Value of cosa; and for a=m,the

slope of sina is ~1, as is the Value of cos a. ,
The slope function of cos x.can now be obtamed by an analogous
use of Equation 6.6:" :
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(cosx+s) —cosx

s
_ (((cos s) x cosx) — (sins) X sinx) —cosx
s

= ((Mi_)__l) X cOs x) - (S—ISIE) X sin x

Again using Equation 6.8 for the limiting values of the factors involving
s, the slope of cos x becomes

(D, cos) x=

(Dcos) x=—sinx ‘ (6.10) -

-Equations 6.10 and 6.9 can be rewritten as follows:

D cos = — sin)
D sin = cos } (6.11)
Consequently
DDCOSED(—Sin)E—COS ‘ ‘
D D sin= D cos = — sin } 6.12)

Polynomial Approximatiohs for Sine and Cosine

The patterns of Equations 6.11 and 6.12 were encountered in

Chapter 5, in the study of the pelynomials C x and § x. The relevant .

equations (5.15 and 5.16) are repeated here for comparison:

DC=-S5 ,

DS=cC } (5.15)
DDC=-C) , ‘
DDSE;S}‘ (5.16)

From Equations 5.16 and 6.12 it is evident that the functions S .
and sine are similar in behavior, as are C and cosine. Two functions
can have the same slope functions and yet differ by a constant as illus-_ .
trated in Figure 5.9. Note, however, that sin x and S x agree for x= 0,
~ that is, srn() S 0. Moreover, since cos0=C0=1, Equatlons 5 15

. and 6. 1 1 can be used to show that the slopes of smxandS x also agree - -
atx= 0 that is, (D sin) 0= (D $)o0. Slmrlar arguments can be used to

" show s1mllar agreement between cos.x and C x.

The functrons sinx and S'x aré in-fact. 1dent1cal as’are eos x and
_ C x; the notation “cos” and- “sin” wrll now be replaced by the equlva-’ :
~lent notation “C” and “S.” -

The functions C and S rnust of course satlsfy the addmon theo-
rems of Equat1ons 6.5 and 6.6. Although these relations were easrly

I
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derived from geometry, they are not at all obvious from the definition
of the polynomials C and S. The theorems can be corroborated, how-
ever, by applying them for specific values of the arguments x and y,
and also by computing the first few terms of the polynomial for S x +y
and comparing these terms with the coefficients 1n the expression
indicated in Equation 6.5.

‘It is also interesting to. compare Equations 6.4 and 5.17:

(sina)2+ (cosa)?=1
(Sa)+(Ca)=1

The values of C x and S x can also be computed and compared with
cos x.and sin x for values of x (such as — e 2, and ———) for which the

values of cos x and sin x are known.

The Tangent Function

The tangent function T x is defined as the quotient (Sx) +~ C x
in abbreviated form

=(85)+C (6.13)

The reason for the name tangent is evident from Figure 6.10, where

the length of the tangent segment T4 is shown to be' equal to > cos 5’

‘that is, to T'gs.

The tangent functxon T x can be evaluated by evaluating S x and
C x and computing their quotient. Whereas the sine and cosine func-
tions are bounded by the value 1 (that is, their absolute values never
exceed the value 1), the tangent function is unbounded and becomes
infinite at points where C x is zero.

Tables of the Circular Functions

Brief tables of the sine, cosine, and tangent functions are pro-
vided in Appendix B for arguments from 0 to %, that is, for angles

from 0 to 90 degrees. More extensive tables, using a smaller interval
between successive values of the argument and providing greater
precision in the functions, are readily available. '
If the value of the argument x falls somewhere between two suc-
cessive argument values a and b in the table, then F x can be deter-
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(Do Exercises
6.12-6.14.)

(Do Exercises
6.15-6.17.)
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mined as a weighted sum of F a and F b as follows:

X—a

Fx=(Fa)+ (3=2)x (Fb) -

This is called linear interpolation because, as shown in Figure 6.11,
it evaluates F x as if the function between the arguments a and b were
a straight line passing through the points (a, F a) and (b, F b).

Figure 6.11 Linear interpolation for the function F

For example the sine of 6.16 degrees is derived from the table
entries

sine of 6° = 0.1045
sineof 7°=0.1219 -

as follows:

sifie of 6.16° = 0.1045 + (6—‘17—6:—66'9

=0.1073

The table can also be used to determine values of the inverse
functions, that is, to determine the angle corresponding to. a specified
value of sine, cosine, or tangent. For example, if the sine of x is 0.43 84,
then a search of the column for the sine shows that this value corre-
sponds to an angle of exactly 26°. Interpolation can of course be ap-
plied in this inverse use of the tables as well. For example, if the sine

)x (0.1219—0.1045)
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of x is .4462, then the nearest table entries above and below are

sine of 26° = .4384
~sine of 27° = .4540

Linear interpolation then gives

4462 — 4384

x=26"+ 7540 = .4384

X (27° - 26°) = 26.5° ,
o (Do Exercises
: : 6.18-6.24.)

Applications of the Circular Functions

Applications. of the circular functions fall into two major classes,
geometric and nongeometric. The nongeometric applications to be
treated are:perhaps more interesting but require some knowledge of
physics. The treatment of the physical principles employed may be too
brief to satisfy some readers. However, since these examples are only
intended to illustrate the wide range of application of the circular
functions, the reader should follow the examples without worrying
about the full significance of the physical concepts introduced.

Geometric applications. Geometric applications concern
surveying and related problems. For example, the height & of a build-
ing can be calculated from the measured angle a and the horizontal
distance b measured from the base, as shown in Figure 6.12. From
Figure 6.12 and the relations shown in Figure 6.8, it is clear that
h=rxSaandb=rxCa.Hencer=b+Caandh=bx (Sa) +Ca.

building

T b

béera o
h=bx(Sa)+~Ca=bxTa

Figure 6.12 Calculation of height

-



148 . Chapter Six Circular Functions

For example, if a= 0.5 radians (28.65°), and b= 200 feet; then

_(1 1 | 1
Sa= (2 48) * (3840‘ 645120) T
=.4794...
1 1 1
Ca= (1 - 8) (384 46080) -
= 8776
and hence
4794 , . '
h=200x m= 109.2 feet, applfox;mately.

This result could also be obtained by using the table of circular
functions in Appendix B, in which case it would be necessary to con-
vert the measure of the angle to degrees. It would also be more con— ‘
venient to use the equ1va1ent expresswn h=bxTa.

dxX (Ta)xTc
(Ta) -Tc

Figure 6.13 h=

Figure 6.13 illustrates the similar but slightly more complex
problem of calculating the height of a mountain, where the distance
to the base (that is, the horizontal distance to a point directly below
the summit) cannot be measured directly. However, the distance from
point: P to a point Q (which is at the same level as P and directly be-
tween P and the vertical through the summit) can be measured, as can
the angles to the summit from both P and Q. As shown in the figure,
these measures are denoted by d (m feet) and by ¢ and a (in radians),
respectively.

It is clear from the figure that

S

h _Sa
b=d Ca

Ta

_Sc_
b=Coc —chand
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Therefore

h —(b—d)xTa= (21—
b= and h= (b d)xT-a—< d)xTa

Tc
Multiplying both sides by T ¢ and collecting terms in 4 gives
hx (Tc)—-Ta=—-dx (Ta)xTc

Therefore dx ( T a) X T c

h= (Ta)-Tc (Do Exercises

v _ , 6.25-6.26.)

" Nongeometric applications. An electric generator produces .
* a voltage by rotation of a coil in a magnetic field as illustrated in Fig-

ure 6.14. The amount of magnetic flux F x passing through the coil

Fx=sxIxwx§x

Figure 6.14 Magnetic flux through a generator coil
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when it is inclined at an angle x to the direction of the magnetic field
is equal to s X I x wXx § x, where s is thé field strength and where [ is
the length, w is the width, and /X w is the area enclosed by the coil. If
the coil rotates at a constant angular velocity of v radians per second,
then the angle x is a function of the time ¢

x=vXt
Hence the magnetic flux through the coil is also a function of the time #:
Ft=sxIxwxSvxt '

The voltage generated in the coil at any instant depends, how-
ever; not directly on the amount of flux through the coil but rather
on the rate at which the flux is changing. Hence the voltage function
V't is the slope function of F ¢

Vi=(DF)t

If the angular velocity v is eqhal to 1, then (from Equations 5.6
and 6.9) -

Vi=(DF)t=(D (sXIxw)xS8)t
=(sxIxw)xCt

Hence the voltage is proportional to the cosine function. The graph of
the cosine in Figure 6.5 shows that an alternating voltage is produced,
the maximum voltage occurring when the coil is horizontal, and a
change in direction of voltage occurring when the voltage passes
through zero at angles of % and % X 7r radians.

For a general value of the velocity v, the relation (DS v X) ¢
=v X Cv Xt (established in Exercise 6.27) can be applied to give the
following general expression for the voltage:

Vi=vX (sXIXwXCvXt)

This result shows that the voltage generated is proportional to the
angular velocity of the coil.

The vibration of a mass freely suspended from a spring turns
out to be a motion which is a sine function of the time ¢. The less
familiar electrical vibrations or oscillations produced by connecting
a coil to a charged condenser have the same form, and the reasons for
the similarity become apparent in the equations describing the me-
chanical and the electrical vibrations. An example of each will now
be examined.. : : '
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/

Let a weight of mass m be suspended from a spring, and let P ¢t
be the function which describes its position as measured from its
equilibrium position (with positive direction downward), as shown in
Figure 6.15. Since the force required to stretch a spring is propor-
tional to the distance it is stretched, the force applied to the weight
at time ¢ is : :

Ft=—kxPt
4 —
4
P
I
P
1— ~
v [~
2= l«b
— L ]
4— &

Figure 6.15 Position (Pt), accelerating force (Ft), and accelera-
tion (G t= (D D P) t) for a vibrating body.

The mmus ‘sign 1nd1cates that the direction of the force F tis opp051te
to the direction of the displacement from the zero position. '

~ But the acceleratlon of a mass m is related to the applred force
Ftas follows

Ft=mXxXGt
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Hence the acceleration G ¢ at time ¢ is given by

Gt=ﬂ——£th
m m

The velocity V¢t is the rate of change of the position P ¢, that is,
V t= (D P) t. Since the acceleration is the rate of change of the veloc-
ity, then ‘

Gi=(DV)t=(DDP)t

Therefore
k
(DDP)t=—-——XxPt !
m

If the mass and the stiffness of the spring (m and k) are chosen
k
so that EE'I’ then (DD P) t= — Pt. Both the sine and the cosine

functions satisfy this same relation and, more generally, if a and b are
constants, then the function Pt= (a X sin ¢) + b X cos ¢ satisfies it as
well. For

(DP)t=(axcost)+bx—sint
and
(DDP)t=(axX—sint) +bx—cost=—Pt

The constants a and b are determined by the initial position and
velocity of the mass at time ¢ = 0. For example, if the mass is released
from rest (that is, zero velocity) at an initial position i, then

= (axsin0)+bxXcos0=i
(DP)0=(axcos0)+bx—sin0=0
Therefore b =i-and a = 0. Finally
Pt—zxcost

The case of general values of & and m will be treated in the exermses' :
- The electrical circuit of Figure 6.16 contains a coil and a charged

" condenser (capacitor). The voltage V ¢, the current J ¢, and the amount

of electrical charge in the condenser Q ¢ are all functions of time. They -
are related exactly as were the -acceleration, velocity, and. position -
functions of the preceding mechanical example.-If [ is'the inductance
of the coil in henries, and c is the capacity of the condenser in farads,
then the voltage across the coil (which depends on the rate of change
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of the current J t) is given by X (D J) ¢, and the voltage across the

1
condenser is — >< ot

b current J ¢
’'y

": -

Q o]

v X ——
i -] o

hN >

v
l— Ihenries c farads—]

Figure 6 16 Re]atnons between voltage V't current J ¢, and charge
Q t in an oscillating circuit -

Since the coil and condenser form a complete circuit, the sum of
these . voltages must be zero and therefore (since (DJ)t= (D D Q)1)

’—iths—‘zx (DD Q)¢

[
Hence )

Qt—-—(cxl)x(DDQ)t

153

If ¢ % l— 1, the functlon Ot clearly has the same form as the functlon S

Pr o

Qt— (a><s1nt)+b><cost

Therefore the - charge Q (and hence the voltage across the condenser)
‘ osc1llates in a manner analogous to the oscillations of a mass sus- (Do Exercises
pended on a spring.

6.34-6.36.)
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/

. Exercises

6.1 (a) Determine the values of sin x and cos x for x= —%,

T omw :
,0,4 2,3 4,and7><-‘-1-

(b) Use geometrlc methods to determine the values of sin

1

3 T and cos—3. ,

. (E:) Determine the values . of sin% and cos%r. ‘

N

I ' _—
6.2 An angle whose measure lies at or between 0 and > radians

is said to be in the first quadrant or is said to be a principal
angle. For each of the following angles, express the value
of its sine in terms of the sine of an angle 1n the ﬁrst

~quadrant.

(a) 3x7 radians ‘ (e) 5 x7 radians

(b) —g radians ‘ \(f)’ 5x % fadians

© 7 x% radians (g) 3 x m radians o
3 X%radians , |

6.3 For each of the angles of Exercise 6.2, express

(i) the cosine in terms of the cosine of ‘a principal
angle
(i) the sine in terms of the cosine of a principal angle
(iii) the cosine in terms of the sine of a principal angle

6.4 Write programs which will determine for any érgume’n’t x
(expressed in radians) the factor f and principal angle p
such that f==+ 1 and ; '
(@) sinx=fxsinp - (© sinxsfxcosp
(b) cosx=fxcos p (d) cosx=fxsinp
Note that x may be negative or may exceed 2 X .

6.5 Write programs which will determine for any argument x
(expressed in radians) the factor f, the angle h, and the

“function selector” s such that 0 = h= < 72 and




6.7
6.8

6.9

Exercises

/(a) siﬁxs((s=0)><f><cosh)+ (s=1) X fx sin h.

(b) cosx=((s=0) Xfxcosh)+ (s=1)yxfxsinh

Use the addition theorem for the sine function (Equation |

6.5) to evaluate sinx+y for the following values of x
and y, comparing each result w1th the known value of the
sine of x + y:

(@) x= 2,)’ 2 (e) x*% y=%
(@{=WJ—% (ﬂx—g -z

© x=my=m @ x=T.y="
(d)\X—4,}’—Z (h) x=2xm,y=a

Repeat Exercise 6.6, substituting cos x + y for sin'x + y.

(a) Use Equation 6. 1 and the addition theorem for the sine
to 'show that

sinx —y=((cosy) x sinx) — (siny) X cos x
(b) Show that ‘ - ‘
cos x —y=((cosy) X cos x) + (siny) X sin x

Use the addition theorems for the sine and cosine to prove
the following:

(a) sin2xx=2x (cosx) Xsinx

(b) cos 2 X x= (cos x)? — (sinx)?

(c) cos2Xxx= (2% (cosx)2) —1 (Use Equatlon 6. 4)

(d) cos2xXx=1-2x (sinx)2

‘(e) cosy+2==+V (1+cos y) +2 (Use,the result of

part (¢) with x=y~+ 2. The symbol = means that one
or the other sign is correct, not both.)

A(f) siny+ 2—+\/(1-cosy) 2 (Use the result of

6.10

- part (d) with x=y+2.)" .
For the following values of y, use parts (e) and (f) of Ex-
ercise 6.9 to determine the values of sin y + 2 and cos y + 2,

_and where possible compare the results with known values:

6.11

@ 2xmw © 5 | © 7
®) @ 3 ® ¢
For each of the angles a=0 xZ T, 2 X ar, and 2,

’4 2’ 4’

155
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6.12

6.13

6.14

6.15

make a table showing

(a) the slope of sina as determlned graphically from Fig-
ure 6.5 (by laying a ruler tangent to the graph of sina
and measurmg its slope as accurately as possible)

(b) the slope of sin a as determined by Equation 6.11 and
the graph of cos a in Figure 6.5 ’

(c) the slope of cos a as determined graphically

(d) the slope of cos a as determined by Equation 6. 11

Use the polynomials of Equatlon 5.14 to evaluate the func-

tions S x andfoorx Z > E 3»>an nd — 6’ compar-

ing each result with the known values of sinx and cos x.

In this exercise use the program of Exercise 5.33 (b) to

evaluate the functions S and C. For the cases x=0, %,‘
;, and 1, compare the values of

(@ Sx,Sx+2xm,and Sx— 2><7r(SeeEquat10n62)
b) Cx,Cx+2xm,and Cx—2Xm
(c) Cx and C — x (See Equation 6.1.)

‘d) Sxand —§ —x

(¢) Sxand C T x (See Equation 6.3.)
2 _

«)mem5x+g

The evaluation of the polynomials for the sine and cosine

(Equation 5.14) requires the use of a large number of terms

if the argument is large. The programs required in Exercise

6.5 reexpress the functions sin x and cos x in terms of sin &

and cos h, where 0= h= Z

(a) erte an efficient program for the evaluation of S x
based on Exercise 6.5.

(b) Write an efficient program which evaluates cos x 1f '
g=0,andsinxif g=1.

Use the polynomials for S x and C x to compute the fol-

lowing values of the tangent function:

@ T% » © TO

. .
EORS @ T3

6.16

Establish the following 1dent1ty




6.17

6.18

6.19

6.20

6.21

Exercises

‘ 1+ (Tx)xTx=1+(Cx)xCx

Use the addition theorems for the sine and cosine to de-
rive similar expressions for the following tangent functions.
Check each result by applying it to at least one case for

which the correct result is known (for example, for x= Z6T_’
‘szxsT%sx/s).‘ _,

(a) Tx+y (c) T2xx

(®) Tx=y (@ Tﬁ

For angles with measures of radlans make a
2’ 3 4 6

table showing

(a) the corresponding number of degrees

(b) the sine as determined from Appendix B

(c) the cosine as determined from Appendix B

(d) the sine and cosine as determined in earlier exercises

(a) Use linear interpolation in the table of Appendix B to

determine both the sine and the cosine of an angle of

1 radian.
(b) Use Equation 6.4 to check the result of part (a).
(c) Use the polynomials for S x and C x to check the re-
sult of part (a).
If Sx, C x, S a, and C a are known, then the addition theo-
rems can be used repeatedly to obtain first S x+ a and
Cx+a,then Sx+2xaand Cx+2xa,then Sx+3Xa
and C x + 3 X a, and 'so on.
(a) Compute S0, C0, §.0175, and C .0175-and use them
with the addition theorems to compute the first few

entries of a table of sines and cosines for an interval of

.0175 radians. (NoTE: .0175 radians equals 1 degree.)
(b) Write a program for the method of part (a), mcludmg
the calculation of §.0175 and C .0175.
(c) Execute the program of part (b) and compare the re-
sults with the tabulated values of Appendix B to ob-
serve the cumulative effects of round-off error.

Use the tables of Appendix B to determine the principal

angle (in radians) whose ,

(a) sine is —;—

(b) cosine is %
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[

6.22

6.23

6.24

6.25

- 6.26

6.27

6.28

‘(c) tangent is 1

(d) sine is .6 (use interpolation)

(e) cosine is .3 (use interpolation)

For a circle of unit radius, the perimeter of the circum-

scribed hexagon is clearly 12 X T % Use the result of Ex-

ercise 6.17 (d) and the method of Figure 2.7 to develop a

program for approximating 7 by the perimeters of cir-

cumscribed polygons.

(a) Write an expression for the altitude of a triangle in
terms of the length of one side and the angle (in radi-
ans) which it makes with the base.

(b) Write an expression for the area of a parallelogram in
terms of its sides and the smallest included angle.

Write a program to determine the angles in a right triangle

whose legs have lengths x and y. (Use the polynomials for

S x and C x and the method of successive approx1matlon

employed in Program 2.6.) -

(a) Determine the height of a building if the line of sight
to the top from a point 148 feet from the base makes an
angle of 56° with the horizontal..

" (b) Determine the distance of a point from the base of a

building if the line of sight to the top makes an angle
of 37° with the horizontal and the bulldmg is known
to be 240 feet high.

Determine the height of the mountain of Figure 6.13 if

d= 4800 feet, c = 26°, and a = 39°.

(a) As stated in the discussion of Figure 6.14, (D Sv X) ¢
= v X C v X t. Prove this result by determining the slope
of the polynomial

SVXtE((vxt)-(vxt)3)+((v><t)5__(vxt)7>+

13 15 17
obtained from Equation 5.14.

‘ (b) Determine the slope of the function C v X t.

If the coil in the generator of Figure 6.14 has n turns rather
than 1, the voltage produced is increased by a factor of n
and the expression for the voltage becomes

Vi=nxvXsxIxwxCvxXt

* where v is the angular velocity in radians per second, s is
~ the field strength in webers per square meter, and / and w




6.29

6.30

6.31

6.32

Exercises

are the coil dimensions in meters.
(a) At what angles do the maximum values of the voltage
. occur?
(b) What is the maximum voltage produced if s=.08252
‘webers per square meter, v= 120 X 7 radians per sec-
ond, [ = .1 meters, w= .05 meters, and n= 1000 turns?

(c) What is the voltage produced at the instant when

1 .
e 9
1= 180 seconds?

(d) For any periodic function of time, the frequency of
the function (expressed in cycles per second) is de-
fined as the number of periods occurring in one second.

What is the frequency of the voltage produced by the

generator?

Use the results of Exercise 6.27 and Exercise 6.9 to show

that

has the slope function (C x)2

(a) the function % + 52 4>< x

(b) the function % - §2 o

Use the methods of Chapter. 5 to-determine

has theA slope function (S x)2

(a) an expression for the area to the left of the line x=1¢"

and enclosed by the x-axis and the sine function S x
(The expression must be valid for 0 == 7.)

(b) an expression for the area enclosed by the x-axis, the
cosine function C x, and the lines x =0 and x=1

(c) the area enclosed by the x-axis and the first loop of the
sine function (that is, from x= 0 to x= )

Use the methods of Chapter 5 and the results of Exer-

cise 6.29 to determine

(a) the area enclosed by the x-axis, the function (S x)
X § x, and the line x=¢

(b) the area enclosed by the x-axis and the first loop of the

function (Sx) x S x
(c) the area enclosed by the x-axis and one loop of the
function (C x) X C x
As shown in Figure 6.14, the voltage generated for and
available in domestic wiring is a function of time ¢ and has
the form

Vtsme2><7r><f><t

- where m is the maximum voltage and f'is the frequency (in
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cycles per second) of the supply. The value of m can be
determined by connecting a direct current voltmeter V,
a rectifier R, and large condenser K (10 microfarads) as
follows:

)I[

1=

(The maximum voltage is observed because the rectifier
permits current to pass in one direction only, and the con-
denser charges to the peak voltage and is discharged be-
tween peaks only very slightly by the current drawn by

’ the meter.) If the condenser is replaced with a lamp, the

meter records only the average voltage a, which is the
average over cycles of the form shown below.

3Xm SXmwm IXwm 9Xmw
2 2 2 2

-
0f 7




6.33

! . Exercises

The zero voltage portions shown in the diagram are due to
the prevention of reverse current by the rectifier.

(a) Find the ratio % between the average and the maxi-

mum voltages. (Use the results of Exercise 6.30.)

(b) The average voltage a determined in part (a) is not
110 volts. The 110-volt figure is based on the square
root: of the average of the squares of the voltages and
is therefore called the rms (root mean square) volt-
age. Using the results of Exercise 6.31, determine the
relation between the rms voltage and the maximum m.
(Since the power in watts delivered to a resistor R by
a current / ;—Ilg is equal to the product V' x I = —II/;, the
rms voltage is a good indication of the power supplied
by an alternating voltage.) : ‘

(a) Use the results of Exercise 6.27 to obtain an expres-
sion for the motion of the mass of Figure 6.15 which is
valid for general values of k and m.

6.34 (a) Show that the frequency f of the electrical oscillation

6.35

produced by the circuit of Figure 6.16 is given by
f= 2XT
Vixe
(b) What is the frequency of the oscillation if /= 4 milli-
henries (4 x 10~3 henries) and ¢=.001 microfarads
(.001 x 106 farads) ? ° ;
(c) If ¢ =.001 microfarads, choose a value of [ which will
produce a signal for a radio station broadcasting at a
frequency of 1 megacycle per second (108 cycles per
second). ’ ‘

Let F a be the area of the segment of a unit circle which

is cut off by a chord that subtends an angle of 2 X a at the

. center of the circle. Then it is clear from the accompany-

~ ing figure that

(Fa+s)—Fa . .
— is approximately equal to

v 2 X
(s>fSa)>;( Sa);Zx(Sa)xSa.Therefore(DF)a
=2x (Sa)xSa Use the results of Exercise 6.29 to
determine
(a) an expression for F a

' (b) the area of the unit circle
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(c) the area of a circle of radius r, showing the entire der-
ivation from a modified figure for the area

(Fa+s)—Ff1
Fa

6.36 Consider a sphere of unit radius with center at the origin
and a plane perpendicular to the x-axis intersecting the
sphere at points for which x= C a. Thus each of the radii

~ to the circle of intersection of the sphere and the plane
makes an angle of a radians with the x-axis. Let G a be the
surface area of that portlon of the sphere to the right of

the plane.
(a) Draw a figure similar to that of Exercise 6. 35 and use
it to show that the slope of the function G a is given by

(DG)aszxar]xSaf'

(b) Determine the surface area of the zone of the sphere

. cut off by the plane.
f (©) Determlne the surface area of the entlre sphere




Chapter Seven

Inverse and
Remprocal Functlons

Introduction

If G is any monadic functlon then the functlon 1+Gis called the
reciprocal of G and is denoted by G. Hence

(Gx)xGx=1 N B A))

For example, if G x=x> n, then Gx x* —n, since (x*—n)
X x*k n=x% 0= 1. Similarly, (k x) x>k —x=1 (according to Exer-
‘cise 5.19) and therefore * x=> — x. Moreover it is obvious that tak-
ing the reciprocal of a reciprocal yields the original function, that is,
G x= G x. Since the reciprocal G x becomes infinite at any point for
which G x is zero, the reciprocal function cannot be defined at all
points. This is illustrated by the graphs of S and S in Figure 7.1.

If Fis a function such that F G x = x, then F is called the in-
verse of G and is denoted by G'. Hence G’ G x = x. For example, if
Gx=x*Xn, then G'x=xX1+n, since (xkn)*)k 1+n=xk1=x

‘In this example it is also true that G G’ x = x; since (xX 1.+ n)
X n=x%* 1=x. In other words, in this example G is also the inverse
of the function G'. This is true for any function G, thatis, G' G x=x
implies that G G' x = x. For, applying the function G to both sides of
G' G x=xyields G G’ G x=G x. Since G x is some value y, this may
be written as G G' y=y. Finally
GG x= x}

G Gx=x (7'2)

‘The relation between the function x> 3 and its inverse is ap-
parent from their graphs shown in Figure 7.2; one curve is obtained
from the other by reflecting it in the 45° line. In other words, the graph
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Figure 7.1 The sine (S) and cosecant (S) functions

of the inverse is obtained by interchanging the x and y coordinate
axes. This relation clearly holds between the graph of any function G
and the graph of its inverse G'.

- The graph of the inverse function S’ of the sine function obtained
in this manner from the graph of the sine function appears in Figure 7.3.
It illustrates the fact that the inverse function may be multivaluéd; that

is, for any one value of the argument there may be several suitable
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Figure 7.2 The function x 3 and its inverse

values of the function. For exam\p‘le‘, ifx=1, then S’ x has the possible
values g, %+ 2 X1, 224- 4 x 1, and so forth. If G' x is multivaIued,

some single-valued section of the graph is chosen as the definition
of G'. In the case of the sine function, for example, the section AB

(from S'x= —% to —7—27) is used. In the case of a periodic function such

. as the sine, it is clear that other possible values of the inverse can be
obtained by adding some multiple of the perlod to the value given by

the chosen single-valued function: . (D;» Exercises
. 1-7.3.)
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Figure 7.3 The sine (S) and arcsine (S') functions

The Slope of the’Reciprocal G

The slope of the function (G x) x G x occurring on the left side of
Equation 7.1 can be obtained by applying the rule for products (Equa-
tion 5.6):




/
\
)

The Slope of the Reciprocal G/ Reciprocals of the Circular Functions

, DGxG=((G)xDG)+(G)xDG
But the slope of the right side of Equation 7.1 is clearly zero; therefore
((G) XDG)+ (G)xDG=0
DG DG

Dividing through by (G) X G yields =t g =00
' DG_ DG ‘ ,
= (1.3)

In other words, the slope of G bears the same ratio to G as does

167

the slope of G to the function G, except that it is opposite in sign. -

This is reasonable, since any fractional increase in G must be com-

pensated by an equal fractional decrease in G so that their product

remains equal to 1.
Equation 7.3 can be transformed by simple algebra 1nto the fol-
lowing useful forms:

|
!

=_ = .DG
DG= (G)x—~G
and _ ‘
—~___DG . -
DG=-15%G , (7.4)

For example, if G x = x X n, then it follows from Equatlons 7.4
.and 5.4 that -

=\ nxx*h—l
(D'G)xz_(x* n)XxXn
=(—n)xxX(-n)—-1

Since G x=x% — n, then .
' D‘x*—nE(—'n)xx* (—n) -1

In other words, the rule for obtaining the slope of x * n given in Equa-
tion 5.4 applies for negative values of the exponent as well. In particu-

lar, D%EDx‘*—lé—IXx*f2E—}1; and DxX —-2=-2Xx
* - 3. '

Reaprocals of the Czrcular F unctions

The reciprocal of the cosine functlon C is denoted by C and is
called the secant function. It may be evaluated by using the poly-

(Do Exercises
7.4-17.6.)



168  Chapter Seven Inverse and Reciprocal Functions

nomial for C x and then taking the reciprocal. The slope of the secant
can be obtained from Equations 7.4 and 6.10:

-DC N
(C)xC (C)xC™

The reciprocal of the sine function S is called the cosecant. Its
slope is given by :

DC

(S)><(C)><C———T><C (7.5)

c I ‘
DS—(S)XS——(C)X(S) = (T),XS v (7.6)
The function T occurring in Equation 7.6 is the reciprocal of thev
tangent function T and is called the cotangent. Since T= (C) +
=S x C, then

DT=((S)xDC)+ (C)xDS
(S)yx—8)+(C)x—(T) xS
-1+ (T)xT -
—1+(T)*2

[/

Similarly
‘ T =C x S, and hence

\ DT—((C)xDS)+S><DC
(Do Exercises =1+ (T)%*2 (7.7)

7.7-1.9.) ,
The Slope of the Inverse G’

Equation 7.2 (thatis, G G' x = x) can be used to obtain the slope
of G'. Taking the slopes of both sides yields

(DG G')x=1 | (19

However, the left side of this equation is the slope of a composite
function of the form G F x whose slope has not yet been determined.
The slope of the composite function G F can be determined by '
the basic method presented in Chapter 5. The secant slope D, G F is
glven by :

(GFx+s) GFx
s : ‘
(GFx+s) ‘G_Fxx_(F-ers)—
T (Fx+s)—Fx s S

(D GF)x

As s approachés 0, the second factor clearly approachesl(D F) x; the
first factor approaches (D G) F x, that is, the function D G evaluated
for the argument F x. For, .
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(GFx+s)—GFx
(Fx+s)—Fx

E(DpG)Fx

where p= (F x +s) — F x. When s approaches 0, so does p. But as p
approaches 0, the first factor approaches (D G) F x. Finally,

(DGF)x=((DG)Fx)x (DF)x
or
DGF=(DG)F)xDF (7.9)
For example, if Gx=x*4, and Fx=x%2, then‘ (DF)x
=2xx,(DG)x=4xx%3, and

(DG)Fx=4x (Fx)%*3
\ —4x (x%2) %3
| . Caxik6

Hence

(DGF)x=(DG)Fx)x(DF)x
(4xx*k6)x2xx

8xxk7

1T 1

This result can be corroborated by noting that G F x= (x*k 2) % 4
= x> 8 and taking the slope of this function directly.

The slope of G’ can now be obtained from Equation 7.8 by using
+ the result of Equation 7.9 with F=G':

(DGG)Yx=(DG)G' x) x (DG)Yx=1

Therefore

, 1

(DG)G x ’

For example, if G x=x%% 4, then G’ x=x% 1 +4 and
1 1

(DG x= (7.10)

(DG = G F3 = ax R 1= 43
Finally
I
Dx*l+d=7-"37372
1 .
= xak-3+4

This result can be compared with the direct application of Equation 5.4. (17)¢i Exercises
10-7.12)
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Inverses of the Circular Functions

The inverse functions of the circular functions are very useful,
since they determine the arc associated with a given value of sine,
cosine, or tangent. The.inverse tangent function is the most easily

“derived, and " and C’ can be determined indirectly by first computing
- the corresponding tangent from one or other of the following relations:

S S _Vi-(C)*2 I
T=—= =V ((C)*2)—-1 11
CSVIi—mR2 C ((C)*2) (7.11)

The inverse sine, cosine, and tangent are frequently called the arcsine,
arccosine, and arctangent respectively.

The slope of the inverse tangent 7’ is given by Equations 7. 10
and 7.7:

1 I

DT x=Grm*)Tx 1+ (TT k2 1+2

In words, (D T') x is equal to 1 divided by the function 1+ (T) X2 =~
evaluated at T’ x which, since T T' x=x, is equal to 1 + 1 + x2.
Since

Tﬁz (1-22)+ (x*=x8) +...

(as can be verified by multiplying both sides by 1 + x?), then
(DT x=(1—-x2)+ (xt—x8) + (x®—x10) +...

Hence

, x3— x5 x7
( Tx.=a+<x—?>+<—5——7>f...
as can be verified by taking the slope of the polynomial on the right.
The constant a can be evaluated by observing that the angle havinga

tangent of O is itself 0 and hence T’ 0= 0. But the foregoing poly-
nomial for T’ x shows that T’ 0 = a. Hence a =0 and

g (XN (X /
Tx=<—3)+<5 =)+ (7.12)

or

reme (2B D) an
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For example, the tangent of an angle of L g radians (30°) is

\/0

1 T 1 T 1 . ’ 1
=—— Hence T—=——and— = T'——. Finally, 7= 6 x T'——and
Vi e 6 V3% NV i \/3"”1

Equation 7.13 yields

1. 1 1 I 1 1
roxchx (1D (Ao L) (L Ly
| V'3 9/ \45 189/ \729 2673
Since each parenthesized term in the above equation is positive, the

sum of any finite number of terms is less than the exact value of .

The sums of the first few terms are shown in the second column of
Table 7.4.

number lower bound upper bound
of terms :

1 3.0792 3.4641

2 3.1377 3.1561

3 ~3.1412 3.1416

Table 7.4 Approximationsto m=6x7'1+V 3

"The terms in the equation can be regrouped as follows:

V'3 9 45/ \189 729
Again, each group is positive but is subtracted so that the sum of any

finite number is greater than 7. These sums are shown in the third
column of Table 7.4. The last two entries of the table show that

3.1412 < w < 3.1416

The polynomial for T’ x given in Equation 7.12 can be evaluated
only for values of the argument not exceeding 1 in absolute value,
since for larger values of x the succeeding terrhs of the polynomial
increase in value. Larger values of the argument can be handled by
evaluating T’ 1 + x and using the relation

‘ T’x‘Eg——T’1+x

_developed in Figure 7.5. Equation 7.12 can be evaluated for the argu-
ment 1+ x, for if (]x) > 1 then (J1 +x) < 1.
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Figure 7.5 Reexpressing the inverse tangent for an argument in
the range "1 =x=1

" Since Ty is the quotient of an odd function divided by an even
function, Ty is itself odd. Hence T’ x is odd. This is corroborated by
its polynomial (Equation 7.12), which contains only odd powers of x.
Equation 7.12 can also be written '

-1 1 -1
»3:0,5,0,=,

The coefficients are easily remembered, since they differ from those

T'xE(O,l,O 0,...>Hx (7.14)

(Do Exercises for the sine only in that the denominators of the latter are factorials.

7.13-7.19.)

The Natural Logarithm
The natural exponential function

x2 X8
—+—=+...

*x=1+x+73+73




!
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defined by Equation 5.8 has an inverse denoted by *’ and called the
natural logarithm function. According to Equation 7.10 the slope of
the natural logarithm is given by
N1
(D*) ¥ ={pF) F =
Since (D*) =, then (DX') xs*—;(,;. But * %’ x = x, and there-

fore
(D*,’)xs—)lc | (7.15)

In the case of the inverse tangent 7', the expression for D T’
could be converted into a polynomial by division, that s,

= 42 4 16

15 (1—x2) 4+ (x4t —x8) +... |
The same cannot be done for the expression of Equation 7.15, but can
be done if some function G x is first substituted for the argument x.
Thus:

(DX*') G x= (7.16)

1
Gx
If Gx=1-x, then

1 1
Gx 1—-x

=14+x+x2+x34+...

as may be verified by multiplication. Therefore
DX")YGx=1+x+x2+33+...
But from Equation 7.9:

(DX*'"G)x=(DGx)x(D*')Gx
="1X1+x+x2+x3+...

Therefore

' Gx=%'1—x= o«
X' Gx=X'l-x=a—x+ STzt 3+
as can be verified by taking the slope of the polynomial on the right.
The constant a can be shown to be 0 by noting that forx = 0 the value
of the polynomial is a, and %’ 1 — Q="' 1=, since % 0 = 1. There-
fore ‘
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- | , _ x2 x3 xt i ‘
B S 1‘—x= x+2+3+4+... - (7.17)
For example, if x= 0.1, then

o .01 001 _.0001
kK (0.9)=—0.1+5 +3—+—+...

=-0.10535...
Moreover '

%k’ 0.9 =% —0.10535...
2 3
= (1—-.10535) + (‘10,5235 - '1(35335 >+
= (1-.10535) + (.00554 —.00019) + ...

=0.90000...

(Do Exercise 7.20.). Hence > X’ (0.9) equals 0.9, as it should. . )

‘The polynomial of Equation 7.17 can be evaluated only for values
of x having absolute values less than 1, since the later terms of the
polynomial cannot be disregarded if the absolute value of x is greater
than or equal to 1. A polynomial expression for the natural logarithm
%' n which can be evaluated for all positive values of the argument
will now be developed from Equation 7.17 and from the following
property of the natural logarithm:

X'p+q=(k'p)—*'q » (7.18)

Equation 7.18 states that the natural logarithm of the quotient
p = q is the natural logarithm of p less the natural logarithm of g. This
result will not be proved until Chapter 8 (Equation 8.10 (g)), but is
used here to unify the treatment of the natural logarithm.
Substituting (— x) for x in Equation 7.17 yields

>‘k’(1+x)‘5<x—%2>+<§—§>+...

Therefore

Gk’ (1+x))—%*' 1‘—x52><<x+—%3+—x5i+...>

Applying Equation 7.18 for the case p=1+x and g = 1 —x yields

N 3
*'(‘+x)szx(x+i+f+...)
1—x

3°5
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Let n=1—+1—c. Then x = 2= , as can be verified. Finally '
1-x n+1
po n—1 (1 _ («n—1)3 1 (n—1V\ =
>|<n=2><(n+1+<3><<——n+1)>+<5x<——n+l>)+...) (7.19)
Since:J:ll is less than 1 for all positive values of #, this polynomial

can be evaluated for all positive values of the argument n. Moreover
the values of the function > x are positive for all values of x. Hence
Equations 5.8 and 7.19 define >* and *’ as inverse functions, and
each polynomial can be evaluated for any relevant argument.

Application of the Inverse Circular Functions

The need to calculate the angle corresponding to a given value
of the sine, cosine, or tangent frequently arises. This will be illus-
trated for one case.

area=rxrx (a+m+2)+(Sa)x Ca
a=T (Sa)+~Ca

Sa=(d-r)+r
Ca=(1-(Sa)*2)*0.5

B

Figure 7.6 Graduation of a dipstick

175

(Do Exercises
7.21-17.26.)
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(Do Exercises
7.27-17.33.)

Chapter Seven Inverse and Reciprocal Functions

Consider the horizontal cylindrical fuel tank of Figure 7.6, in
which a dipstick is used to determine the depth d of fuel in the tank.
The dipstick is to be graduated to read directly in gallons. Assume that
the length [, radius r, and depth d are all given in feet.

For specified values of [ and r it is clear that the volume in cubic
feet is determined by the depth d. In other words, the volume is a
function of d. However, it is easier to determine the volume v as a
function of the angle a, first determining a as a function of d. Thus
v="V aand a=F d. Hence, if g is the number of gallons, then

g=748xv=T48xVa=748xVFd

Finally, the functions ¥V and F must be determined.
The cross-sectional area of the fuel is the area of the sector
MONB plus the area of the triangle MON. Hence

:'VaErXrX<a+g—>+(Sa)><Ca

a=T'(Sa)+Ca
Sa=(d-r)+r
Ca=(1-(Sa)*x2)*%0.5

This analysis is also valid for d <r, since a and S a are then
negative. ‘ R '

Exercises

7 1 For each of the following functions, write the simplest
possible expression for the reciprocal function F x:
(@ Fx=x%*3
(b) Fx=x*%n
(c) Fx=(xXm)%X—n
(d Fx=(ellx)+~dIlx
) Fx=((x+a)*2)—(x—a)*k2
7.2 For each of the following functions, write the simplest
possible expression for the inverse function F’ x:
(@ Fx=x%3 (d Fx=cXx
(b) Fx=x%n : () Fx=c+x
) Fx=(xXm)*—n
7.3 For the case x=2,m=3, n=4, and ¢ = 5, check each of
the results of Exercise 7.2 to show that
(i) FFFx=x
(i) FF'x=x




7.4

7.5

7.7

7.8

. 7.9
7.10

7.6

Application of the Inverse Circular Functions | Exercises
. )

Determine the slope functions D F and D F for each of the
functions in parts (a), (b), (¢), and (e) of Exercise 7.1.
Use the fact that F + G = F X G to show that

((G)xDF)—(F)xDG

DF+G= G) %G

For each of the following pairs of functions F and G, use
the result of Exercise 7.5 to determine the slope of the
function (F) + G. Where possible, check the result by
putting the function (F) + G in another form. For ex-
ample, in part (a), (F x) + G x=x% 3.

(@ Fx=x*5,Gx=x%2

b) Fx=x%2,Gx=x%35

() Fx=xXm,Gx=x%n

d Fx=*%x,Gx=%x

() Fx=%x,Gx=%—x

) Fx=a+x,Gx=b+x

(g Fx=(a+x)*m,Gx= (b+x)*n

(h) Fx=Sx,Gx=Cx

() Fx=cllx,Gx=dIlx

Use the addition theorems for the sine and cosine to estab-
lish the following addition theorems for the tangent and
cotangent:

_ (Tx)+Ty
(@) Tx+y_1:(Tx)_>< Ty
L _((Tx)xTy) -1
O Tty =T 0+ Ty
Use the results of Exercise 7.7 to obtain the following

slope functions directly from the limiting value of the

secant slope (Equation 5.1):

(a) the tangent function T’ (Compare the result with Equa-
“tion 7.7.) :

(b) the cotangent function T (Compare with the text.)

Prove that T x = Tg —x.

Use the rule for determining the slope of the function G F

in order to determine the slope of the function H=G F

for each of the following pairs of functions. In each case.

compare the result with the slope obtained by applying

earlier methods to some equivalent expression for the

function H.
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@ Fx=x%2;Gx=x%*3
(b) Fx=x*%3;Gx=x%X2
) Fx=x*%4,Gx=3Xx
(d Fx=3xx;Gx=x%4
() Fx=x*%4,Gx=—x
) Fx=—x; Gx=x*%4
(@ Fx=x*4,Gx=3+x
(h) Fx=3+x;Gx=x%4
7.11 Determine the slope function D F for each of the following
_functions:
(a) Fx=(6+xX%x3)%2
b) Fx=x*1+6 ,
) Fx=(3,1,2)IIx)+(4,1,0,2)Ix
7.12 Use Equation 7.9 to derive the slope of the function H from
the first expression given for it, and compare the result
with the slope as derived from the second expression.
(@ Hx=82xx=2X(Cx)XSx
b)) Hx=C2xx=((Cx)*k2)—(Sx)*k2
© Hx=8Sx+2=((1-Cx)+2)*k1=+2
7.13 Show that T’ x=2—T'-.
7.14 Let Q i be the sum of the first n (nonzero) terms of the
polynomial of Equation 7.12. Show that if (| x) = 1, then
(@ ((Qn)—T'x)=0forn=1,3,5,7,...
() ((QOn) —T'x)=0forn=2,4,6,8,...
) ((Qn)—-Q0n+2)=0forn=1,3,5,7,..:
(d) ((@n) —Qn+2)=0forn=2,4,6,8,...
(e) the absolut€ value of the difference between Q n and
T' does not exceed the absolute value of the last term
used in Q n. (HINT: Use the observations made in the
evaluation of 7' 1 +V 3.)
7.15 Write a program to compute the inverse tangent 7' x to a
specified tolerance ¢, using the polynomial of Equation 7.12
and the results of Exercises 7.13 and 7.14.
7.16 Verify that the functions T and T’ as defined by Equations
5.14, 6.13, and 7.12 are in fact inverse for the following -
values of the argument x. (Compute both T T'x and

T'Tx) ) ‘
(@ x=0 ) x=7+6
(b) x=0.1 : d x=1+V3

7.17 Write programs to compute ‘
@ Sy . () S'y (© C'y




Exercises

7.18 Prove that

— - (Cx)*x2
(a) szxz—_l—(Tx)*2
— =(§x)*2
() S2xx="520 =
((Tx)*2)—1
(c) T2>< —2><Tx

7.19 Write a single program which computes to within a toler-
ance x, one of twelve functions of x, as determined by the
arguments x, (type), x, (re01procal) and x, (inverse), as
follows:

1. The basic function involved is sine, tangent, or cosine,
according to whether x,=-1, 0, or 1.

2. The function selected in part 1 or its reciprocal is em-
ployed according to whether x, =1 or ~1.

3. The function determined by parts (1) and (2) or its ~

’ inverse is calculated according to whether x,= 0 or 1.

7.20 (a) Use Equation 7.17 to compute the natural logarithm

X'y for y =%, %, and %

(b) Use Equation 5.8 to check the results of part (a).
7.21 Use the results of Exercise 7.20 (a) to test Equation 7.18

as thoroughly as possible. For example, *’' <1+—1—>

42

— sk’ l ' 'l — /l __l

=Xk (2> should equal (* 4) ‘* > and >’ <2 4>
=>'2 can be checked by computing * >*’ 2.

11 3

7.22 Use Equation 7.19 to evaluate X' n for n= T and T

and compare the results with the results of Exercise

: 7.20 (a). ,
7.23 (a) Use Equation 7.19 to evaluate >*' nfor n= 1, 2, and 3.
» (b) Use Equation 5.8 to check the results of part (a).
7.24 Since the terms of Equation 7.19 decrease slowly for large
values of n, a great deal of calculation is required to
achieve a few decimal places of accuracy in the approxi-
mation to k' n
(a) Evaluate * 4 by the direct use of Equation 7.19, and
then evaluate it by using Equation 7.18 in the followmg
form:
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*’45*'(2+%)s(*'2)—*'1
1
>
, , S , 1
(c) Evaluate k' 10 = (* Z) — % i

7.25 (a) Use Equation 7.18 to show that k' 1 + g=—%'g
(b) Show that Equation 7.19 yields the same result.

7.26 Write a program based on Equation 7.19 to compute X’ n
to within a tolerance ¢.

© 7.27 Write a program to graduate the dlpSthk of Figure 7.6,
that is, to determine for each foot of the dipstick the
- corresponding number of gallons of oil in the tank.

7.28 The functions 4 and B defined by Equations 5.11 and 5.12
can be derived from the hyperbola in a manner analogous
to the derivation of the cosine and sine functions from the
circle.t The functions 4 and B are therefore called the
hyperbolic cosine and the hyperbolic sine respectively.
The hyperbolic tangent (to be denoted by U) is defined as
the analogue of the tangent, that is, U = (B) =+ 4.

(a) Show that ((4x)xAx)—(Bx)XBx=1. (Use the
method of proof employed for Equation 5.17.) -
(b) Show that 1 - (Ux) xUx=1+ (Ax) XA x.

(c) Show that (D U’) xE1

(b) Evaluate k' 8 = (k' 4) —x

ployed for the inverse tangent.)
(d) Derive a polynomial expression for U’ x.
(e) Evaluate U’ U x and U U’ x for several values of x so
as to check the result of part (d).
(f) Write programs to determine U’ x, A’ x, and B’ x.
7.29 Derive the following expressions for the slopes of the
functions S’, C’, A', and B’:
1

@ S ¥ =
"y — -1 i ’ .
®) DY =TT 0 |
. S e 1
© DA x = %=1

tSee, for example, H. W. Reddick and F. H. Miller, Advanced Mathematics
for Engineers (Wiley, 1938) or W. L. Hart, Analytic Geometry and Calculus, 2nd ed.
(Heath, 1963).
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1
Vixk2)+1
(DG)x

7.30 Show that if Hx=%'G x, then (D H) x= G

7.31 Use the result of Exercise 7.30 to prove the following
identities: .
(@ (DX'S)x=Tx
(b) (DX C)x=—-Tx
7.32 (a) Use the result of Exercise 7.31 (b) to derlve an expres-
sion for the area enclosed by the x-axis, the graph of
the function T x, and the vertical line x = b, for 0 =b
w
<7

(b) Compute the value of the area for the case b= %

(d) (DB") x=



Chapter Eight

The Exponential Function
and Its Inverse

Introduction

Any dyadic function F gives rise to two different monadic functions
* if one or the other of the arguments is treated as a constant. Thus
p F q can be treated either as the monadic function (p F) with the argu-
ment g or as the monadic function (F g) with the argument p:

pFq=(pF)q
=p(Fq)

If F is commutative, the two cases give rise to functions of the same
form. The noncommutative exponential function x > n has been treated
as the monadic function x (k n), for example, in developing the bi-
nomial theorem (Equation 4.1), This chapter will treat the other case,
(x*) n, as a monadic function of n. This function and its inverse are of
great importance in mathematics. '
As with the polynomial function and the circular functions, the
- treatment will proceed by first deriving an addition theorem and then
using the theorem to derive the slope function. Since the symbol x
has so far been used to denote the argument of the monadic function
under study, the form x * n will be discarded in favor of the form’

b* x

where b is the base and (b>) is the monadic function ap\plied to the
argument x. The function b is called the base-b exponential func-
tion, and its inverse (b>)' is called the base-b logarithm.
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The Base-b Exponential (bX) x

The function b > x was originally defined only for integral values
of x, and it denoted a product of x factors each equal to the base b.
In this case it is clear that

bkx+y=(bkx)xbXy (8.1

The function is extended to nonintegral values of x by simply requiring
the foregoing addition theorem to hold for all values of x and y. For
example, if x=y=.5, then

b=bX1=b*k.5+.5=(b%k.5)xbXk.5

In other words, b > .5 is the square root of 5. Consequently, Equation
8.1 is the addition theorem for the exponential.
The slope function D b * is then obtained from the secant slope:

E(b>|<x—|~s)—b>|<x
s
E((b>|<x)><b>l<s)—b>kx
s

X b*Xx

(D, b*) x

_(b*ks) -1
- s

Thus the secant slope of (b>) x is equal to the function (b ) x itself
multiplied by a factor which depends only on the horizontal interval s
between the points of intersection of the secant and the graph of

(b*) x. Table 8.1 shows the behavior of the factor % for

various values of b. The entries in each column of the table appear to
be approaching a limiting value. The slope function itself is therefore
of the form

(Dbk)x=rxb*kx : (8.2)

where r is the constant obtained (for a fixed value of b) as the limiting

(bXks)—1
s

value of the ratio as s approaches zero.
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s 1+3 1+2

—

2 3 4

1 | -0.6667 | —.5000
1+2 | -0.8453 | -.5858
1+4 | -0.9607 | -.6364
1+8 | -1.0265 | -.6640

1+16 | -1.0617 | -.6783
1+32 | -1.0800 | -.6857
1+64 | -1.0892 | -.6894
1+128 | -1.0939 | -.6913
1+256 | -1.0963 | -.6922
1+512 | -1.0974 | -.6927

1.0000 | 2.0000 | 3.0000
.8284 | 1.4641 | 2.0000
7568 | 1.2643 1.6569
7241 1.1776 | 1.5137
7084 | 1.1372 | 1.4481
7007 | 1.1177 1.4168
.6969 | 1.1081 1.4014
.6950 | 1.1033 1.3938
.6941 1.1010 | 1.3901
.6936 | 1.0998 | 1.3882

[ NeNoNoNoloNoNo NNl

Table 8.1 Behavior of LX) =1
But, according to Equation 5.10, the function

(rxx)z (rxx)3
12 13

Ckrx)x=1+ (rxx)+
has the same property:
(DX rx)x=rx (krxx) (5.10)

Moreover (k r X x) is equal to b x for x = 0, since (¢ rx 0) =1 and
(b> 0) = 1. It therefore appears that the function > r X x is identical
with the function b * x if a suitable value is chosen for r.

A value of r must be chosen such that (b x) => rx x. For

x=1 thlsbecomesb*l—*rxl or (smceb* 1=b)b= *r There-

fore r=*'b and, finally,
S bkx=kxxX'h ‘ : (8.3)

The function *’ is the natural logarithm, which can be evaluated
by the polynomial of Equation 7.19. For example, to evaluate 0.9
* 1.5, one can first show that >’ 0.9 =-0.10535 ... (as in the example
following Equation 7.17) and then substitute this result in Equation
8.3; this yields
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0.9% 1.5=%1.5x-0.10535 =% -0.15802 .
2 3
= (1-.15802) +(.15802 _ 15802 >+

2 3
=.8539...

This result can be checked as follows: Since (0.9 1.5)2=(0.9)3,
then (0.9)3 should agree with (.8539)2.

By applying the function >’ to both sides of Equation 8.3 and
using the fact that ' > z =z, one obtains the equivalent expression

X'bXkx=xx%"b (8.4)
The exponential function satisfies one further important identity:
bXxxy=(bkx)*y (8.5) .

This identity may be more familiar in the form b**¥ = (b=)v. Its proof
for integral values of x and y is obvious. For arbitrary values of x and y
it can be derived by applying Equations 8.3 and 8.4 as follows:

(bk x)k y=Xkyx>*k'p*kx
: =Xyxxx*'b
=X (xXxy)xXk'bp .

=hXk xX y (Do Exercises
‘ 8.1-8.3.)

The Base-b Logarithm (b*)’ x \

The base-b logaijithm can be expressed in terms of the natural
logarithm ' as follows:
_X'x
_ Tk'h
To prove Equation 8.6 it is necessary to show that the function given
for (b>)’ is in fact inverse to b>. In other words, it must be shown

that the function on the right-hand side of Equation 8.6 yields the re-
- sult x when applied to the argument b > x. But according to Equa-

(bX) x (8.6)

tion 8.4,
- ’
X' (b*kx) _xxX'b_
b  Xb ~
For example, if b=2 and x = 3, then the base-2 logarithm of 3
is given by
(2%)3=23

[ 38
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Both numerator and denominator can be evaluated by applying Equa-
tion 7.19:

*'3 _1.0985...
X2 6931...

This result can be checked by computing 2 > 1.585 and comparing it
with 3: ) "

2% 1.585=> (*k'2) x 1.585
=% .6931x 1.585

=1.585...

=% 1.0985 ,
=1+1.0985+ (1‘99285)2+ (1'0,9385)3+..,..
=2099...

Properties of (bX ) and (bX )’

The main properties of the base-b exponential and the base-b
logarithm can now be derived rather easily. They will be collected in
two groups, the first group arising from the addition theorem for the -
exponential (Equation 8.1) and the second group arising from the
multiplication theorem of Equation 8.5:

-

bkx+y=(bkXx)XbXy" (a)
1=(bkx)XbX—x (b)
bkx—y=(bkx)+bXky (©
bX ((b*) p)+ (b*)' g=pXq (d) S (8.7)
bk ((b*) p)—(bX*X)' gq=p+gq (e) '
((b*k)' p)+ (bXk) q=(bX*)' pxq ®)
((b*)) p) = (b*k) q=(b*)' p+gq (8
—(b*) g=(b*) 1+q (h)
bXxxxy=(bkx)Xy (@
bxyx (bk) d=d*y (b)
yx (b*) d= (b¥) d* y © | @
((d*)"q) x (b*)" d=(b*)'q (d) ,
: (d*) q= ((b*) q) = (b*k)"d (e)
(d*)' b=1+(bX)"d ) J

Equation 8.7 (a) is repeated from Equation 8.1. Equation (b)
states that b > — x is the reciprocal of b x and is obtained by setting
y = — x in Equation (a) and noting that b % x — x = b > 0 = 1. Equation
(c) is obtained by applying Equation (a) to b x + (—y) and substi-
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The Natural Logarithm and Natural Exponential

A

tuting 1+ by for b>* —y as permitted by Equation (b). Equations
(d) and (e) are obtained from Equations (a) and (c) respectively by
substituting (b>*)’p for x, and (b>)' g for y, and noting that b*
(b*)' z=z. Equations (f) and (g) are obtained from Equations (d) and
(e) respectively by applying the function (b>)' to both sides. Equa-
tion (h) is obtained by setting p =1 in Equation (g) and noting that
b*k)'1=0

Equation 8.8 (a) is repeated from Equation 8.5. Equation (b) is
obtained by setting d = b > x in Equation (a) and using the fact that x
is equal to (b>)’ d. Equation (c) is obtained by applying (b*)’ to
both sides of (b), and (d) is obtained by setting d * y = g in (c). Equa-
tion (e) is obtained from (d) by dividing through by (b>*)’ d. Equa-
tion (f) is obtained by setting ¢ = b in Equation (e) and observing that
(b>*)' b= 1; Equation (f) states that the base-b logarithm of d is the
reciprocal of the base-d logarithm of b.

The Natural Logarithm and Natural Exponential
If b is set equal to * 1 in Equation 8.3, then (since %' x 1 =1)
Ck1)kx=>kx

In other words, the monadlc function * x is the spe01a1 case of the
base-b exponential where b= 1. L1kew1se, the function *'x is
equivalent to (b> )’ where b= 1.

The number

1 1
>!<1:1+1+,2+,3
is an important constant called Napier’s number or the base of the
natural logarithms. 1t is denoted by e and is approximately equal to
2.71828. The results of the preceding paragraph can now be stated
as follows:

ekx=%yx } (8.9)

(k) x=>*"x

The function *’ x is called the natural logarithm, and the function
* x will be called the natural exponential.

Since * and %' are special cases of b> and (b*)’, the1r prop-

erties can be obtained from Equations 8.7 and 8.8 by omitting all
occurrences of any argument preceding the symbol *. Equations 8.7
and 8.8 therefore yield the following equations:
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8.6-8.7.)
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Xx+y=(kx)xky (a) )
1= (kx) x% —x (b)
Xx—y=(Ckx)+%*y (¢
X (k'p)+*"q=pxgq @ L. 1
X Ck'p) —*'g=p+gq © ( 10
(k'p)+* g=%*"pxgq (f)
(k'p) —*'g=*'p+gq (8
‘ —k'g=*'1+¢q (h)
Kxxy=(Ckx)ky (2
Xyx*k'd=d*y (b)
yxX'd=x'dxy (©) 11
(d*) @) x*x'd=%'q @ ( @11
(d*) g=(k"q)+*"d (¢
(d*) e=1+%"d ®)

Tables of Logdrithms

Tables of the natural logarithm can be computed by using the
polynomial of Equation 7.19. According to Equation 8.11 (e), a table
of base-d logarithms can be obtained from a table of natural logarithms

. by dividing the entries by the natural logarithm of d. A more efficient

method of computing logarithms is developed in Exercise 8.31.

+ Appendix C gives a table of base-10 logarithms for arguments
from 1.00 to 10.00 in steps of .01. More extensive tables of base-10
logarithms are readily available. Tables of the natural logarithms are
also available, but logarithms for bases other than 10 and e are not
usually tabulated.

The base-b exponential function b * x is not commonly tabulated,
since it can be determined from the table for the base-b logarithm.
This is done by reversing the roles of argument and result, as detailed
in Chapter 6, that is, the argument x (or its nearest approximations
above and below) is found in the body of the table, and the result is
the heading corresponding to that entry. For example, in the table of
Appendix C, if x= 3.333, then (10>)’ 3.33 is found to be .5224, and
(10%)" 3.34=.5236. Interpolation finally gives (10>)’ 3.333
=0.5228. Conversely, if x=0.6667, the inverse function 10 x is
obtained by locating the bounding entries 0.6665 and 0.6675 in the
body of the table and the corresponding headmgs 4.64 and 4.65. Inter-
polation then gives 10 % x = 4.642.
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Applications of the Logarithm and Exponential

Multipiication and division. Tables of base-10 logarithms

- provide an effective basis for performing multiplication and division.

Multiplication is based upon Equation 8.7 (d), namely,
' pxqg=b*((bXx)'p)+(b*) q
For base-lO logarithms this relation be\comes
pXq=10%((10%)"p) + (10%)" g

The product of two positive numbers p and g can therefore be
obtained by determining the values of (10%)’ p and (10%)’ g from a
table of base-10 logarithms, adding them to obtain a sum z, and deter-
mining from the same table the value of the inverse function 10 z.
This value is the desired product p X g. Similarly, division can be per-
formed by using thé, following equation (obtained from Equation
8.7 (e)):

p+a=(10% ((10%)’ 'p)) — (10%)" g
For example if p=5.08 and g = 1.89, then
((10)" p) + (10k)" g=0.7059 + 0.2765 = .9824
and ‘
p X q=10% .8824 = 9.602

Similarly, p + g = 10 (0.7059 — 0.2765) = 10 * .4294 = 2.688.

It will be observed that the base-10 logarithms are tabulated
only for arguments from 1 to 10. Any positive argument outside this
range can be treated as the product

x=zxX10% ¢

where c is an integer so chosen that z is between 1 and 10 and can
- therefore be found as an argument in the table. Then since (10%)’
10k c=c,

(10%)" x=((10%)" z) + ¢

where ¢ is an integer called the characteristic of x and (10%)’ z is
the logarithm of a number z which occurs in the range of the table
(Appendix C). The number (10%)’ z is called the mantissa of x.

- For example, if x= 365 and y = .04167, then

(10k)"x=0.5623 +2
(10%)"'y=0.6198 —2
(10k)"xxy=1.1821+0
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and
(10%)" xxy=1.1821 +0
=0.1821+1"
Hence ’
xxy=1521x10%1
=15.21

~ Similarly,

x+y=10% (0.5623 —0.6198) + (2 —-2)
=10% (0.5623 —0.6198) + 4
=10% (1.5623 —0.6198) + 3
=10 0.9425 + 3
= 8.760 x 103
= 8760

Exponentiation. A table of base-10 logarithms can be used
to determine the inverse function 10 >% and hence can be used to find

. any power (integral or nonintegral) of the integer 10. It can also be

used to determine any power of an arbitrary base d. Setting b= 10-in
Equation 8.8 (b) yields ~

d*y=10%yx (10%)"d
In other words, if z is the base-10 logarithm of d > y, then z is equal
to y times the base-10 logarithm of d, and d>* y is equal to 10 z.
For example, the ratio r between two successive half tones on

the musical scale is such that twelve intervals (one octave) produce the
ratio 2:1. Hence r2=2 and r = 21+12, Therefore

l‘_i '
(10%)" r=15x (10%)'2

_ -
=15 % 0.3010=0.0251

Finally, r= 10 0.0251 = 1.060, approximately.

Logarithms of the circular functions. In order to use
logarithms to evaluate an expression of the form

z=(Sx)xCx

it is necessary first to determine S x and C x and then to determine
their logarithms. Thus ‘ )

z=10%((10%)" S x) + (10%)" Cx
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To eliminate one of these steps, tables of the composite functions |

' (10\*)' S and (10%)’ C are often provided. The functions are called

log sine, log cosine, log tangent, and so forth.

The slide rule. Any function F x can be represented by re-

‘cording corresponding values of argument and function along a straight

rule, as shown in Figure 8.2 for the function 10 x. For example, the
value of 10> 0.8 can be found by locating 0.8 on the lower scale and
reading off the (approximate) corresponding value 6.3 on the upper
scale.

The inverse function (10)’ y can be determined from the same
rule by locating the argument y on the upper scale. Thus for y = 3,
the value of the base-10 logarithm (10k)’y is approximately 0.475.

The rule of Figure 8.2 can therefore be used for multiplication.
For example, the product 1.6 X 2.5 can be obtained as follows:

(10%)"'1.6=0.2
~ (10%)'2.5=04

Therefore,
(10%)" 1.6 x2.5=((10%)"1.6) +((10%)'2.5)=0.2+0.4=0.6
Finally, |
1.6x2.5=10%0.6=4.0

as read from the rule at the point x = 0.6.

Since the scale for x (that is, for the logarithm) is uniform, the
addition of the logarithms can be performed directly on the rule itself
by using a draftsman’s divider. Thus, if a divider is set to span a length
from the beginning of the rule to the point 1.6 on the upper scale and
is then moved to place the first leg at the point 2.5 on the upper scale,
the second leg will rest at the value 0.6 on the lower scale and at the
value 4.0 on the upper scale, that is, at the value of the sum of the
logarithms on the lower scale and at the value of the product on the
upper scale. : N

Adding distances determined by the upper scale and reading the
result on the upper scale therefore determines a product directly.
Gunter, who first devised this method of multiplication in 1620, used
dividers to perform the addition of logarithms as outlined above.
About ten years later Wingate introduced the use of two similar rules
laid side by side to perform the multiplication as illustrated in Fig-
ure 8.3 for the same arguments 1.6 and 2.5.




Applications of the Logarithm and Exponentiayl /
The Family of Exponential Functions

Somewhat later an instrument maker fastened two rules and a
cursor together in a sliding arrangement similar to the modern slide
rule shown in Figure 8.4. The modern slide rule is accurate to about
three decimal places and provides a number of additional scales repre-
senting various useful functions, such as the logarithms of the circular
functions.t

The slide rule, like a table of logarithms, represents the function
(10%k)" x only for a limited range of argument values, namely, for
1 = x= 10. The usable range of the slide rule is extended exactly as for’
the log table: an integral characteristic represents a factor of the form
10 % c. If a series of products moves the result off the upper end of the
scale of a slide rule, the cursor is moved back the length of one rule.
This action is compensated for by making a final multiplication by ten.

The Family of Exponential Functions

By considering complex arguments, it is possible to express
all the circular functions and also the hyperbolic functions 4 and B

(defined in Equations 5.11 and 5.12) in terms of the single function X x.

This ‘brings out more clearly the relations between the functions
studied thus far. It also gives further evidence of the importance of
complex numbers.

It will first be necessary to review briefly the elementary prop-
erties of complex numbers. They are usually first encountered in
- mathematics as an extension of the real numbers that is required to
ensure that every polynomial will have a root.

The need for such an extension arises in the case of the quad-
ratic equation

2+ 2Xbxx)+c=0
which has the general solution
x=(-b) =V b —c

If (b%— c) <0, there is no real number r such that r ="\ b2 — c. How-
ever, in that case x is equal to

(-b) = (Vec—b)xV -1

+For an interesting account of the development of the slide rule, see F. Cajori,
“A History of the Logarithmic Slide Rule,” in W. W. R. Ball et al, String Figures
and Other Monographs (Chelsea, 1960).
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Figure 8.4 A modern slide rule
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The Family of Exponential Functions

and by introducing the symbol i for \/ 1, the solution for x can be
wrltten as

x=(=b)xVec—-b)xi

Any number of the form f+ g X i is called a complex number, the
real number fis called its real part, and the real number g is called its
imaginary part. Complex numbers obey the normal rules of arithmetic,
with the added characteristic that

ixiE(\/—rl)2E—1
Thus, if p=a+ b x i and qE‘c+d><i, then
.pv+qE (a—‘l-c);l-‘(b+d) X i
and

pxqz(axc)+(axdxi)+(bxéxi)+(b><d><i><i)
E((a><c)—(bxd))+((axd)+(b><c))><j

Since the polynomial ¢ I x is evaluated solely by multiplication
and addition, and since both these operations are defined for complex
arguments, it is meaningful to consider the polynomial ¢ I p with a
complex argument p, even for a polynomial of unlimited degree.

In particular, the exponential

X3 xt
*x—1+x+ ,3+ 4+ .. N

for the imaginary argument x X i becomes

(xxi)?  (xxi)d
12 13

=((1 'x2)+(|x; ."2)+ )
| e ((e-E) (- 2)e )

where C and S are the cosine and sine functions. Hence

XxxXi=14+ (xXi)+ +...

=(Cx)+ixSx
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Xxxi=(Cx)+ixSx - (8.12)
X —xxi=(Cx)—ixSx ‘ (8.13)
st%x CRkxxi)+*k —xxi (8.14)
Sx=oi—x (kxxi) —% —xxi (8.15)

Thus the sine and cosine functions can be expressed in terms
of the exponential function in a manner analogous to that shown for
the hyperbolic functions 4 and B in Chapter 5:

1

szzx(*x)+*—x 5.11
sz—;—x(*x)—*—x . ’ (5.12)
Moreover, sjnce
Ax=1 +ix—;+%+ -

then

. x\  [(xt xb
Axsz<1_ﬁ)+<!—Z~G>+“.
=Cx

This and similar arguments lead to the following set of relations:

Axxi=Cx
BxXi=ixSx
CxxXi=Ax (8'16)

SxXi=ixXxBx

The foregoing relations, together with the addition theorems for
the sine and cosine, can be used to derive analogous addition theorems
for the hyperbolic functions 4 and B.

Since kX x X i= (Cx) +iX S x, it follows that

_ Xmxi=(Cw)+ixSw
But Ct=-1and S7=0. Hence eX 7w xi=-1, or

l+eXkxmxi=0



8.1 (a) Use Equation 7.19 to compute *’ 2 to four decimal
places.
(b) Use Equations 8.3 and 5.8 and the result of part (a) to

8.2

8.3

8.4

8.5

8.6

8.7

8.8
8.9
8.10

8.11

/

The Family of Exponential Functions | Exercises

Exercises

compute 2k x for x=-1, 0 1 1,2, and %

b 2’

(c) Verify the results of part (b) by comparing with the
value of 2 raised to the appropriate powers.

(a) Write a program to compute the natural logarithm *' x
to within a tolerance ¢.

(b) Execute your program for x=2 and ¢= .0001.

Evaluate the left and right sides of Equation 8.5 for the

case b=2, x=.3, and y = .4, and compare the results.

Use Equation 8.6 to compute the following to three deci-

mal places:

(@ (2%)'3 (b) (3%)"2 (c) (2%)'2

Extend the program of Exercise 8.2 to compute the base-b

logarithm to within a specified tolerance ¢.

Choose suitable values for the arguments in Equations 8.7

and 8.8, and use them to test the equations by computing

and comparing the right and left sides of each equation.

State in words the relations expressed by each of the equa-

tions in 8.7 and 8.8; for example, Equation 8.7 (f) states

that the base-b logarithm of a product is the sum of the

base-b logarithms of the factors.

Repeat Exercise 8.6 for Equations 8.10 and 8.11.

Repeat Exercise 8.7 for Equations 8.10 and 8.11.

Use the log table of Appendix C to compute the following

products:

(@ 2x3 : T (d) 3.14x27.24
(b) 3x3 (e) 2138 x.00124
() 3x10 (

Extend the result of Equation 8.7 (d) to three factors;
that is, prove that
pXgxr=bXk((bXx) p)+((bXk) q)+ (bXk)'r

(b) Use log tables to compute 3.14 x 2.718 X 365.
(c) Use log tables to compute 365 X 24 X 60 x 60.

8.12 Use log tables to compute the following:

(@ 6+3 (d) 6+24
(b) 24+ 6 (e) 2.718 +3.14
© 3+6 :
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8.13 Use log tables to compute the following: (

8.14

8.15
8.16

8.17

8.18

8.19
- 8.20
8.21

8.22
8.23

@ 32x2.7x2.7
2x11.6
() (32+11.6) x (17 = 16) x (9= 11)
Use log tables to compute the following:
(a) 16 4 () (1.3%2.2)%5

) 16*% (f) 1.3%22x5
(© 3.14% 2.718 (@) 2*%

(d) (3.14%2.718) x2.7* 1.6 .

Use log tables to evaluate the following expressions and
compare the results:
(a) 3.14% 3 (b) 3.14x3.14x 3.14
Account for the convenience of tables of base-10 loga-
rithms as compared with tables of logarithms using other
bases.
Use tables of log sine, log cosine, and log tangent to
evaluate the following expressions. -

@ o
(a) (S45 X 180) xC (45 X 180)

™

w
(b) (S 30 % 180>TC<30>< 180)
w
© <T30 xm)* 2
(d) (§1.3)x (C1.3) + T0.6
Repeat Exercise 8.10 using a slide rule instead of log
tables.
Repeat Exercise 8.12 using a slide rule.
Repeat Exercise 8.14 using a slide rule.
Use a slide rule to evaluate the following:
) 12.681 x 64 x 132
6x15.40 x 27
®) (3.14)2x V' 17 x 14.3
2718 x 14% 1+3
Repeat Exercise 8.17 using a slide rule.
Compute the sum and the product of each of the following
pairs of complex numbers:
(@ (3+4xi)and (6+ 10x1i)
(b) 3—5xi)and (3+5x%i)
(©) (0+5xi)and (0+6x1i)




8.24

- 8.25

8.26

8.27

8.28

8.29

8.30

8.31

: Exercises

(d 3+0xi)and (5+0x1i)
Write programs to determine x and y such that
@ x+yxi=(a+bxi)+ (c+dXxi)
) x+yxi=(a+bxi)X (c+dxi)
Evaluate the following: ‘
@ 3+2x (4+2xi)+2Xx (44+2x1i)?
®b) (3,2,2)I1(4+2x1)
©) cll (4-2xi)fore=3,12,2,"1
(d) ell2xifore=3,2,2,"1
Write a program to determine x such that
(2, +x,xi)=cll (a, + a, X i)
For each of the following values of x, compute the value
of %k (xx i) to three decimal places, and compare the two
parts of the result with S x and C x as found in the table
m Appendix B.

@ x=% (b) x=0.2 (© x=-02

Ckxxi)—%—xXi
2Xi
for the sine function can be obtained from the relation

(a) Since S x= , an addition theorem

(* (xxi)+yxi)—*k (= (xxi)+yxi)
by
)
using the addltlon theorem for the exponential to
evaluate the expressions (¥ (xXi)+yXxi) and
* (= (xx i) +yxi). Show that the result agrees with
the addition theorem already dérived for the sine.
(b) Perform a similar derivation and check for the addi-
tion theorem for the cosine.
Use the method of Exercise 8.28 to check the followmg
addition theorems for the hyperbolic functions:
(@ Ax+y=((Adx)xAy)+ (Bx)XBy
(b) Bx+y=((4x) XBy)+ (Bx)XAy
Derive an addition theorem for the hyperbolic tangent U
as defined in Exercise 7.28. ’
The terms of the polynomial expression for X’ n (Equation

Sx+y

7.19) decrease rather slowly for large values of the argu-

ment. However, the identity
=(Ck'g)+*' n+

| (obtained from Equatlon 8.10 (g) permlts the calculation

of the natural logarithm of n as the sum of two natural
logarithms each computed for an argument smaller than n.
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1 8.32

8.33

A table of natural logarithms for arguments from 1 to
lin steps of g can be computed in this way by using the last
entry computed for computing the next. }
(a) Write a program using the foregoing scheme to make a

table of natural logarithms for arguments from 1 to [
in steps of g.
(b) Modify the program of part (a) to make a table of base-
10 logarithms for the same range of arguments.
A cylindrical water tank with a vertical axis is fitted with
a discharge vent at the bottom. The rate of discharge (in
gallons per minute) at any instant is proportional to the
pressure at the bottom and hence to the number of gallons
remaining in the tank. If this constant of proportionality
is p and if the amount of water remaining in the tank at
time ¢ is W t, then
(DW)t=—pxWt
Let f be the number of gallons present in the tank when
the vent is first opened at time 7= 0.
(2) Derive an expression for W ¢ as a function of f, p, and ¢.

(b) Determine the number of gallons remaining in the =

tank after ten minutes if f= 500 gallons and p = 0.1.
(c) Determine (as a function of p) the “half-life”’ of the
tank’s contents, that is, the time at which exactly one-
half of the original contents remains.
In the electrical circuit shown in the diagram, the rate

of discharge at any instant is equal to g coulombs per

second, where r is the resistance in ohms and V ¢ is the




8.34

Exercises

ot
C b
c is the capacity (in farads) of the condenser and Q ¢ is the
charge (in coulombs) on the condenser at time ¢. Therefore
Ve Ot
(DO 1=-""="00
The initial charge at time ¢ = 0 is f coulombs.
(a) Determine the charge as a function of ¢, f, ¢, and r.
(b) Determine the time required to reduce the charge to
one-half of its initial value.
(c) The rate of dissipation of energy in the resistor at any
instant is equal to the product of the voltage and cur-

(V)2

voltage at time ¢. The voltage is in turn equal to where

rent, and hence to . The total energy dissipated

is-therefore -equal to the total area under the graph of

(V)2

the function P Obtain an expression for the total

energy dissipated and observe that it does not depend

on the value of r.
The maximum value of the function Hn=n>* 1+ n in-
vestigated in Exercise 3.34 can be determined by deriving
the slope of the function and then finding the point at which
the slope is zero. However, since the base # is not a con-
stant, Equation 8.2 cannot be applied to obtain the slope;
and since the exponent 1+ n is not a constant, Equation
5.4 cannot be applied.

The slope of the function H n can be derived by first
considering the natural logarithm of the function.

.(a) Show that (k' H) n= (1 +n) X k' n.

(b) Show that (D *'F) nz%

(Use Equations 7.9 and 7.15))

(¢c) Show that%qn)—na (%x%) + (k' n) X ;—1 (Use part

(a) and Equations 5.6, 7.4, and 7.15.)
(d) Show that (D H) n= (n% 1+ n) legx 1—%' n.

(e) Show that the slope of the function n> 1 + n is zero
for n=-e.

(f) Determine the maximum value of the function n >
1+n. ‘

for any function F.
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Chapter Nine

Automatic Program
Execution

-Manual execution of a program is frequently tedious and time con-
suming, and it is therefore convenient to employ the modern automatic
computer, which executes programs rapidly and automatically. The -
computer is an interesting device whose operation can itself be de-
scribed and studied by means of programs. In the study of elementary
functions, however, the computer is of interest only as a tool for the
execution of programs. T

The Typewriter

The computer is controlled by a typewriter having the characters
shown in Figure 9.1. A statement entered on the typewriter is execu-
ted by the computer, and results ¢an be printed by the same typewriter.

Since the typewriter provides only one set of letters, it is im-
possible to distinguish scalars, vectors, and matrices by type of letter
(lightface, boldface, and boldface capital) as is done in the text. Dif-
ferent types of letters are convenient for reading but are not essential,
since the distinctions are 1mphclt in any statement; for example, in
the statement

X<3,2,5

X is necessarily a vector. It is, however, necessary to choose different
symbols for various scalars, vectors, and functions occurring in a pro-

+The computer system described here is an IBM 7090 computer provided with
an IBM 1050 typewriter terminal and an interpreter program written by L. M. Breed
and P. S. Abrams. Similar systems employing other computers and other interpreter
programs may differ in detail; the manual for any particular system should therefore
be consulted.
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The Typewriter

.o —

<<=2>2>zVA-3
1234567890+x

2wep~t+10%x~>
QWERTYUIOP<«

al L_vae'd()
ASDFGHJKL[J

conulT| 3\
ZXCVBNM, ./

Figure 9.1 Character set of IBM Selectric Typing
Element #1167988

gram. A string of alphabetic characters with no intervening spaces
or nonalphabetic characters is treated as a single symbol for a variable
or function. An alphabetic symbol for a variable or function must be
“separated by at least one space (on each 31de) from digits and from
other alphabetic characters.

Since typing proceeds on a single line, an index for a vector
cannot be typed as a subscript but, instead, must be indicated by en-
closing it in brackets. Thus x, is typed as X [1]. All such symbol sub-
stitutions are shown in Appendlx D. Certain symbols are produced by
backspacing and overstriking. For example, © is formed by striking O,
backspace, and | in succession. Y

When a statement has been typed, the carriage return initiates its
immediate execution. For example, typing of the sequence

X<7

Y<3
Z—(X-Y)xXX+Y

will assign the values 7, 3, and 40 to the variables X, Y, and Z re- 7

spectively. However, since these variables are represented only in
the computer’s memory, their values cannot be observed directly.

The value of any variable can be displayed by executing a state-
ment that causes it to be printed by the typewriter. The quad symbol []
is assigned to the typewriter and then treated as a variable; thus typing
of the statement '

O«2Zz

will cause the number 40 (that is, the value of Z) to lge‘ automatically
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typed out. Similarly, typing of the statement
[« 572 x 1319
would be foliowed immediately by the automatic typing of the number
754468

Results produced by the computer are accurate to some fixed number
of significant digits (typically eight or more) depending upon the par-
ticular computer system in use.

Branches

In typing programs for the computer, an unconditional branch to
the statement whose number is the value of X is denoted by -

/

— X |
A conditional branch is denoted by
SUIX

where U is a logical vector and X is a vector of statement numbers.
The compression selects from X the components indicated by the non-
zero components of U. If exactly one component is selected, it deter-
mines the statement executed next; if none are selected, the normal
successor is executed next; and if two or more are selected, the branch
is invalid. For example, step 1 of Program 9.2 (a) (reproduced from
Exercise 2.9 (a)) would be typed as

- (X>Y)/3
and step 1 of Program 9.2 (b) would be typed as

—->((X<0),X>0)/3,4

A branch to any statement number outside the range of statement
numbers of the program signifies completion of the program. This
includes the case of executing the last statement of a program which
(provided this statement is not itself a branch) is, in effect, succeeded
by a statement whose index is outside the permitted range.
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x:0

<
z<0 :\
ze< 1

z<1

rrtd

— Xy
«— z¢Xx
- zey /

(@) (b)
Program 9.2

Definition of Functions

Any new function can be defined in the manner indicated in
Appendix D and detailed in Chapter 3. The symbol V (an inverted
Greek delta, called del) is typed at the-beginning of the line on which

the new function is named. The statements of the program deﬁnlng the

function follow on successive lines, and are followed (on a separate
line) by the symbol V, which terminates the definition.
For example, typing of the sequence

: VG<~MUN

[1] G<«<M

[2] M<MIN

[3] N<G ‘
(4] (M?EO)/I

[5] V

defines the function U such that M U N is the greatest common di-
visor of M and N (see Program 3.6). The numbers in brackets are
statement numbers, which are typed automatlcally by the computer.
Subsequent typing of

O<«42 U 30

will evaluate U for the arguments 42 and 30 and type out the result 6,
that is, the greatest common divisor of 42 and 30.

Once a function has been defined, it behaves like the basic func-
tions listed in Appendix D. In particular, it can be used in the definition

of further functions. For example, Figure 9.3 (a) shows the definition -

of the greatest common divisor function U, the least common multiple
function L (using U in its definition), and a function 4 (using both L
and U). Figure 9.3 (b) shows what must be typed to define these same
functions. Typing the lines of Figure 9.3 (b) and then the line

B<21 A4 28
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will evaluate the function 4 for the arguments 21 and 28, specnfymg
B as 21, 28, 84, and then typing out the value of B.

pe—xAy VP<—XAY
[1] P<X,Y,XLY
“[2] O<«P
— p<xyxLy 3] V
H<p
r—mlLn VR—MVLN
[1] S<MXxN Values
[2] T<MUN of A for
s<mXn [3] R<S=T 21 A4 28
t<~mUn (4] V 1
re—s-+t — 1
1,2
1,2,1
1,2,2
remUn VR<MUN "5’3
[1] G—M 1’2’4
[2] M< M|N 2,1
m<—m|n [4] — (M#0)]/1 1,2,3
(5] v 1,2.,4
n<—g _ 1,3
(a) (b) (©)

Figure 9.3 Function definition

Correction and Display of Programs

An error in a statement being ‘typed can be corrected before
pressing the carriage return by backspacing to the point of correction,
pressing the linefeed button (which advances the paper), and retyping
on the new line everything from the point of correction on. In order
to mark the point of correction (which otherwise would not be re-
corded on the paper if the correction began with spaces) the linefeed
is followed by the automatic typing of the symbol V (an inverted caret),
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a backspace to reposition the carriage, and a further automatic line-
feed. For example, the printed record

A<—A X B+C
\%
XB+C

would result from typing the first line shown, backspacing to the X,
pressing the linefeed, and then typing the correction shown on the
bottom line.

In short, the linefeed types the symbol V and ‘“‘erases” every-

thing from that point on. Further corrections can be made in the same

manner. It must be emphasized that backspacing alone does not erase.

In defining a function, the number of each statement is typed at
the left in brackets. These statement numbers are typed automatically
by the computer, but to make corrections convenient they can be
~overridden by typing an alternative statement number in brackets
before typing the statement. A statement number can be any number
with at most two digits to the right of the decimal point and at most
two digits to the left of it. (Fractional line numbers permit the insertion
of statements between existing statements.) The statement numbers
automatically typed are increased by 1 or, if the number is fractional,
by 1 in the least significant digit position.

When the definition of the function is concluded (by typing V),
the following actions occur in the indicated order:

(1) if any statement number is repeated, the earlier occurrences

are deleted and only the last associated statement is retained;

(2) if any statement is empty (that is, the bracketed statement
number was followed only by a-linefeed and a carriage re-
turn, it is deleted; ‘

(3) the statements are reordered according to their statement
numbers, and the statement numbers are replaced by the
integers 1, 2, 3, and so on.

Thus it is easy to make replacements, deletions, and insertions
of statements during the definition of a function. For example, the
typing shown on the left of Figure 9.4 will produce the function shown
on the right. The line headed by [5] replaces statement 2, the next
line inserts the statement [J <— P between statements 2 and 3, and the
next line deletes statement 4. ;

After the definition of a function has been concluded (by typing

the final V), corrections can be made by returning to the function -

definition mode, that is, by typing V and the name of the function to
be corrected. This will be followed by the automatic typing of the
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¥V BINOMIAL N V BINOMIAL N
[1] P<1 [1] P<1
[2] P«<P,0+0,P [2] P« (P,0)+0,P
[3] = (N>P[2])]/2 [3] O<«P
[4] O<«P [4] = (N>P[2])/2
[5] [2]P< (P,0)+0,P [5] V :

[3] [21]0<«P
[3.1] [4]

\%
[5] Vv

Figure 9.4 Corrections in function definition

* statement number one greater than the number of statements in the

definition of the function. Correction then proceeds in the usual
manner.

For example, if the function U of Figure 9.3 has been defined,
then typing V U will cause the following automatic type-out of [5].
An entire function can be deleted by deleting every statement in its
definition. : ‘

In the function definition mode, the typing of [# (1] will cause the’
automatic typing of statement n of the function definition; and the
typing of [[J] will cause the typing of the entire function definition,
including the name line. Typing can be stopped by pressing the atten-
tion button, which returns the system to the function definition mode.

Interrupted Execution

In executing a program either manually or on a computer, it is
necessary to keep track of what statement is currently being executed.
In the computer a special variable called an instruction counter serves
this purpose. It is denoted by the Greek letter A (delta), and its value

' is the number of the statement being executed. The value of A is in-

creased by one at the completion of each statement, except that it
may be respecified by the value of the expression occurring in a branch
statement.

In the example of Figure 9.3, functions are used on several levels;
thus the main or highest level function A uses the function L, which in
turn uses the function U. The instruction counter A must keep track
of the current instruction at each level; it is therefore a vector of vary-
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ing dimension, with one component for each level and with the highest
~ level counter first. For example, in executing A for the arguments 21
and 28, the instruction counter takes on the sequence of values shown
in Figure 9.3 (c). - v

The execution of a function may be interrupted because of an
erroneous statement in the function or because the operator presses
the attention button. If the attention button is pushed, execution will
stop as soon as the end of a statement is reached. The name of the
lowest level function being executed will then be typed out, followed
by the number (enclosed in brackets) of the next statement to be
executed. ‘

Once a program has been interrupted for any reason, statements
can be executed from the keyboard. For example, typing

O«X
will cause the current value of the variable X to be displayed. Typing
| <A

will cause the display of the current value of the instruction counter
.vector. Execution of the interrupted program can be resumedf by
typing a branch — R. Execution will then resume with statement R of
the lowest level program. Alternatively, the instruction counter can
be ‘“‘reset” by the statement

A<10

The type-out of a vector quantity (by a statement of the form
< X, where X is a vector) can be interrupted at the completion of
any component by pushing the attention button. Typing will simply
stop; statements can then be executed from the keyboard, and the
execution can be resumed in the usual manner. However, typing a
space will cause the typing to continue to completion of the type-out
statement; at that point an end-of-statement interruption will occur
and will be indicated in the usual way by an automatic type-out of the
function name and statement number.

Imvalid Statements

If a statement that is being executed is not meaningful, its execu-
tion will be interrupted, and the computer will then type

) +In some systems defining or correcting a function while execution is interruptéd
also sets A to the value ¢ 0 and execution of the interrupted program cannot be resumed.
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(1) one of the messages in the left-hand column of Table 9.5 to
indicate the nature of the fault, '

(2) the invalid statement, preceded (if applicable) by the name
of the function in which it occurs and its statement number
in brackets, and

(3) a caret directly below the syrnbol at which the fault was

detected

‘ For example, if the statement Z «~3+x9-5 occurred as state-
ment 3 in the definition of a function F, then an attempt to execute F
‘would result in an interruption of the execution and the typing of

SYNTAX ERROR
F[3]Z<~X+x9
A

indicating that the evaluation of the expression stopped at the point
where the first argument of the multlpllcatlon was found. to be

(Do Exercise 9.6.) mlssmg

Type. of error

Significance

BRANCH
FUNCTION

CHARACTER
INDEX

LABEL
LENGTH
M FULL
NAME

RANGE

RANK

SYNTAX
VALUE

Result of branch expression is of dlmensmn
other than 0 or 1

Improper expression in function definition, cor-
rection, or display

Illegal character in input

Value of subscript expression not in the range of
indices of the variable indexed

Improper use of colon (which delimits a label)
Dimensions of arguments do not match
"Computer memory full

Allowable length of the name of a functlon or
variable is exceeded

Argument value out of range of function (for
‘example, division by 0 or a nonintegral value for
index or branch) h
Rank of an argument X (that is, p p X) is too
large for the function; or nonmatching ranks,
for example, 4 + b ‘
Ill-formed statement

Value of variable has not been specified

Table 9.5 Error messages
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Statement quels

Modification of a program produced by inserting or deleting.

statements changes the statement numbers of subsequent statements.

It may therefore require changes in the branch statements occurring

in the program.

If each statement number occurring in branch statements is
replaced by a corresponding variable which is separately specified to
give it the appropriate numerical value, then any change in statement
numbering can be accommodated (without changing the branch state-
ments themselves) by simply changing the values of these statement
number variables. Moreover, the value of any variable used in this
manner can be automatically defined if the variable is associated with
the statement by typing the variable and a colon to the left of the
statement (as shown in Figure 9.6); the variable is called the label of
the statement. If insertions or deletions in the program change any
statement numbers, the value assigned to the associated label is auto-
matically changed at the conclusion of the definition.

VR<MUN
[11 F:G<M
[2] M<M|N
[3] N<G
[4] > (M=#0)/F
[5] V '

Figure 9.6 Statement labels

Literals
The ability to type out a message such as FINISHED or X is
‘sometimes needed. Since the execution of the statement
O«—X

types the value of the variable X, it is necessary to indicate explicitly
if the literal symbol X is to be typed instead. A literal symbol is indi-
cated as in ordinary English, by enclosing the symbol in quotation
marks. Thus the execution of

D<_|Xv
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/
(Do Exercise 9.8.)

(Do Exercises
9.9 and 9.10.)
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types out

and the execution of
‘ O« 'FINISHED'
types out
FINISHED

Analysis of a Program

Any newly defined function must be analyzed carefully, and
perhaps modified, to ensure that it will produce the intended results.
The tool provided for this analysis is the trace.

A trace is an automatic type-out of information generated by the
execution of a program as it progresses. In a complete trace of a func-
tion F, the number of each statement executed is typed out enclosed
in brackets, preceded by the symbol F, and followed by the value
assigned to the result variable of the statement. For example, Fig-
ure 9.7 shows a complete trace for the case B« 21 U 28, where U is
the function defined in Figure 9.3.

The tracing of a function F is controlled by the trace vector for
F, denoted by A F. Statement k of F is traced if and only if some
component of A F is equal to k. Thus if A F is specified by executing
the statement

AF<2,3,5

then statements 2, 3, and S will be traced in any subsequent execution
of F. Tracing of F can be dlscontmued by executing the statement
AF<.0.

A specification of a trace control vector can be useful within
a program as well as in direct execution from the typewriter. For
example, the statement

AQ« (J>10)x3 ,5\,12
incorporated in a program Q would cause the tracing of statements

3, 5, and 12 of program Q to be instituted only after the statement is
executed with the value of the variable J exceeding ten.
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U[l] 21
U 2]
U [3]
U [4]
U 1]
‘ U 2]
‘ | U [3]
\ U [4]

| Figure 9.7 Complete trace of 21 U 28

NO 9 =N
—

Other Basic Functions

| The computer system provides a number of useful functions that
- were not discussed in previous chapters because they were not essen-
| tial to the development. Their treatment here will be brief; the reader
| can clarify doubtful points by experlmentmg with the functions on the
computert.
The argument i in the expression x; can be a vector as well as a
scalar. For example, 1f x=6,8,10, 12 14 and i=3,1,4, then
x;=10,6,12.
The dyadlc function 1 is called left rotation and is defined as
follows: «
kT x=x

1+(px)|"1+k+ipx

Right rotation is denoted by | and is defined as follows:

k| X=X ox)|(-1—k) +ipx

For example, 2 1 1,2,3,4,5=3,4,5,1,2 and2 | 1,2,3,4,5
=4,5,1,2,3.

The prefix vector naj is a logical vector of dimension n whose
first j components are equal to 1. More precisely, n aj=j= ¢ n. Simi-
larly, the suffix vector n wj is defined as () j = ¢ n. For example, 5 a3
=1,1,1,0,0,and5w3=0,0,1,1,1.

The monadlc function ~ (logzcal negation) and the dyadic func-
tions V and A (or and and) are defined only for logical values of their
arguments (that is 0 and 1). They are defined as follows:

tFurther discussion of these functions and their application to computers and
data processing can be found in K. E. Iverson, 4 Programming Language (Wiley, 1962).
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~x=0=x
xVy=x[y
xAy=xly

The identity elements of V and A are 0 and 1 respectively.
The monadic functions | and [ are called floor and ceiling re-
spectively, and are defined as follows:

[x=x—1lx
[x=—|—x

In other words, | x is the largest integer not exceeding x, and [ x is the
smallest integer not exceeded by x.

The dyadic function L is called the base value function and is
defined as follows: r L x=+/ wXx x, wherew,, = landw,_, =r, X w,
For example, if x=2,1, 15 is a vector giving elapsed time in hours,
minutes, and seconds, and if r =24, 60, 60 is the corresponding radix
vector, then w=3600,60,1 and r L x= 7275 is the elapsed time in
seconds. If either argument is a scalar it is extended in the usual way.
For example, 10 L d is the base-10 value of the digits d, and r 1 x is
the polynomial in x with coefficients () r (see Exercis€ 4.36). The
monadic function L is defined as a special case of the dyadic func-
tion L: '

lx=21x

In other words, L x is the base-2 value of x.
The dyadic function T is the inverse of the base value function.
Thus if x<—r T j, then px=pr and r L x= (x/r)|j. For exam-

ple, (24,60,60) T 7275=2,1,15and (4p 10) T 1776=1,7,7,6.

The characteristic function € is defined as follows:
vyex=V/y=x A
In other words, y € x is equal to 1 if y is equal to some component of x.
More generally, if y is a vector the statement
we yex

specifies a vector u such that p u = p y and u, =y, e x. Hence the set y
is included in x if and only if A/yex= 1. In particular, (v n) € x de-
notes a logical vector of dimension » having 1’s in the positions x, x,,
and so on. For example, (.8)€2,3,5=0,1,1,0,1,0,0,0.

‘The dyadic function ¢ is called inverse indexing. The statement

jJaix
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is valid only if the set a contains the set x (thatis, only if A/ x ca= 1);
it specifies a vector j such that x=a;.
If F and G are dyadic functions, then

xF.Gy=F/xGy

More generally, if X and Y are matrices such that (PX),=(p Y)l,
then the statement

Z<XF.GY

 specifies a‘ matrix Z such that pZ=(pX),, (pY),, and Zi
=X'F .GY, The matrix Z is called the matrix product of X and Y

with respect to F and G. If F and G are addition and multiplication .

respectively, then Z is called the ordinary matrix product of X and Y.
- Either or both of the arguments of the function F . G may be vectors.

The outer product of two vectors x and y is denoted by xo. F y,
where F is any dyadic function. The outer product is a matrix M of

dimension (p x) , p y and M = x, F y;. For example, (¢2) 0. X3 isthe

matrix
1 2 3
2 4 6
and (¢ 3) o. =13 is the matrix
1 0
0 1 O
0 1

Exerczses

" 9.1 Type each of the following four sequences on the console
typewriter and observe and interpret the results[ produced.

X<3 X<13 N<38 Z<110

Y<—XxXX Y<—XxX " Z< N X<0Z

O<«Y O«Y O«+/Z Y<—XXZ
_ Z<Y=+Y[3] O<x/Z M<|[]Y
O«Zz O«—M

O<—M=Y

9.2 (a) Type the definition of the function U occurring in
Figure 9.3.

(b) Execute the function U for various integral values of
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the arguments (for example, (1< 21 U 28), and verify
that the result is the greatest common divisor of the
arguments.

(c) Type the definitions of all the functions of Figure 9.3,
and execute function A for various integral values of
the arguments.

9.3 (a) Display each of the functions entered in Exercise 9.2.

(b) Use the method of correcting functions to change the
first statement of the function 4 to

P<X,Y, XLY),XUY

- (c) Display the modified function A.
(d) Execute the modified function A for the arguments 21
and 28.
(e) Execute the modified function 4 for several palrs of
integral values of the arguments.
9.4 (a) Insert the statement

P<—P,(X,Y)+P[4]

in the function 4 produced.in Exercise 9.3 so that it
becomes the second statement of the function (with
the original two statements becoming statements 1 and
3 respectively). )

(b) Display the modified function A

(c) Execute the modified function 4 for various integral
values of the arguments.

(d) X+Y is clearly equal to P[3]+ P [4]. What is the
relation between the pairs (X,Y) and P [3],P [4]?

9.5 (a) Delete the second statement of the function A of Exer-

cise 9.4.

(b) Display the resultmg functlon A.

(c) Execute the resulting function for various 1ntegra1
values of the arguments.

9.6 (a) Type the definition of the function a< Pk of Pro-

gram 2.8 (b). (Note that \V x is replaced by xk .5.)

(b) Execute the statement [ ]« P K for various values of
K, and compare the results with the known value of .
(If the results are not correct, insert statements of the
form J<« X in the program to observe successive
values of any chosen variable X in order to analyze
and correct the behavior of the program.)

(c) Use the attention button to interrupt the execution of
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the function P, and then execute statements of the form
[J < X to type out the values of each of the variables
in the program.

(d) Use a branch statement to resume execution of the
function P so that the final result will be correct.

| 9.7 (a) Modify the function P of Exercise 9.6 so as to use
statement labels in each of the branches. Display and
execute the modified program to ensure that it is
correct.

(b) Use statements of the form [J < L to type out the
value of each label variable L.

(c) Insert innocuous statements of the form X <— X in the
program so as to change the statement number associ-
ated with some label, execute the program to ensure
that it still performs correctly, and then type out the
new value of the label.

9.8 Use the heading

VON

to define a function Q with the argument N which types
out the line

THE PRIMES UP TO

followed on the next line by the value of N, and on the

next line by the vector of the primes up to N. (Use the .

program of Exercise 2.28 (a).)
9.9 Enter the program of Exercise 2.30 (a) and use tracing to
analyze its execution for a few values of the argument X.
9.10 Execute, analyze, and correct any errors in the following
programs:
(a) Program 2.13
(b) Program 2.14
(c¢) The program for Exercise 2.12
(d) The program for Exercise 2.15
9.11 (a) A set of eight equal weights is known to be perfect
except that one of them is too light. Describe in words
a procedure for determining which of the weights is
light, using not more than two welghlngs with a balance
scale.
(b) Write and execute a program for the procedure of
part (a). Use a vector W of dimension 8 to represent
the given weights, and use an expression of the form
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D< (+/W[1,2,3]) -+ WI[6,7,8]

to determine the difference D in balancing the first
three weights against the last three. ’
9.12 (a) A set of 12 equal weights is known to be perfect ex-
cept that at most one of them may be either too light
or too heavy. Describe in words a procedure for deter-
mining which weight (if any) is faulty and whether
it is light or heavy, using at most three weighings ona _
balance scale. ’
(b) Write and execute a program for the procedure of
part (a). '
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Conventions Governing Order of Evaluation

The common conventions for the evaluation of unparenthesized ex-
pressions include the rules that (1) in a multilevel expression such as
a+b ‘ ‘
c+d’
is evaluated; (2) subject to the first rule, multiplication and division
are performed before addition and subtraction; (3) subject to the first
two rules, evaluation proceeds from left to right; (4) division can be

each line is evaluated before the function connecting the lines

represented by three distinct but synonymous symbols |a + b, a /b,

and b) and (5) multiplication can be represented by two distinct but

synonymous symbols (ax b and a - b), or the symbol can be elided.
The one convention used in this book is that (subject to parentheses)
evaluation proceeds from right to left. This appendix treats the major
reasons for this choice. '

The common conventions are usually defended on the grounds

. ‘ that' they are simple and well known and that their use significantly

simplifies the reading and writing of expressions. Because of the
familiarity of certain common constructions, these conventions appear

simple, but this simplicity is illusory and vanishes on closer examina- -

_tion. Inquiries among students and colleagues have shown such dis-

agreement on the interpretation of the conventions as to dispel the |

notion that they are well known. Finally, the much simpler conven-
tion adopted in this text proves at least as effective in simplifying the
reading and writing of expressions.

Consider, for example, the expressions x +y x zand x + yz Ac-
cording to the rules, both are equivalent to the expression (x+y) Xz

-

However, yz is frequently used as an expression for multiplication '

which is performed first regardless of other rules. Furthermore, the
dot notation for multiplication yields the expression x <+ y * z, which
(according to the interpretations encountered) seems to fall midway
between the other cases. Proponents of the common convention pro-
test that such expressions would be parenthesized anyway for clarity;
but then the convention seems to lose most of its value.

Matters are further complicated by the alternative notations for
division. For example, x ~y + z and x+ y/ z should have the same
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second as either ak bxcxdora*x/b,c,d.
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interpretation, but frequently they do not. Similarly, the formally
equivalent expressions x+a-+y+b and x+a/y+ b frequently re-
ceive different interpretations. It is interesting to consider the dif-
ferent possible evaluations of the following expressions which,
accordmg to rule 3, are equivalent:

X+yXz X+y*2Z X+yz
xlyxz xly-z xlyz

The common convention also appears to include a number of
tacit rules that writers obey automatically. For example, xy may be
written for x X y, and any variable should be replaceable by a numeri-
cal value. However, while the expression 3y is commonplace, most
readers would find the expressions x3 and 3 4 jarring and perhaps
inadmissible as expressions for x X 3 and 3 x 4.

In spite of these defects, the common conventions are reasonably
convenient when applied to simple expressions involving only the
four basic arithmetic functions, but more serious difficulties arise in
their haphazard extension to other functions. For example, the expres-
sion sin nx cos m would be interpreted as (sin n) x (cos m), whereas
sin n X m would be interpreted as sin (n x 7). Moreover, the expres-

sion " is usually interpreted as a(b(cd))rather than as ((a?)°)” (that is,
from right to left rather than from left to right according to rule 3),
apparently because the latter case can be expressed by the equivalent
expression a?*¢x4. In the notation used in this book the first case
would be expressed as either a> b> c* d or %/ ? ,b,c,d and the

‘As further functions are introduced (for example, absolute value,
maximum, minimum, residue, the relations, logical functions, and the
circular functions), the complexity grows and the utility of any relative
priority of execution among the functions decreases. Mathematical
texts handle this problem either by liberal use of parentheses or by
ad hoc (and frequently unstated) conventions. . Programming lan-
guages, which must face the issue more formally, have usually treated
the problem by ‘establishing a hierarchy of priorities among the func-
tions such that any function is evaluated before all others having lower
priorities. Such a system is usually very complex (Algol, one of the
best known, has nine priority levels) and can therefore be used effi-
ciently only by a programmer who employs it frequently. The occa-
sional (and the prudent) programmer avoids the whole issue by
including all the parentheses that would have been required with no
convention.
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" Further examples of the complexity and ambiguity of the com-
mon conventions could be easily adduced. However, the skeptical
reader will find it more instructive to scan various textbooks trying to
formulate precisely the rules used (stated or implied) and applying
them rigorously.

The question of the efficacy of the common convention in re-
ducing the need for parentheses will now be addressed. Any conven-
tion will reduce the need for parentheses, but the important question
is how the common convention compares in this respect with other
conventions, and in particular with the notation used in this text.

The utility of the common convention stands forth well in the
expression for a polynomial. For example, in the expression

ax? + bx?+ cx”

it would be awkward to have to enclose each term in parentheses
However, in the present notation this would be written as

+/(a,b,c)xx*p,q,r

or, if the vectors of coefficients and eprnents were denoted by ¢ and e
respectively, then it would be written as

+/lexxXe

These forms make clear the structure of the polynomial while per-
mitting suppression of detail by using vectors; the corresponding ex-
pression in conventional notation is

€ € €.
c, Xx1te,Xx2+...+ ¢, XXxn,

where n is the magic variable that denotes the dimensions of all vectors.

The expression (derived in Chapter 4) for the efficient evaluation
of a polynomial such as (a,b,c,d,e,f) Il x provides a further ex-
ample. In the notation used in this text it appears (without parentheses)
as

(a,b,c,d,e,f)llx=a+xxXb+xXc+xXd+xXe+xXf
" whereas in the common convention it would appear as

(a,b,c,d,e,f)IIx
=a+xx(b+xX(c+xx(d+xx(e+x%Xf))))

Further examples could be adduced, but again the skeptical
reader will find it more instructive to formulate a set of precise rules
based on the common convention and to translate into the resulting
notation the expressions appearing in the present text.
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There is one further argument against imposing a priority among
functions in the present notation. If F' and G are dyadic functions,

" then the expression F/ x G y would have either of two mterpretat10ns

(that is, (F/ x) G y or F/ (x G ¥)), depending upon the relative priori-
ties of F and G. These two interpretations differ markedly in form
and would therefore lead to confusion. For example, +/ x X y would be
interpreted as +/ (xXy) whereas the similar expression X/x+y
would be interpreted as (X/ x) + y. Similar remarks apply to the matrix
product M F . G N (defined in Chapter 9).

The reasons for choosing a right-to-left instead of a left-to-right

convention are:

1. The usual mathematical convention of placing a monadic
function to the left of its argument leads to a right-to-
left execution for monadic functions; for example, F G x
=F (G x).

2. The notation F/ z for reductlon (by any dyadlc function F)
tends to require fewer parentheses with a right-to-left con-
vention. For example, expressions such as +/ (xXy) or

T4/ (u/x) tend to occur more frequently than (+/x) X y and
(+/u) |

3. An expressmn evaluated from right to left is the easiest to

read from left to right. For example, the expression

a+xxb+xXC+xxd+xXe+xxf

LSRR S L

(for the efficient evaluation of a polynomial) is read as a plus
the entire expression following, or as a plus x times the fol-
lowing expression, or as a plus x times b plus the following
expression, and so on.

4. In the definition

Flx=x Fx,Fx,F.. Fx,_

the right-to-left convention leads to a more useful definition
for nonassociative functions F than does the left-to-right
convention. For example, —/ x denotes the alternating sum
of the components of x, whereas in a left-to-right convention
it would denote the first component minus the sum of the
remaining components. Thus if d is the vector of decimal
digits representing the number 7, then the value of the ex-
pression 0= 9|+/d determines the divisibility of n by 9
in the right-to-left convention, the similar expression
0= 11|—/ d determines divisibility by 11.
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0°-45°

deg rad sin cos tan cot rad- deg

0° 0.0000 0.0000 1.0000 0.0000 1.5708 90°

1° 0.0175 0.0175 0.9998 0.0175 57.2900 1.5533 89°

2° 0.0349 0.0349 0.9994 0.0349 28.6363 1.5359 88°
‘3° 0.0524 0.0523 0.9986 0.0524 19.0811 1.5184 87°

4° 0.0698 0.0698 0.9976 0.0699 14.3007 1.5010 86°

5° 0.0873 0.0872 0.9962 0.0875 11.4301 1.4835 85°

6° 0.1047 0.1045 0.9945 0.1051 9.5144 1.4661 84°

7° 0.1222 0.1219 0.9925 0.1228 8.1443 1.4486 83°

8° 0.1396 0.1392 0.9903 0.1405 7.1154 1.4312 82°

9° 0.1571 0.1564 0.9877 0.1584 6.3138 1.4137 81°
10° 0.1745 0.1736 0.9848 0.1763 5.6713 1.3963 80°
11° 0.1920 0.1908 0.9816 0.1944 5.1446 1.3788 | 79°
12° 0.2094 0.2079 0.9781 0.2126 4.7046 1.3614 78°
13° 0.2269 0.2250 0.9744 0.2309 43315 1.3439 77°
14° 0.2443 0.2419 0.9703 0.2493 4.0108 1.3265 76°
15° 0.2618 0.2588 0.9659 0.2679 3.7321 1.3090 75°
16° 0.2793 0.2756 0.9613 0.2867 3.4874 1.2915 . 74°
17° 0.2967 0.2924 0.9563 0.3057 3.2709 1.2741 73°
18° 0.3142 0.3090 0.9511 0.3249 3.0777 1.2566 72°
19° 0.3316 0.3256 0.9455 0.3443 2.9042 1.2392 71°
20° 0.3491 0.3420 0.9397 0.3640 2.7475 1.2217 70°
21° 0.3665 0.3584 0.9336 0.3839 2.6051 1.2043 69°
22° 0.3840 0.3746 0.9272 0.4040 2.4751 1.1868 68°
23° 0.4014 0.3907 0.9205 0.4245 2.3559 1.1694 67°
24° 0.4189 0.4067 0.9135 0.4452 2.2460 1.1519 66°
25° 0.4363 0.4226 0.9063 0.4663 2.1445 1.1345 65°
26° 0.4538 0.4384 0.8988 0.4877 2.0503 1.1170 64°
27° 0.4712 0.4540 | 0.8910 0.5095 1.9626 1.0996 63°
28° 0.4887 0.4695 0.8829 0.5317 1.8807 1.0821 62°
29° 0.5061 0.4848 0.8746 0.5543 1.8040 1.0647 61°
30° 0.5236 0.5000 0.8660 0.5774 1.7321 1.0472 60°
31° 0.5411 0.5150 0.8572 0.6009 1.6643 | 1.0297 59°
32° 0.5585 0.5299 0.8480 - | 0.6249 1.6003 1.0123 58°
33° | . 0.5760 0.5446 0.8387 0.6494 1.5399 0.9948 57°
34° 0.5934 0.5592 0.8290 0.6745 1.4826 0.9774 56°
35° 0.6109 0.5736 0.8192 0.7002 1.4281 0.9599 55°
36° 0.6283 0.5878 0.8090 0.7265 1.3764 0.9425 54°
37° 0.6458 0.6018 0.7986 0.7536 1.3270 0.9250 53°
38° 0.6632 0.6157 0.7880 0.7813 1.2799 0.9076 52°
39° 0.6807 0.6293 0.7771 0.8098 1.2349 0.8901 51°
40° 0.6981 0.6428 0.7660 0.8391 1.1918 0.8727 50°
41° 0.7156 0.6561 0.7547 0.8693 1.1504 0.8552 49°
42° 0.7330 0.6691 0.7431 0.9004 1.1106 0.8378 48°
43° 0.7505 0.6820 0.7314 0.9325 1.0724 0.8203 47°
44° 0.7679 0.6947 0.7193 0.9657 1.0355 0.8029 46°
45° 0.7854 0.7071 0.7071 1.0000 1.0000 0.7854 45°
deg rad cos sin cot tan rad deg

45°-90°
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Tables of Base-10 Logarithms

1.00-5.49
N 0 1 2 3 4 5 6 7 8 9
10 | 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374
11 | 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755
12 | 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106
13 | 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430
14 | 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732
15 | 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014
16 | 2041 2068 2095 2122 2148 2175 2201 2227 2253 2279
17 | 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529
18 | 2553 2577 2601 2625 2648 2672 2695 2718 2742 2765
19 | 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989
20 | 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201
21 | 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404
22 | 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598
23 | 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784
24 | 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962
25 | 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133
26 | 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298
27 | 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456
128 | 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609
29 | 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757
30 | 4771 4786 4800 4814 4829 4843 4857 4871 4886 - 4900
31 | 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038
32 | 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172
33 | 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302
34 | 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428
35 | 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551
36 | 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670
37 | 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786
38 | 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899
39 | 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010
40 | 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117
41 | 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222
42 | 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325
43 | 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425
44 | 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522
45 | 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618
46 | 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712
47 | 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803
48 | 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893
49 | 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981
50 | 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067
51| 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152
52 | 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235
53 | 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316
54| 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396
N 0 1 2 3 4 5 6 7 8 9
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Tables of Base-10 Logarithms
5.50-9.99

N| 0o 1 2 3 4 5 6 7 8 9
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Appendix D

Summaryiof Notation

‘ Page Computer
Function Notation Definition or Example Refs. Notation
Specification X z<— 3 assigns the value 3 to z 6| Z<—X
Arithmetic +—-X+ 6 | +—x~+
Branch lx: y|@> Arrow is followed if x 2 y is true 11 |- X2Y)S
Relations # <=E==># in branches and relational functions 6 | <===>+#
Component of x| x, ith component of x 18 | X [1]
Dimensionof x | p x p(3,4,5,6)=4 18 | pX
Catenation x,y ETE A RE STRRNE A% CRRRRRY A 18 | X,Y
Definition of z<— Fx 7z |x 39 | VZ<F X
function F [1]
— — <X > [2]
z:0 — [3]
- 2 —2z [ [41v
Maximum xly 4[2=4 40 | XY
Minimum xly 4]12=2 43 | X|Y
Residue min 317=1;3"7=2;3/6=0 43 | X|Y
Absolute value | | x |3.14=3.14;|-3.14=3.14 43| |X .
Negatjon -x —-x=0—-x 43 | - X
Exponentiation | x> n xk0=1;xkn=xxx*kn-1 45 | Xk N
Factorial 'n '0=1;!ln=nx!'n—-1 45 | 'N
Relation xRy 3=3)=1;(3<3)=0 47 | XRY
Compression ulx (1,0,1,0,1)/ x=(x,,x,,x,) 48 | Ul X
Reversal Q=x D1,2,3,4=4,3,2,1 48 | O X
Integer vector | tn t4=1,2,3,4 48 | N
Reduction F| x Flx=x Fx,Fx,...Fx_, 22 | FIX
Row i of matrix | M i M2=4,5,6 76 | M[I;]
Column i of M, M,=2,5,8,11 1 2 3 76 | M [;1]
matrix ] 4 5 6
Element of M M2=6 M= 7 8 9 76 | M [I;J]
matrix 10 1 12
Restructuring | dpx 4,3)pc12=M 79 | Dp X
12pM=.12
Polynomial cllx e+ (e, xx) + (e X x%) +. .. 62
Natural X x (1,1,'-15,6,&,...>Hx 187 | * X
exponential ee
Hyperbolic | Ax (1,0,%,0,%,...)1’1)( 180
cosine : :
Hyperbolic | Bx (o,l,o,%,o,...)nx 180
sine :
Cosine Cx (1,0,,—1,0%, .)Hx 133
Sine Sx (0,1,0,%,0,'—’3,. .)Hx 133
Tangent T x (Sx)+Cx 145
Hyperbelic Ux (Bx)+~Ax 180
tangent
Base of natural | e 2.71828...El+‘—12-+‘—13+... 187
logarithm : :
Circular T 3.14159... 15

constant




Index

Abrams, P. S. 202
Absolute value 42, 45
Acceleration 106, 151
Accuracy 15
Addition, polynomial 65
Addition theorem 140, 186
Algol 220
Algorithm 5, 44
Alternating voltage 150
and 213 :
Angle 139
complementary 140
principal 154, 157
Angular velocity 150
Applications
circular functions 147, 175
exponential 189
logarithm 189
slope function 115
vector 23
Approximation 72, 113, 144
Arc 133, 137, 142
Arccosine 170
Arcsine 170
Arctangent 170
Area under a curve 117
Argument 1, 17, 39
Arrow, sequence 7
Associativity 51
Attention button 209
Automatic computer 202
Automatic program execution 202

Ball, W. W. R. 193

Base-b
exponential 182, 188
logarithm 182, 185, 188
representation 87

Base value 214

Basic functions 40, 43

Beberman, M. 17

Beta 70

Binomial theorem 69, 96, 140, 182

Bound 113, 171

Branch 11, 204, 209, 211

Breed, L. M. 202

Cajori, F. 193

Index

Capacity 152 ‘
Catenation 18
Ceiling 214
Characteristic 189
Characteristic function 214
Characters 202
Charge 152
Chord 90
Circle 133
Circular functions 4, 133, 145, 147, 167,
170, 190
applications 147
inverse 170, 175
logarithm 190
tables 145
Coefficient vector 62, 103
Column vector 76
Commutativity 51, 182
Comparison 11
Complementary arcs 137, 140
Complex numbers 23, 25, 193
Component 18
Composite functions 97, 168
Compound interest 70
Compression 47, 204
Computer 5, 202
Conditional branch 11, 204
Cone 122
Constant 63, 97, 112, 118,.122, 170
Continued fraction 132
Conventions 219, 222
Convergence of series 113
Correction, program 206
Cosecant function 164, 168
Cosine 133, 137, 144, 150, 196
hyperbolic 180, 196
inverse 170
logarithm 192
table 145
Cotangent 168
Counter, instruction 208
Curve
area under 117
plotting 115

Decimal representation 87
Decisions, leading 26
Definition of functions 5, 39, 205

227
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Index

Degree 140

polynomial 64

unlimited 113
Del 205 ‘ ~
Delta 205, 209
Derivative 96, 111
Dimension 18, 79

of matrix 76

one 49

zero 20, 49
Display of program 206
Distributivity 52, 60
Divisibility 29
Division, synthetic 66
Domination 114

.. Dyadic function 42, 49, 98, 108, 182,213,

222

" e 61,108

Electric generator 149
Elementary functions 4, 63, 92, 114
Equations, linear 73, 76
Equivalence 43
Errors 210
Euclidean algorithm 44
Evaluation
of function 2, 5
order of 219
Even function 80, 134, 172
Execution 7, 12, 19, 41, 202
interrupted 208
Expansion, polynomial 69
Exponent, rational 45
Exponential 4, 45, 96, 108, 182, 185, 190,
193
base-b 182, 188
natural 172, 187

Factorial 45
Falling body 105
False 47
Farad 152
Fibonacci numbers 132
Floor 214
Flux, magnetic 149
Fraction, continued 132
Fractional part 45
Function 1, 9
absolute value 42
base-b exponential 182

N

base-b logarithm 185

basic 40, 43

catenation 18

characteristic 214

circular 4, 133, 145, 147, 167, 170,
190

composite 97, 168

compression 47

constant 63

cosecant 164, 168

cosine 133, 137, 144, 150, 196

cotangent 168

definition 5, 39, 205

dyadic 42, 49, 51, 98, 108, 182, 213,
222 ‘

elementary 4, 63, 92, 114

equivalence 43

evaluation 2, §

even 80, 134, 172 }

exponential 4, 45, 96, 108, 182, 185,
193

* factorial 45

hyperbolic 4, 180, 196

indexing 20, 214

inverse 33, 146, 163, 175

level 209

linear 63

logarithm 4, 172, 182, 184, 187, 190

maximum 40, 51

minimum 43

monadic 42, 70, 72,97, 108, 163, 182,
213,222

multivalued 164

naming 42

natural exponential 172, 187

natural logarithm 172, 184, 187

negation 43

odd 80, 134, 172

‘other 213

periodic 134

polynomial 4, 62, 72, 108, 214
power 13, 45

product 101

reciprocal 163, 186

relational 47, 48
representation 4

residue 43, 50

restructuring 79

secant 167

sine 75, 133, 144, 152, 164, 196




slope 89, 95, 123, 142

sum 98

tangent 145

vector 21
Fundamental properties 50

Greatest common divisor 44
Gunter 192

Hart, W. L. 180
Henry 152
‘Hyperbolic functions 4, 180, 196

Identity element 50, 59
Imaginary part 195
Indexing 17, 20, 214
Induction, mathematical 83
Infinity 50
Instruction counter 208
Integer vector 48
Integral part 45
Interest, compound 70
Interpolation, linear 146
Interpretation table 10, 12
Interrupted execution 208
Invalid statement 209
Inverse 33, 146, 163, 175
circular functions 170
‘cosine 170
indexing 214
sine 170
slope of 168
tangent 170, 173
Iota 48
Irrational number 46
Iteration 14, 23
" Iverson, K. E. 213

Label 211
Leading decisions 26
Left distributive 60
Left-identity element 59
Left rotation 213
Left-to-right convention 222
Line

straight 63, 89, 97

tangent 90, 115
Linear

equation 73, 76

function 63
interpolation 146

Linefeed 206

Literal 211
Local maximum 104, 116
Local minimum 104, 116
Logarithm 4
base-b 182, 185, 188
of circular functions 190°
natural 172, 184, 187
. tables 188
Logical negation 213
Logical variable 47
Logical vector 47, 213
Loop 14
Lower bound 171
Lowest terms 44

Magnetic flux 149
Mantissa 189

Manual execution 202
Mathematical induction 83

‘Matrix 76

Matrix product 215
Maximum 11, 12, 40, 41, 51
local 104, 116
Messages, error 210
Miller, E. B. 77
Miller, F. H. 180
Minimum 43
local 104, 116
Minus sign 17
Modification of program 211
Modulo 43
Monadic function 42, 70, 72,97, 108, 163,
182,213,222
Multiplication of polynomials 65
Multivalued function 164
Musical scale 190

Naming of functions 42
Natural exponential 172, 187
Natural logarithm 172, 184, 187

“ Negation 42

Negative number 17

Negative sign 17

Neglected terms 113

Notation 12, 43, 46
composite functions 97
number 17



Index

summary 6, 226
Numbers

complex 23, 25, 193

Fibonacci 132

irrational 46

negative 17

notation 17

perfect 59

prime 28

rational 17, 23, 44

statement 207, 211

Odd function 80, 134, 172
Olds, C. D. 132

or213

Order of evaluation 219
Order reversal 48
Oscillation 112, 150
Outer product 215

Parabola 63

Parentheses 8, 18

Pascal’s triangle 69

Perfect number 59

Periodic function 134

Pi 15, 62, 134, 171

Pivot 84

Plane 23

Plotting 115

Points in space 23

Polygon 16

Polynomial 4, 62, 72, 108, 214
addition 65
approximation 72, 113, 144
degree 64, 113
expansion 69
multiplication 65
product 65
quadratic 63, 72
quotient 66
remainder 66
slope 102

Power 13, 45

Prefix vector 213

Prime numbers 28

Principal angle 154, 157

Product
function 101
matrix 215
outer 215
polynomial 65

slope 101
Program 7

analysis 212

completion 204

correction 206

display 206

execution 8, 202

modification 211

reading 26

trace 212
Programming notation 6
Programming techniques 26
Properties, fundamental 50
Pythagorean theorem 137

Quad 203

Quadrant, first 154
Quadratic polynomial 63, 72
Quotient polynomial 66

Radian 140
Radix vector 214
Rational exponent 45
Rational number 17, 23, 44
Real part 195
Reciprocal function 163, 186
Reddick, H. W. 180
Reduction 22
Relational function 47, 48
Relations 6
Remainder polynomial 66
Remainder terms 114
Representation

base-b 87

decimal 87

of functions 4
Residue 43, 50
Restructuring function 79
Resultant 39
Reversal, order 48
Revolution, volume of 122
Rho 18
Right distributive 60
Right-identity element 59
Right rotation 213
Right-to-left execution 9, 222
Root mean square 161
Rotation, left 213
Row, pivot 84
Row vector 76




Scalar 18
Scale, musical 190
Secant 90
function 167 - .
slope 93, 96, 142, 168, 183
Second derivative 111

~ Sequence, variable 11
~Sequence arrow 7
-Series, convergence 113

Sign, minus 17 (

Sine 75, 133, 144, 152, 164, 196
hyperbolic 180, 196
inverse 170
logarithm 192
table 145

Slide rule 192

Slope 63, 89, 95, 115, 123, 142
inverse 168
polynomial 102

" product 101
reciprocal 166
secant 93, 96, 142, 168, 183
sum 98

Solid cone 122

Space points 23

Specification 6, 10

Sphere 162

Square root 14, 45

Squares, sum 73

Statement 7 )
branch 209, 211
execution 7
invalid 209
label 211
number 207, 211

Straight line 63, 89, 97

Subscript 17, 203

Suffix vector 213

Sum of squares 72

Sum slope 98

Summary of notation 6, 226

Symbol substitutions 203

Syntax error 210

Synthetic division 66

Table, interpretation 10, 12
Tables
circular functions 145, 223
logarithms 188, 224
Tangent

Index

function 145
hyperbolic 180
inverse 170, 173
line 90, 95, 115
logarithm 192
Techniques, programming 26
Terms, lowest 44
Terms, neglected 113
Terms, remainder 114
Theorem -
addition 140, 186
binomial 69, 96, 140, 182 -
Pythagorean 137
Thrall, R. M. 77
Tolerance 14, 114

. Trace 212

Trapezoid 120
True 47
Typewriter 202

Unconditional branch 12, 204
Unlimited degree 113
Upper bound 113, 171

Variable 9
Variable, logical 47
Variable sequence 11
Vaughan, H. E. 17
Vector 17, 53, 76
applications 23
coefficient 62, 103
column 76
component 18, 21
functions 21
integer 48
logical 47, 213
prefix 213
radix 214
.Tow 76
suffix 213
trace 212
Velocity 105, 150, 152
Voltage 149
Volume 121
Volume of revolution 122

Wingate 192

'

Zero dimension 20, 49
Zero of a function 63

231
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Summary of Notation

Page Computer
Function Notation Definition or Example Refs. Notation
Specification z X z< 3 assigns the value 3to z 6| Z<X
Arithmetic - X+ 6 | +—x=+
Branch lx y@» Arrow is followed if x Z y is true 11 | > (X2R2Y)S
Relations # < S in branches and relational functions 6 | €=S=Z2mak
Component of x| x; ith component of x 18 | X [I]
Dimensionofx | p x p(3,4,5,6)=4 18 | pX
Catenation X,y X, Y=X, %y, Xy Yy Dy 184 X, ¥
Definition of z<Fx L= 39 W\ VZ<F X
function F [1]
- — Lt il [2]
L 250 e [B)===
o S 2 =2 e 10
Maximum xly 4/2=4 40 | X[ Y
Minimum xly 412=2 Ll dih e
Residue min 37=1;31"7=2;3|6=0 435X Y
Absolute value | | x |3.14=3.14;|-3.14=3.14 43 | | X
Negatjon e -x=0-x 43| - X
Exponentiation | x> n xk0=l;xkn=xxxkn-1 45 | Xk N
Factorial 'n 10=1;'n=nx!n-1 45 | !N
Relation xRy 3=3)=1;(3<3)= 47 | XRY
Compression | u/x (W10 10 ) = 0%, %) 48| UlIX
Reversal Ox @28 4=14:352,1 48 | O X
Integer vector | tn 14=1,2,3,4 48 | N
Reduction Fl x Flx=xFx,Fx,...FEx . 22|k X
Row iof matrix | M ¢ M2=4,5,6 76 | M[I;]
Column i of M, My=2:5, 811 {2 3 76 | M ;1]
matrix g e
Element of M; M:=6 M= 7 8 9 76 | M [I;J]
IREER 10 11
Restructuring | dpx (4,3)pc12=M 79 | Do X
12eM=.12
Polynomial cllx c, + (e,%xx)+ (e, Xx2)+... 62
Natural * x (1,1 L —1— L )Hx 187 | XX
exponential 23714
Hyperbolic Ax (1 i, L L ) IMx 180
cosine 12774’
Hyperbolic | Bx (o 1,0,5,0,.. ) Mx 180
sine 13’
: 1 1
Cosine G (1,0, TR )I]x 133
Sine Sx (0,1,0,5, ,"5,...)r1x 133
Tangent Tx oSJ)—C,m 145
Hyperbolic Ux (Bx) + 180
tangent
Base of natural | e 2.71828...=1 +'~]—+++. 187
logarithm 2 13
Circular ™ 3.14159... 15
constant







